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Abstract

The effects of the superconducting plate shape on the magnetic shielding are investigated.
The plate shape is assumed to be axially symmetric and the permeability of the plate is
assumed non-zero. A numerical code to calculate the magnetostatic field around the plate
is developed and the spatial distributions of the decay factors are calculated by means of
the code. The results of computations show that the magnetic shielding becomes large
with the increase of triangularity and with the decrease of ellipticity.
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1. Introduction

In detecting the weak magnetic field, even the earth magnetism and the
other magnetic signals from exterior become noise. In this sense, the mag-
netic shielding is an essential problem for the measurements of the magnetic
field from the brain. Recently it has been proposed that the superconduct-
ing plate should be used to shield the brain from external magnetic fields.
However, it costs us much time and labor to shape the superconducting
material into arbitrary shapes. If we could investigate the magnetic shield-
ing effect of the superconducting plate by using the numerical simulation,
the results of computations would play an important role in the design of
the shielding plate.

The purpose of the present paper is to develop the numerical code for
analyzing the magnetostatic field around the axially symmetric supercon-
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magnetic shielding by use of the code. In the next section, we introduce
the model of the magnetic shielding plate, and the governing equation is
formulated by using the boundary element method. In the third section, we
analyze the magnetic shielding effect of the superconducting plate. Conclu-
sions are summarized in the final section. The SI units are used throughout
the present paper.

2. Model of Magnetic Shielding Plate and Formulation by
Boundary Element Method

We assume, at first, the shielding plate is axially symmetrical. Let us use
the cylindrical coordinate system (z,7, ¢) and take the symmetry axis as z-
axis. As the source of the magnetic field, we place an 1-turn coil at (2, rc).
The plate surface is assumed as

(e% - 5%2)2 + <%>2 =1, (1)

where e and 6 are the ellipticity and the triangularity, respectively (NAITOU
and YAMAZAKI, 1987). Under this assumption, the plate shape is deter-
mined by two parameters, e and 6. The ellipticity e is twice as large as the
ratio of a radius b to a thickness. On the other hand, the triangularity é is
closely related to the inclination of the plate toward z-axis.

In Fig. 1, we show the model of the magnetic shielding plate, where
8% denotes the plate surface. Further, the region bounded by 95 and the
z-axis is denoted by {22 and the region outside 09 is represented by ;.

Under the above assumptions, the behaviour of the magnetic field can
be represented by

1 .

where pum is magnetic permeability and j,¢ denotes ¢-component of the
current density. In addition, ¥m is the magnetic flux function which is a
function of z and 7, and is associated with magnetic induction B through
the relation

]
B= va X €4.

7
Subscript m denotes the domain number. The axially symmetric mag-
netostatic field is determined by solving the boundary value problem of
Eq. (2).

From the straightforward algebra, it is easy shown that the boundary

value problem of Eq. (2) is equivalent to the following proposition. That
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Fig. 1. The model of the magnetic shielding plate, where 1 = Q; U Qy

is, the integral equation

- /1/}er- (%V'wm> dzdr = /;Lmjm¢wmdzdr+
Qm

m

+ / (“T—Qm - _r-—én—> dl (3)
9%

holds for an arbitrary function wm(z,7) and the boundary conditions are
fulfilled. Here, 8/0n stands for the directional derivative whose direction
is outward normal to 0{);, and dl is the line element on 8. In addition,
O%Ym/On is denoted by gm. As it is well known, one of the particular
solutions of

-7V - (%Vwm> =6(z— 2z1)6(r —r;) (4)
wm(z, 7 2i,7i) = ‘2/3 [(2 — KK (k) - 2E(k)], (5)

where K (k) and E(k) are complete elliptic integrals of the first and the
second kind, respectively, and % is defined by

4y

k=
(r+7)2+ (2 —z)?%

(6)
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Adopting the particular solution (5) as the weighting function w,, in Eq.
(3), we can obtain

Sw
Q¢M%m~/ﬁwm%ﬂﬁﬁﬂ/G*%*%Lﬁg& (7)
Qm 3
Here c!* depends on z; and 7;, and is defined by
1; (Zi)Ti) E Qm
o' =488 (z,rm) € 09, (8)
0; otherwise

Here Af; denotes a solid angle formed by 0€};. The axially symmetric
magnetostatic field is determined by solving the integral equation (7).

In order to solve the boundary integral equation (7), let us divide the
boundary 0 into M elements with N nodes, and assume that ,, and
gm vary as

Ym(zr) =Y Ney™, (92)
k

gm(z,7) =Y Nigi™, (9b)
k

on the e-th element 9., where N} is the shape function and 1/) ™) and

Z( ™) denote the value of ¥, and gm at the node on 82 of local node
number k. Substitution of Egs. (9a) and (9b) into Eq. (7) yields

M

lpm (zi,75) = b + Zz@gm gt _ hfﬁ(m@;(@)) (10)

e=1 &k

where g}”(m), hEm) and bi" are defined by

€

gfe(m / 2kl (11a)

R = / ?Zgﬁ—-ﬁagun'"dl, (11b)
o9

b = //Lmjm¢wdedT, (11c)

Qm
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respectively. Let 7(j,k) denote element number on which the node with
global node number j and local number k is located. Introducing the matrix

element by
k
GZ} = Z gi‘l('r(r;?k)’ (12a)
k
k
Hj=3. hi&(’;‘?k) + ¢l 6ij, (12b)
k
we can rewrite Eq. (10) as
N N
j=1 j==1

where 97" and g¢;" are the value of ¥m and gm at the node (zj,7;) on 9.
Further we express the Eq. (13) in the matrix form, and we get

1

H;¥; - G1§, = b,
- o 14
Hy¥, — Gog, =0. ( )

As the boundary conditions, we usually impose the condition that the tan-
gential component of the magnetic field and the normal one of the magnetic
induction be continuous across the plate surface 3Q;. The conditions lead
to

¥ =¥, (= ¥y) (152)
- 1 - —
G =-7-0 (= qp)- (15b)

Here us; denotes relative magnetic permeability of the superconducting
plate. Substituting the above boundary conditions into Egq. (14), we obtain

el 5] =13
H2 /-LsGZ c'iI 6 (16)
A % = b.

Eq. (16) represents a set of 2V linear algebraic equations in the 2NV un-
knowns, ‘f& and §j.

It must be noted here that the uniqueness of the solution to the si-
multaneous equations (16) does not hold. The reason for this is explained
as follows. On the i- and (7 + N)-th row such that 7; = 0, all elements of
matrix A become zero, because w = 0 and dw/On = 0 there. Therefore,
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the inequality rank(A) < 2N is satisfied, and the uniqueness of the solution
to the simultaneous equations (16) does not hold.

In order to avoid these difficulties, we should take account of finiteness
of magnetic induction B on the z-axis, which leads to

lim | V| = 0. ()

We see from Eg. (17) that ¢; = 0 and ¢; = 0 at r; = 0. From this fact,
all matrix elements on the i- and (i + N)-th row, such that r; = 0, must
satisfy

Ay =6ij, bi=0

and
Aiyni=6iang bipn,; =0.

Under the above considerations, the simultaneous equations (16) can be
solved and ¥; and §j are determined uniquely.

3. Analysis on Magnetic Shielding

The numerical code to analyze the axially symmetric magnetostatic field
has been developed by using the method explained in the previous section.
Using the code, we calculate the magnetic field around the axially symmet-
ric superconducting plate and investigate the effects of the plate shape on
the magnetic shielding.

First, we investigate the influence of u; on the magnetic shielding. In
Fig. 2(a) and (b), we show the contours of the magnetic flux function 4,
i.e., the magnetic field lines. We see from these figures that the magnetic"
field lines permeate the plate as us becomes larger. In order to investigate
this tendency quantitatively, we evaluate the decay factor defined by

Olg ———-1%11,

[N}

o=

—~
}.....l
0

-

where B is magnetic induction generated by the 1-turn coil in free space.
Typical examples of contours of the decay factor o are shown in Fig. 3(a)
and (b). These figures suggest that the magnetic shielding effect becomes
large with the decrease of the relative magnetic permeability . In Fig. 4,
we show the dependence of the decay factors o on the relative magnetic
permeability ps. We see irom this figure that though the value of o is small
when ps = 0, it decreases with the decrease of ys. In the case of ps < 10"4,
the value is nearly equal to the asymptotic value (in the limit of us; — 0).
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Fig. 2. Contours of the magnetic flux function v
(@) ps = 1073, (e = 6.0,6 = 1.0)  (b) ps = 1072, (e =6.0,8 = 1.0)
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Fig. 8. Contours on which o = const. Numerals beside the contours are values of .
(a) ps=10"2%, e=6.0, 6§ =50 (D) ps=10"% e=6.0, § =5.0
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Fig. 4. The dependence of the decay factors & on the relative magnetic permeability ps,
(z/b=0.35, e =6.0)
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Fig. 5. Decay factors o on z-axis as a function of triangularity 6, (z/b = 0.5, e = 6.0)
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Fig. 6. Decay factors a on z-axis as a function of ellipticity e, (z/b = 0.5, § = 5.0)

Next, we investigate the effect of the plate shape on the magnetic
shielding. Fig. § shows the decay factor o on z-axis as a function of tri-
angularity 6. Here the ellipticity of the plate is fixed as e = 6.0. This
figure indicates that the magnetic shielding effect becomes large with the
increase of § and decrease of us. Fig. 6 shows the decay factor a on z-axis
as a function of ellipticity e. Here the triangularity of the plate is fixed
as § = 0. This figure indicates that the magnetic shielding effect becomes
large with the decrease of e.

4. Conclusions

We have developed the numerical code for analyzing the magnetic shield-
ing of axially symmetric superconducting plates and have investigated the
magnetic field around the plate by using the code. Conclusions obtained
in this paper are summarized as follows.

1. In case that the symmetry axis is partially contained in the domain, it is
possible that the discretized integral equation becomes singular. In order
to avoid these difficulties, we should take into account of finiteness of the
magnetic filed on the symmetry axis.
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2. The magnetic shielding becomes large with the decrease of relative
magnetic permeability. We can regard the materials of relative magnetic
permeability less than 10™* as complete diamagnetic one.

3. The effects of the plate shape on the magnetic shielding is studied. Decay
factors are shown to decrease with increase of triangularity and with the
decrease of ellipticity.

References

1. Nartou, H. — YaMAzaKI, K. (1987): Limit of Possible Operation of Crescent and Bean
Shaped Tokamaks, Institute of Plasma Physics Research Report, IPPJ-837.



