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While investigating the whistler mode propagation the modelling of loss in the media and
its description as exactly as possible turned out to be absolutely necessary. Starting di-
rectly from Maxwell’s Equations, as it is to be seen in the paper, using homogeneous and
inhomogneneom lossy, superimposed Dl sma model, the exact space-time dependence of
the propagating whistler mode is to be determined, which gives the possibility for more
detailed description and comparison of calculated and measured fine structural character-
istics of the whistlers. The method applies the multidimensional Laplace-transform and
the Method of Inhomogeneous Basic Modes.

As it is known, in the magnetosphere, — caused by a lightning discharge in
the troposphere — the electlomagnetlc signal propagating in the ELF-VLF
frequency band is called as whistler. In this paper our goal is determining
the space-time dependence of this signal as exactly as possible.

The previous papers (FERENCZ, 1994a,b, FERENCZ et al., 1994,
BOGNAR et al.,, 1994) presented the exact space-time dependence of the
solution in homogeneous or inhomogeneous lossless anisotropic plasma, re-
spectively, obtained from Maxwell’s Equations when the electromagnetic
waves were supposed to be non-monochromatic. Now, our goal is to find the
solution containing even the effect of loss. In the model plane waves prop-
agating longitudinally along the superimposed field and (electron) plasma
of one component will be considered.

In the lossy model the same plasma and wave pattern as above will
be supposed again, where the loss originates from the dissipated energy
caused by collisions between electrons. It will be characterized by the v,
collision frequency. The superimposed magnetic fleld is supposed to be
By = Bp, - €, directed along the 4z axis. The electron density of the
plasma is N, and the electron mass and charge m and g, respectively. The
average electron velocity excited by the electromagnetic field be 7.
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In the present model vc, N and B, are constant in the homogeneous
case, while vc(z), N(z), and Bp,(z) depend on space in the inhomogeneous
case. Investigation of more sophisticated vc-functions may be the goal of
a further improved model. The change of the direction of B, will be
neglected as a first approximation in the inhomogenecus case.

1. Homogeneous Solution

First of all the homogeneous case is considered and the starting equations
are the Maxwell’s Equations:
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Besides that the further equations must hold describing the interaction
between the signal and the medium:
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The effect of loss is contained in the additive term, . Introducing the

commonly used gyrofrequency (w;) and plasma frequency (wp):
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The frequency band of the signal searched for is 0 < w < wy, because the
propagation will be in whistler mode.
As usual, one may start from the following:
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Rearranging this equation, the velocity vector ¥ can be found, and for
the z, y and z components an equation-system will be obtained, which is
reducible to common differential equations (KAMKE, 1965), all of the same
form. The solution of these exists in closed form (KAMKE, 1958).

Knowing the velocity components one may write the components of
the current density, using the

ol

=¢-N.7 (1.5)

equation. Substituting Fg. (1.5) into Maxwell’s Equations (1.1), it may be
seen that if the appearance of changes describable solely by d1s.,r1but1o*18
can be excluded (IDEMEN, 1973) ~ the divergence equations will be fulfilled
automatically if the z‘o%&u_caal equations are satisfied (FERENCZ, é97oa}.

As for plane-wave solutions are supposed now, as it was mentioned
earlier,

—==—=0, (1.6)

therefore the E; and H, components of the electromagnetic field are zero.
.
The equation system takes now the following form in time domain:
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It was taken into consideration that v, €« wy, i.e. the approximation can
be taken for a real model in the magnetosphere.
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2. Solution of the Eqguations

The Laplace-transform may be applied for the E, and E; field components
according to space and time (FERENCZ, 1994a) even in lossy model.
By the aid of the relations

s+—t and p+— =z, (2.1)

the new transform-variables s and p are introduced, and the necessary
initial conditions are as follows:

Ei(mai = 0) = €y (:B) = €iyp (p) )
t

Ez($ = 0’ ) = eixD(t) — 65:0(3) ?
O0E;(z,t)
L T RCEEEN R .2)
6—41( b) oy, C
8t =0 = €iyp (“’) T Gy (27) >
1=9,z .

As for describing the coupling of the two field components into the mag-
netospheric model two initial conditions will be sufficient, and the exciting
signal is a lightning impulse, (i.e. the ¢ = 0 and = = 0 initial values ex-
ist), further it can be supposed that the excitation is plane-polarized, at
the plasma boundary so with the suitable choice of the ¢ = 40 moment
and the y and z coordinate axes the following can be obtained:

eyi0(z) = eyz0(t) = eyio(z) = eypo(é) = 0,

(2.3)
esi0(z) = erpfz) = 0
and
5230(3) = A(s) 5 6‘20(3) = B(S) (2 4‘)
Taking all these into consideration, the field components may be expressed

from the transformed equations:

U= 8- Ve,
clu(e? + )lpA(s) + B(s)]
c2p?(u? + wf) — whu? — s2(u? + w?)]? + [uwpwd]?

By(prs) = ¢';
(2.5)
P2 (u? + uf) — vl = P + )

E:(p, s) = Ey(p, s) wwiwy
iz
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Separating the originally space- and time-dependent lossy terms one
arrives at the field components which haveformally approximately identical
form with the lossless case (FERENCZ, 1994a) :

ai(s)
By(p, o) = 22)a()ars) P at
e ’ b3(s) ot — BG) o ()
¢ ba(s)< ba(s)
(2.6)
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aee(s) = (v + i), as(s) = wpu” +s7(u” + wi)
a1(s) = B(s) as(s) = (u* + wi)c?,
b1(s) = (vwpwi)’ + wpu® + s*(u® + i)+
2.22,2 , 2
4+ 2wpu”s"(u” + wh) ,
bo(s) = 267 (u? + wg)[wguz + 2 + wi)l,
b3(s) = c*(u?+ wd)?. (2.7)

However, we can find several essential differences between the lossy and
lossless cases. It can be seen that, s and (s + v.) appear together, in the
polynomials above, so if the Laplace-transform were applied mechanically

mean simply an s — (s+v.) substitution) — that would mean a completely
wrong result.

xecuting the inversion of the Laplace-transform according to p as
usual, the poles are:
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where the s — jw substitution leads us into the w-domain, and for evalu-
ating the effect of the loss, the originally lossless factors (k1{w), o1 (w)) are

separated from the ones, generated by the loss.
All of these can be analysed in more details:

p12 = Frk1(w)m(w) ,

where
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and
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v}

m(w) = \/1 + —é—[ﬁ/fl (w) — N1 (w)] - {1 - j%yc[e}l(w) + @g(w)]}
and

P34 = Flea(w)rs(w) ,
(2.12)

?/g .1 oy =1 T
MM=JH;MM@—MML@+@MQM—%wm.

The complez form of the loss can be well seen in each term. The influence of
this is a more realistic result for the lossy case — as it could be expected. The
poles in the lossless case — i.e. the propagating factors and the attenuation
factors are:

pi=-jk, p2=jki, ps=-o3, ps=ocg, (2.13)
so we can see one forward propagating and one reflected but not attenuated

mode, and one in the positive and one in the negative direction, which is
not propagating, but solely attenuated mode; but here

p1 = —jki—o1, p2=jki+al, ps=—as—jks, ps=os+iky, (2.14)
where all the poles are complez, that is, — in different extent —~ they will

propagate and decrease simultaneously. (When interpreting these poles it
must be taken into account that the frequency domain is 0 < w < wy.)
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The magnetosphere is supposed to be infinite in this model, the edge
of which is at the boundary between the troposphere and magnetosphere.
The multi-hop whistlers will not be dealt with in this paper.

After all the space dependent spectra can be written as follows:
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it follows elementarily, that:
Eyw( LJ) _.?E:u($ ’JJ\ s (216)

that is, the signal is rotating right-handed, as it could be expected. Know-
ing the field components Ey and E. one may obtain H, and H; unambigu-
ously from Maxwell's BEquations:

D
H = 4
-y(P,S) oS -(P)S):
(2.17)
— P
tiz ’s -— ._.._.__E,‘ y .
(p: ) oS y(p, 5)
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So the space-time dependence of the electrical and magnetic fleld compo-
nents in the magnetosphere is as follows:

1 Wmax
Bi(e,t) = o= [ Bale,w) SO0,
Wiz
(2.18)
1 W‘n}ax
Ei(@,t} —= '{—:— 55! _‘20(“,%)) 6 Ul fvx(u)mjdw
2% J
Wmir.

It is important to notice that the initial conditions remain in the soluticn
in A{w) and B(w), an b‘y the aid of this fact the coupling can be described
in a simple way betw the exciting signal in the troposphere and the

wee
propagating whistler Iﬂcde in the magnetesphere.

. The Sizgnal Propagating in the Troposphere and
= &=
the Coupling

hich, and using the Method of the Inhomogeneocus Basic Modes (FER-
NCZ, 1978a,b) one may obtain a simple form for the propagating signal in
the troposphere. Now, — as the tropospheric model has not changed — this

solution is identical with the previous one (FERENCZ, 1994a), i.e. it is:

) a,

=),

t’J

EM%ﬂ=m50%@,
(3.1)

H1y(a:,t) = %0/ (5,

jl(m,t) = Jg(m,i)é‘z s (3.2)

where

is supposed for the exciting current density, Zy is the characteristic impe-
dance.

Taking into consideration the complete coupling, the exact space-time
dependence of the propagating whistler mode in homogeneous and lossy
plasma
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Wmax

kﬂ(w) Jwt—Ky (w)(z—z0)]
su . dw,(3.
Ey.u(z,t) Fo(@) +K1(w) zo(w) - € w,(3.3)
‘-‘)mm
where
o Zo
L= [ |[n(s =) dg| e, (3.4)
—co L0
kO - _(i)_ »
c

from which all the further field components can be determined. The com-
monly known whistler spectrum pattern can be obtained from this space-
time function at a given space by FFT or matched filtering.

4. Solution in Weakly Inhomogeneous Plasma

Now the magnetosphere is taken into consideration as a tempered, cold,
anisotropic, lossy plasma, which is, however, weakly inhomogeneous. The
inhomogeneity is supposed to be parallel with the signal propagation (+=
direction). Further let the whistler mode we are looking for be a plane
wave propagating longitudinally along z axis defined by the 2, unit vector.
The inhomogeneity of the plasma will be taken into consideration by the
space dependence of the functions N(z), Bp (z) and v.(z), that is, the
time invariance of the medium holds in the following, toc. The equations
describing the interaction between the signal and the medium in the weakly
inhomogeneous plasma are as follows:

o = - B
m -+ = gl& X F
M F=g(E+7v X Bp),
F = que(z)7 ,
J=qlN(z)v, (4.1)
N
T+ =0
Further
2
N
wp(z) = =B, (z) and wg(a:) =1 (2) (4.2)
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If we rewrite these equations according to the method applied in the ho-
mogeneous model (1.7), the time-depending equations to be solved:

t

82 E —~ve(2)(t~7

522 =g2-{w”( ) [ G cosun(o) - (¢ - r)dr
0

ve(e)wh(2) f Ey(r)e P coswy(e) - (¢ = 7)dr+

0
L E
w2l () [E (r)e™vel= )= )cosyb( z)- (¢ —7)dr + a@ﬁy?
; L
9 ;
OB, 1 [OE: i \
5.7 =2 {J?(CE) j[ 5. ¢ elZie )coswb(z) (¢ — mydr+
0
Vc(cc)wp(m)j/E:(T) AT cogwy(2) - (8= 7)dr—
0
¢ 225
wb(z)wg(m) [Ey(,l_)e—uc(z)(t—f) cos wb(z) . (t _ ’J’)CZT + 6;2/: } .
0

However, the inhomogeneity changed the structure of the equations in way
that they are not Laplace-transformable according to place and it is not
expedient either to do that. Let the equations be transformed according
to time, so with the

te—s s (4.4)

substitution one obtains that:
C‘Z ‘92EZJ — w2(,r) [S + UC(ZD)]2 + 32 E (q, S)+
dz? P s + ve(2))? + wi(z) v

(s + ve(=)]
s+ ve(@)2 + wi(2)

9 2

Wi (@)wp(x) [ E.(z,s),

dz? s+ ve(z))? + wilz
w?(z)wy(z [s + ve(2)] z,s
Hote i e (45
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As for quasi-longitudinal case is considered, the W.K.B. solution will be
used to solve for the field components (FERENCZ, 1977), keeping in mind
that now the signal is non monochromatic. Let the generalized propagation
vector be introduced, that is, the homogeneous solution will be extended
to the inhomogeneous case. So the poles obtained earlier will hold further,
e.g. the poles belonging to the whistler mode propagating along the +z
direction are:

pi(z, s) = :l\/ wp(@)ls + ve(@)l? + (s + ve(2))? + wi(@)] £ jep(@)ws(@)ls + ve(2)]

i=1,2,3,4, (4.6)
which can be rewritten as:
pi(w) = —jki(w)m(w) = —jK1(w) , (4.7)

and for the fields:

; 1 L =i D Kalewids oy -5 [T Ralgw)dg
Erw(z,w)= 4K1(w>!a2(w)fx1(w)—{~3a1(w)]e sto = E7e ]‘LO B
Ki(w) e =7 ), Kalgde _
Hyw(z,w) = — Ijo(:)E"o f
(4.8)
A 2 L 2 oz
5 /«ﬂ(w%(x) Fof(e) =) tenap(e) e e
Zy ‘g" wwi(e) —w?)

It is important to note that in our case the spectral Poynting vector, the
S(z,w) must be constant, as a consequence of the W.K.B. condition, whick
follows from the non-monochromeacy of the signal:

B s [ k(g w)de R
Howlz,w) =~ de ni(z) - ¢ Jeo , (4.9)
where the characteristic impedance is as usual:
Zy =, %" 12079 . (4.10)
For the Poyating vector has the form:
~ (Bo)(Hyw)* = (Ej)m—@ = const = (47)7, (4.11)

Zy

where the space-dependent refraction coefficient is:
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na(e) = [ (@) i (e) - ) + i (o)(o)
R (@) — )

‘m(z,w) . (4.12)

Using these results the exact space-time dependence of the field compo-
nents is:

2(wA(e) = o)

-—5(0’)%2@);(@ + wi(z) — w?) + wwb(m)wg(m)'

E.p(z,t) =

4 Cl':éé)
\_‘,/ 71(z)
cO
- i [, . w?(wi(z) — w?)
Hywlz, b)) = — = Ag{w)y - .
(@) 9Ze ) OV >\f/ w2(wi(z) + wi(z) — w?) + wwp(z)wi(z)
0

= J2 Kale i)
y/mzle s T dw

(4.13)

As for the earlier solution for the troposphere holds even now, and the
coupling equations may be written and solved in the usual manner, for the
total solution, i.e. for the whistler mode propagating in lossy and weakly
inhomogeneous plasma one obtains:

| ‘ ) —é “rmax Kl (:cu) I’CI(IOrw) j{wt..f: I\H(f;’-d)df] -
Egzwlz, 1) = e / Izo(w)\ Ki(zg,w) kol{w) + I\’:}(IO’L‘:)E 0 “
(4.14)
| ) —l— “max ) fCl (:E,(,J) K:](wﬂzu) j[wt-‘f; fo(Eu)dE} .
Hoyuw(z,t) = i / IIO(“)\/;;:;ko(w)—‘rKl(ﬂ?ozw)e -

where kg = £ and K1(z,w) is identical with the homogeneous solution.

5. Results

The (3.3), (3.4), (4.14) functions obtained with analysing methods pub-
lished in (BOGNAR et al.,1994, FERENCZ et al., 1994) may be evaluated by
numerical processing. These are the FFT procedure and the matched fil-
tering (HAMAR et al., 1982, 1992).
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In the calculations different exciting spectra were used.

The results of calculations executed with the values of z = 30.000 km,
wp = 55 krad/s, wp = 0.734 Mrad/s using the formulas obtained for the
lossy model, are shown in Figs. I-7. Fig. 1 presents the amplitude-time
functions at a given location with double-impulse excitation for lossless and
low-lossy models (the distance of the two impulses is 1.7 ms, the length
of the impulse is 0.15 ms, the distance of the magnetic field line from the
centre of the Earth, using earth radius units, in the plane of the equator:
L=4.654, the electron density at an altitude of 1000 km is N=2550 cm_3,
ve = 0 and 0.1). It is important to notice that the lossy signal is damped
but its character is unchanged, compared to the non-damped case.

N Double impulse (lossless)
= _
)
>
=
=
Double impulse (lossy)
24 28 28 30 32 | 3.4 36
TIME (s)

. 1. Time-dependence of the electric field intensity of whistler ai a given place in
lossless and lossy cases

by
s
K

Fig. 2 shows the first section of the above, calculated whistlers. It
can be seen that the position of the null phases does not change when the
loss is low, while by increasing losses it will change as a consequence of the
formulas.

Fig. 3 shows the characteristic shape of time-dependence of a calcu-
lated whistler (L=4.654, N=2550 cm*z, ve = 0 and 0.1). As for the fine
structure, the characters of the lossy and lossless solutions are similar.

Fig. 4 shows the FFT analysis of one of the calculated whistlers shown
in Fig. 1.
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> f
Ampl. | %%
(linessax) 7 ‘
] %i
f {lcH=) .
s | .
o G 1

t {zec)

Fig. 4. Typical frequency-time function (F'FT pattern) of whistlers

. 5 shows the FFT pattern of

2 Jul 1984 17.14.UT Halley, Antarctica; Courtesy of Dr. A. J.
Smith, British Antarctic Survey, Cambnd e, U.K.). It can be seen that
ted result correlates significantly to the measured spectra.

Fig. 5 shows the same whistler after matched filter mg 1t is obvious
that the former analysing processes can be used even for lossy formulas as
well as earlier.

In Fig. 6 a comparison is presented between impulse responses be-
longing to Dirac delta excitation for lossy and lossless cases (the amplitude
is normalized to 2500 Hz).

Fig. 7 shows the amplitude density function of one measured whistler
(NO.89221 AA, 9. August 1989, 16.17.UT Halley, Antarctica, Courtesy of
Dr. A. J. Smith, British Antarctic Survey, Cambridge, U. K.) and two
calculated whistlers (lossless and lossy), for vc = 0.2. It is important that
the results of the lossy case describe the amplitude function much more
accurately when compared with measured values, than the lossless case.

a measured whistler (NO. 84010.
arc
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ts84010.ns

Fig. 5. FFT analysis of a measured whistler

LOSSLESS

AMPLITUDE

JAPANR.GRF

1500 2000 2500 3000 3500
FREQUENCY (HZ)

T

4000 4500

Fig. 6. Amplitude spectra as function of frequency
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AMPLITUDE DENSITY L=4.246

---- Double impulse (lossless)

--------- Double impulse (lossyj
dt=0.15 ms
te=1.7 ms
al/aR=2

——— Measured (Halley{

AMPLITUDE

ALV O

%)

o]
)
o

0 3000 3500 4000 _ 4500 5
FREQUENCY (Hz)

Fig. 7. Comparison of calculated and measured results

N
(1]
o

8. Conclusions
It can be concluded that whistlers may be successfully modelled in a lossy
plasma, assuming a non-monochromatic solution, as presented in this pa-
per. ’

he used methed can be generalized for o h cases and other fre-
quency bands when non-monochromatic solutio needed.

Taking into consideration the effect of lcsses he possibility arises to
describe $he fine structure of whistlers, more accurately and to compare
the results of the model and of real whistlers.

The method can be generalized for a magnetic induction vector which
is not perpendicular to the boundary of media, as for quasi-longitudinal
and general propagation, for boundary surfaces which are not planes, and
for a multicomponent plasma model, which takes into consideration the
dispersion due to protons, too (case of proton whistlers).
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