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Summary 

The paper presents the Program M-S junction for simulating metal-semiconductor 
(Schottky) junctions. The used algorithm is that of the Program P-N junction's with the 
completion of the appropriate boundary conditions and some minor changes. Both the diffusion 
and the combined thermionic-emission-diffusion models for the metal-semiconductor junctions 
have been used to obtain one-dimensional, numerical two carrier solutions. for silicon Schottky
diode structures. The methods for calculating diode capacitance are also discussed. Results are 
compared with fabricated silicon Schottky-diodes. 

Introduction 

The paper presents the Program M-S [lJ for simulating metal
semiconductor (Schottky) junctions. The used algorithm is that of the Program 
P-N junction's [2J with the completion of the appropriate boundary 
conditions and some minor changes. Both the diffusion and the combined 
thermionic-emission-diffusion models for the metal-semiconductor junctions 
have been used to obtain one-dimensional, numerical two-carrier solutions, for 
silicon Schottky-diode structures. The methods for calculating Schottky-diode 
capacitance are also discussed. Standard methods for determining structure 
parameters, mostly barrier height, have been applied to the numerical results. 
The results have also been compared with fabricated silicon Schottky-diodes. 

Basic equations 

The used physical model is based on the well-known partial differential 
equation system of semiconductors. This system of equations consists of the 
transport equations: 

(1) 

(2) 

11 * 
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of the continuity equations: 

of the Poisson-equation: 

an 1,
--::;- = U + dlV J" 
et q 

ap =u 
at 

1 -
div Jp 

q 

div grad 'l' =:£ (n - p - N) 
e 

and of the current equation: 
- - _ dE 
J=Jn+Jp+D dt 

where the symbols have their usual meanings: 

n, p: carrier concentrations of electrons and holes, respectively, 
fin, Jl p : mobilities of electron and hole carriers, respectively, 
Jn , Jp: electron and hole current densities, respectively, 

D", Dp: diffusion coefficients of electron and hole carriers, respectively, 
q: electron charge (1,602.10- 19 As), 
E: electric field-strength, 
'l': electric potential, 
U: net generation-recombination rate, 
N: net impurity concentration, 

t: time, 
e: dielectric constant. 

(3) 

(4) 

(5) 

(6) 

The equations are transformed to one-dimensional D. C. state and 
normalized after de Mari [3]: 

( 
d'l' dn) 

J n = fl" n dx - dx 

( 
d'l' dP) 

Jp=Jlp P dx + dx 

dJn _ U=O 
dx 

dJp + U=O 
dx 

(7) 

(8) 

(9) 

(10) 



Description 

Position (length) 

Time 

Potential 

Current density 

Carrier density 

Mobility 

Diffusivity 

Velocity 
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d2 tp 
-d 2 =n-p 

X 

Table I 

N 

Normalization factors 

Normalized 
quantity 

Normalization factors 

Value in Si 

x LD= 3.45706E - 03 

to 1.I9513E-05 

'P, V, VD etc. 
kT 

VT =-
q 

2.58750E-02 

qDolli 
-6.71929E-07 Jo=--

LD 

n,p,ND·N.~ llj 1.45000E+ 10 

Do 
3.86473E+01 Po=-

VT 

Do 1.0 

Do 
2.89263E + 02 50 = -

LD 

333 

(11 ) 

( 12) 

Unit 

cm 

sec 

volt 

amper 

cm2 

Vsec 

cm 2 

sec 

cm 

sec 

For the normalization factors see Table 1. Solution is made according to the 
Gummel-de Mari-Tarnay method [4J, [3J, [2J, while generation
recombination rates a calculated form the simple Schottky-Read-Hall 
model [5J, [6J 

J 

U = np-ni 
r(n + nd+ r(p + Pt) 

(13 ) 

Mobility calculations are based on Caughey's and Thomas's model [7J 

47 447,3 [cm
2 

] 

J.l p = ,7 + (N[Cm 3J)0.76 Vsec 
1+ 63.1016 , 

(14) 



334 F. JIASSZI 

1265 [cm
2 J 

Ji,,=65+ 1-1- (N[Cm 3J)' 0.72 Vs~ 
, 8,5' 10 16 

Metal 
,~.-------------~ 

- Semiconductor 

l 

\ 
Ohmic 
back contact 

Fi{j. I. M--S (SchottkyJ diode in one dimension 

(15) 

The input of the algorithm: geometric data, doping profile, and the 
boundary conditions describing the contacts. Output: electron and hole carrier 
distributions, potential distributions vs. position and low-level I-V character
istics both in forward and reverse directions. 

Boundary conditions 

Ohmic contact 

Ohmic contact is assumed at the back of the diodes. Supposing infinite 
surface recombination velocities the charge neutrality, 

and the law of mass effect, 

are valid, where 

p: charge density, 

p = q(p 11 + N) = 0 

) 

np = Jli 

fl i : intrinsic carrier concentration (~ 1,4' 10 1°/cm 3
). 

Quadratic solutions form the above two equations, 

_ 1 2 N r;::i2 
Jl- 2 T 4 +n i 

N~ 
p = - 2 + -V -;; + ni 

(16) 

(17) 

(18) 

( 19) 
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give the possibility for calculating the n(L), p(L) boundary conditions for both 
carrier concentrations at the back contact. 

Then 

As for potential, two different cases are to be distinguished: 
a) zero applied voltage on diode. 

1[1(0)=0 
'P(L) = - VD 

where 
n(O) 

VD = UT In n( L) 

(20) 
(21) 

(22) 

is the diffusion (built-in) potential in the diode (Boltzmann approximation), 
and 

VT = thermal potential (;:::: 26 m V at 300 OK) 

b) In case of ~4 #0 

'1'(0)=0 
'P(L) -VD-~4 

where VA :' applied voltage on diode. 

Diffusion model 

(23) 
(24) 

The assumption made in the diffusion theory is that the concentration of 
the carriers on the semiconductor side of the M-S junction interface is 
unaltered by the application of bias. This is equivalent to assuming that at the 
interface the quasi-Fermi-levels in the semiconductor coincide with the Fermi
level in the metal. It means that the electron quasi-Fermi-1evel drops through 
the depletion region as shown (Fig. 2 and 3). 

--------(j)c 

-'----1+-_'''-:-_______ (j) 
"- ..... ---------'\' 

'--------my 
Fig. 2. Band diagram of an M-S junction with zero applied voltage 
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'---------- CPc 
cb 
'8 

---------'fv 
Fig. 3. Band diagram of forward biased M-S junction assuming diffusion model at the M-S 

boundary 

This behaviour is in sharp contrast with the situation in a p-n junction 
under bias, where the quasi-Fermi-levels for both type of carriers are generally 
assumed to be flat throughout the depletion region. In other words, the 
diffusion theory assumes the validity of th"e law of the mass effect, 

(17) 

just at the interface (but not in the depletion region considering the exact 
surface as it is not part of the depletion region). That means: infinite 
recombination velocity is assumed. 

Carrier concentrations at the M-S junction can be calculated on the 
basis of the diffusion model: 

<Pi 
n(O) = Tlieu-r 

<P; 
p(O) = Pie - UT 

where 

is the difference between the electrostatic and Fermi potential, and 

'1': electrostatic potential, 
ci>: Fermi potential, 

U g: band gap, 
ci>B: barrier height. 

(25) 

(26) 

(27) 
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I mage force lowering of the barrier 

When an electron approaches a metal, the requirement that the electric 
field must be perpendicular to the surface enables the electric field to be 
calculated as if there was a positive charge of magnitude q located at the mirror 
image of the electron with respect to the surface of the metal. There is a 
Coulomb-force due to this the electron has a negative potential energy relative 
to that of an electron at infinity. The image potential energy has to be added to 
the potential energy due to the Schottky barrier. Since the image potential is 
only important near the surface, it is a very good approximation as regards the 
field due to the Schottky barrier as constant with the value Emax. 

This effect is present only if there is an electron present in the conduction 
band near the top of the barrier. On the other hand, contributions to the barrier 
height from work function difference and from surface states are present 
whether or not there is an electron. Holes are attracted to the metal by an image 
force, too. Their energy is measured downwards, so the band bends upwards 
(not uniform band gap) Fig. 4. 

If the effect of image force lowering is included,. Eqs (25) and (26) are 
slightly modified: 

where 

is the barrier lowering. 

Not 
uniform ( 
bondgap . 

<Pi + .d<PB 

n(O)=nie UT 

<Pi - .d<PB 

p(O)=nie- lh· 

/ ......--\~m~; potential 
energy 

Fig. 4. The effect of image force lowering on the bandgap of the M-S junction 

(28) 

(29) 

(30) 
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Thermionic-emission model 

This model assumes that the current limiting process is the actual transfer 
of electrons across the metal-semiconductor interface. This is mostly 
equivalent with the well-known very simple one-carrier model, where the I-V 
characteristics are given by 

where 

A *: Richardson-constant, 
T:(absolute) temperature, 

and the other symbols have already been defined. 

(31 ) 

According to the thermionic-emission model the effect of drift and 
diffusion in the depletion region is assumed to be negligible that means the ({In 
and ({Jp quasi-Fermi levels are flat in the depletion region, consequently ({In(O) 
and ({Jp(O) do not coincide at the metal-semiconductor interface (Fig. 5): 

<Pi - V A 

n(O) = llie---U:;:- (32) 

<Pi 
P(O)=Pie- UT (33) 

~-------------- ~c 

---.---- -----
: VAt-O %--,../ .......... __ 'l.. _____ ___ ~ 

----------- ----y 

---------- er,! 
Fig. 5. Band diagram of forward biased M-S junction assuming thermionic-emission model at 

the M-S boundary 

The combined model 

Several authors have combined the thermionic-emission and diffusion 
theories by considering the two mechanisms to be in series and effectively 
finding the position of the quasi-Fermi levels at the interface equalizing the 
current flowing through each of them. The most developed theory is that of 
Crowell and Sze [8J who introduced the concept of a recombination velocity 
(2) at the top of the barrier, and determined the current density as 
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J = s[n(O) - no] (34) 

where!lo is the equilibrium electron concentration with infinite s, and n(O) is the 
actual concentration of electrons (Fig. 6): 

It is noted that previous models first determined the position of Fermi
levels, and derived carrier concentrations based upon the position of the Fermi
levels. In the combined diffusion-thermionic-emission model carrier concen
trations are to be determined first, and the Fermi-level is calculated thereafter. 

~------------q 

'f'n -------- - - - -----i - / 
~ -:==~~--~~-..:-~=j- ~ 

'fp 

~------- 9v 
Fig. 6. Band diagram of forward biased M·-··S junction assuming combined diffusion

thermionic-emission model at the M--S boundary 

The algorithm is as follows: . 
1. Calculate the equilibrium concentrations no and Po from the diffusion model 

(image force lowering effect included) according to Eqs (25H30). 
2. Set a system of equations with four unknowns as follows: 

J n(O) = Sn [n(O) no] 
J p(O) = sp[p(O) - Po] 
J,,(O) = f[ n(O), ... ] 
J p(O)= f[p(O), ... ] 

(35) 
(36) 
(37) 
(38) 

The first two equations represent the combined model, the second two 
come from the Gummel-de Mari-Tarnay algorithm (see Appendix). 

3. Solve system of equations (35H38) for J n(O), J p(O), n(O) and p(O). 

The capacitance of a Schottky-diode 

Consider the ideal Schottky diode (with no interfacial layer between the 
metal and semiconductor). Let us change the reverse applied voltage VR to 
VR + Ll VR • As a conseq uence 
- electrons recede further from the metal, 
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~~=~----VR 

'''-flI-l!.!U!...---- VR + t:,vR 

x 

Fig. 7. Band diagram of reverse biased M-S junction (VR : reverse voltage. X,,: width of depletion 
layer, QI and QD: charges in the inversion and depletion layers. respectively) 

- hole concentration in the inversion layer decreases because the hole-quasi
Fermi-level coincides with the metal Fermi-level. 

The change in the charges gives rise to a capacitance. There are three 
types of charges. Which of them is to be taken into account? The question can 
be solved by considering the vanous contributions to the current density 
through the depletion region. 

(39) 

where 
Jc1 is due to the drift and diffusion of electrons injected over the barrier from 

the metal, 
J c2 arises because there is a flow of electrons and holes out of the depletion 

region as the negative bias increases. 
It can be assumed that in the depleted region 

QD:;:;:,q' N D=I= f(t) (40) 

where N D is the ionized dopant density concentration in the depletion layer. 
Consequently, the capacitive current consists of displacement current 

J (41) 
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where Cs is the permittivity of the semiconductor. According to Gauss' theorem 

and from here 

where 
QD: charge in the depletion region, 
Qm: metal charge, 
Qi: charge in the inversion region, 

and 

(42) 

(43) 

(44) 

In computer modelling, basically two ways are used to calculate the 
capacitance: 
1. integration olhe charge carrier distribution in order to get the charge to be 

difTeren tia ted, 
2. calculation of the 

a) electrically stored energy, 
b) total thermodynamically stored energy. 

Let us see these two methods in details. 

M ethod of the integration of charge carrier distributions 

The essence of the method is to evaluate the following integral 

L 

f
en 

C=q avd!>c (45) 

o 

(in case of n-type semiconductors). 
The numerical evaluation is prone to error, unless many significant digits 

can be obtained in the numerical solutions for the electron densities. This 
requirement places extensive demands on an already difficult numerical 
problem. RoundofT errors may easily overshadow the important changes in 
charge density that occur at the edges of the depletion region. 

The usual way of calculation [9J 
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L ~ L 

C=q f ~~dx=q ddV f ndx+q :V f ndx (46) 

o 0 ~ 

The operation of differentiation with respect to voHage may be taken 
outside of the integral since both 0 and L are fixed points. Furthermore, the 
interval [0, L] may be broken into two parts by selecting a point ~ interior to 
the interval. In doing this, one should observe, that the value of C is 
independent of the manner in which ~ is chosen. In general, ~ will depend upon 
V for its value: 

~ = ~(V) 

~(V) can be e.g. = Xc' the depletion region boundary. 
Each of the integrals is then evaluated by Leibniz's theorem: 

~(V ) 

ddv f 
o 

~(V + ) ~(V) 

n(x, V + Ll V) dx - S n(x, V) dx 
o n(x, V) dx = lim 

AV~O LlV 

~(V ) 

= lim 
AV~O f n(x, V+LlV)-n(x, V) dx+ 

LlV 
o 

+ lim 
AV~O 

~(V+AV) 

f n(x,V+LlV)1-
LlV ex 

~(V ) 

(47) 

(48) 

The upper limit of the first integral ~(V) may be replaced with the specific point 
X c. The integrand of the second integral as a limit tends to n(X e' V) which may 
be removed from the integral. Thus taking the limit yields the following 
equation: 

~(V) Xe 

d f f on(x, V) d~(V) 
dV n(x,V)dx= dV dx+n(Xe,V)dli (49) 

o 0 

We must choose X e that both of the integrals have to be evaluated of relatively 
small dynamic range of the variables. The evaluation goes with a nu~erical 
Newton-Cotes formula. 
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The energetic way of calculation 

a) Electrically stored energy. 

A philosophically sound method should relate capacitance to some 
fundamental circuit property. One might compute incremental capacitance by 
computing the total change in stored energy that results from a change in 
applied terminal voltage. 

L1W= ~C(V+L1V)2- ~CV2 (50) 
2 2 

If V#-O and L1 V is small enough so that C remains reasonably constant 
over L1 V, 

C= ~ L1W 
V L1V 

(51 ) 

In fact the result of this is different from the results of the previous 
calculation, because the total stored energy is not the same as the energy stored 
in the electrostatic field! The most obvious difference occurs in a junction at 
thermodynamic equilibrium in which by definition, there is no available stored 
energy, although an electric field exists. 

b) Thermodynamically stored energy 

Thermodynamically the energy W (in eV) added to a system by a process 
of adding L1n particles to a point in the system where each particle has an 
electrochemical potential of Il e V is given 

W = Il L1n (52) 

Implicitely the ptocess means the transport of a particle from a place 
where the potential energy is zero: i.e. from a point well removed from the 
system, to the point in question. 

In a semiconductor the particles consist of electrons and holes. In the 
followings the hole is regarded as an equivalent particle. If electrons are moved 
from an outside point to a point within the semiconductor where they will have 
{In reV] electrochemical potential, then {In [e V] of energy is added to the system. 
The situation is just the same in the case of the holes, with {lP reV] of energy. 

Ifboth electrons and holes in respective quantities of L1n and L1p are added 
with the respective electrochemical potentials of {In and {lP, the net energy, if the 
change in the carrier densities is small 

(53) 
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Because all are function of x 
L 

Ll W = JUt Lln + J1P Llp) dx (54) 
o 

Moreover, if the changes in the electron and hole populations occur in 
response to a change in terminal voltage Ll V that is applied between the ends of 
the device, the derivative of energy added with respect to applied voltage may 
be expressed as 

L 

dW = f ( n an P cP) dx 
dV J1 cV +J1 cV 

o 

An electrochemical potential consists of two independent parts: 

~ 

electrostatic energy 
results from an electric 

field of an electron at x 

The formula is the same for holes: 

chemical energy of an 
electron at x 

(55) 

(56) 

(57) 

The electrical potential 'l' (x) is related, in a conventional manner, to 
electrostatic field theory. The chemical potentials are related to the statistics of 
nand p within the semiconductor. 

Under the assumption that the semiconductor is'flondegenerately doped 
so that the Maxwell-Boltzmann statistics apply: 

(58) 

(59) 

At this point, the derivative with respect to V of energy added to a 
semiconductor may be shown to consist of two components: the derivatives 
with respect to V of energy added to the electrical and chemical fields. Thus 
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L L 

~~= f qP(X).(~~- ~~)dX+ f q(q>n~~+q>p~~)dX 
o 0 

This occurs when only the 
electrical field is taken 
into consideration. 

The incremental capacitance may therefore be expressed by 

1 (The rate of Change) 1 (The rate of change ) 
C = - with energy V added + - with energy V added 

V to the electric field V to the chemical field 

How can the calculation proceed? [10J 
As 

L L 

f P op = ~ (eoer f £2 d ) 
q 8V dV 2 x 

o 0 

so 

L L 

dW = ~ (eoer f £2 d) kTf [1 (P) 8p 1 (!!.-) an] d-
dV dV ? x + n.:v + n .. ~T7 X _ n, 0 rI, C y 

o 0 

and with 

Eq. (63) can be written as 

d dy 
-(y In y- y)=ln y
dx dx 

L 

dW = ~ (eoer f £2 d ) 
dV dW 2 x + 

o 

12 Pcnodica PolYlcchnica Elcctrical Eng. 27! 3-4 
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(60) 

(61) 

(62) 

(63) 

(64) 
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The available energy W may be computed by integrating both sides of Eq. 
(65). In order the available energy shall be equal to zero at V=O, the integration 
constant is taken as the negative of the sum of the electrically and chemically 
stored energies at V=O. 

The result can be exposed as follows: 

(66) 

So 

L L 

eoerf 2 2 f[ (p)op (n)onJ W= 2 (E -Eo)dx+kT In Po OV+ In no OV dx (67) 

o 0 

From here 
L L 

1 d (eo er f ' ) 1 d { J" [ (p ) C=-- -- E-dx +-- kT pIn - -p+ 
V dV 2 V dV Hi 

o 0 

(68) 

Results 

Comparison of the diffusion and thermionic-emission-diffusion models 
has been made in detail elsewhere [11]. 

Capacitance curves 

C - V measurements are used extensively for deducing diffusion 
potentials (and thus barrier height) and have been considered to be of high 
reliability. We show in Fig. 8 the 1/C2

- V plot for a <1>B=0.80 (ND =5' 10 15 

cm - 3) diode, as calculated from the two-carrier combined model. Capacitance 
calculations were based on the integration method [9]. A least square fitting of 
the curve is plotted and in the voltage region of - 0.1-0.5 V gives a slope 
corresponding to a dopant concentration of ND=4.97 '1015 1/cm3 and a 
voltage intercept which gives a barrier height of 0.7967 using the estimated 
value of N D' 
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, 
I 

35,0. I 
T I 

No=51C1S l/cmuV3, <PB=C8o.V, Length=lC-4cm 
30.0. 

250. 

~ 20.0. 

~ 
15,0. 

10..0. 

5,0. 

QC 

I I V 
:/ 

I I 

V 
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I V V 
I 

./' 
V I I 

i I ! 

vV' 
I I I 

I 

" 
..,.,vV' 

I I I I I 
I 

-0.,6 - 0.4 -0. 2 CO 0..2 0..4 0..6 0..8 
Voltage Ivl 

Fig. 8. Computer-plot of IjC1 curve fitting of computed results 

I-V characteristics 

Determinations of q;B for three experimental structures fabricated on 
materials of different resistivity are compared by the following two methods: 

1. extrapolation of forward In I vs. V plot to determine Is, and 
2. Norde plot [12J, also using forward characteristics. 
The results are summarized in Table II. It is seen that the F(V) plot 

determination gives appreciably smaller spread than I-V extrapolations, 
which also tend to give lower values of q;B' This shows the influence of 
recombination current which is a particularly important contribution to the 
current in the low voltage region and tends to give too high value for the 
extrapolated saturation current, thus giving too low barrier heights. The F(V) 
plot, on the other hand, in essence determines q;B from a higher-voltage region 
of the forward I-V data where recombination current is less important. The 
difference between the barrier heights determined from calculated and 
experimental I-V data is approximately 0.02 eV for all diodes using the F(V) 
[12J method. This shows that the combined model gives results similar to those 
determined experimentally, although the proper barrier to use in the computer 
program should be 0.02 e V less than 0.87 e V which was used. I-V 
extrapolation is very sensitive to recombination current and series resistance to 
be also seen in Table II. 

12* 
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Table 11 

Barrier heights determined by forward I-V extrapolation and Norde-plot 
from I-V data from experimental PtSi-Si diodes and calculated I-V data 

for similar structures using <PB =O.87 eV in the combined thermionic 
emission-diffusion model 

Experiment Calculated Difference 
Resistivity 

F-V F-V I-V F-V I-V I-V 

6-9 &.I-cm (10 Ilm epi) 0.84 0.863 0.87 0.877 0.03 0.014 
300 &.I-cm (700 !lID) 0.81 0.880 0.89 0.900 0.08 0.020 
10 K &.I-cm (400 Ilm) 0.80 0.871 0.83 0.890 0.03 0.019 

Barrier height determination from IjC2 plots gives good results if 
extrapolated in the low reserve voltage region. However, for the high barrier 
diode, the barrier found is on the low side. 

Our experimental work indicates that extrapolation in the high reserve 
bias region gives too high barrier values for very high barrier diodes. 
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Appendix 

Derivation of Eqs (37) and (38) from the basic equations is the following: 
The transport equations can be rearranged, and treated as two 

independent first-order linear differential equations in the unknowns nand p, 
respectively, if the other quantities are considered as non-constant coefficients. 

dn I n -+n·E=-
dx fln 

dp _po E= Jp 
dx flp 

Analytical solutions are straightforward: 

n=e- JEdX -[ f~:eJEdXdX+CnJ 

(A. I.) 

(A.2.) 

(A.3.) 
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p=eJEdx
• [f ~: e JEdx dx+ Cp] 

Choose 0 and x as limits of integration: 

349 

(A.4.) 

(A.5.) 

(A.6.) 

If x=O, the integrals are equal to zero, so the constants Cn and Cp can be 
expressed in terms of x = 0 boundary conditions, 

Cn=n(O)e-If'(O) 

and put into (A.S) and (A.6): 

x 

p=e If' [p(o)elf' (0) + f ~: elf' dX] 

o 

Currents J nand Jp come from the continuity equations: 

(A.7.) 

(A.8.) 

(A.9.) 

(A.IO.) 

(A.I1.) 

(A.12.) 

Now put these expressions into (A9) and (At 0), assuming the boundary 
conditions at x = L in order to get J no and J po: 

L x L 

n(L)=elf'(L)-[ - f e~n'1I.( - f Udx)dX- f e~nlf' dX'Jno+n(o)e-If'(O)] (A. 13.) 

000 
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x L (f UdX)dX+ f:: dX'Jpo+p(O)elf'(O)] (A.14.) 

o 0 

From here 
L x 

n(O)e If'(O) -n(L)e-If'(L) + f e If' 

(f UdX) dx 
J1n 

Jno = 
0 0 

L (A.IS.) 

f 
e-If' 

-dx 
J1n 

0 

L x 

p(L)elf'(L)_p(O)elf'(O)_ f elf' 

(f Udx )dX 
J1p 

Jpo = 
0 0 

L (A.I6.) 

f elf' -dx 
J1p 

0 

These two equations are to be used instead of Eqs (37) and (38). 
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