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Introduction

In recent vears a new effort was made to calculate the transient operation
of electrical machines with the help of the state variable Park-vector compo-
nent method. Problems were solved in ccnnection with control theory of
thyristor connections in electrical machines [1, 2, 3]. In the present paper it
will be shown how the method can be used for calculating the transient opera-
tional characteristics of synchronous and asynchronous machines with two-
side asymmetry when saturation is also present.

The steady state analysis of an induction motor with asymmetrical
cage has been discussed by Vas [4], from the paper the quadrature and direct
axis rotor operator impedances can be derived, and be of use if the transients
of asymmetrical squirrel cage motors are calculated by the method of this
paper. Steady state and transient behaviour of the induction motors with
asymmetrical rotor has been discussed in [5], [6], {7], but with no asymmetry
in the stator side. Saturation of the main flux paths was also neglected, to
be considered here.

Dynamical equations of asymmetrical machines neglecting saturation

Using the well-known assumptions [9], the Park-vector equations of a
three-phase symmetrical ac. machine — lacking zero sequence components —
in a reference-frame rotating at an arbitrarily varying speed w,
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where Us, U, Ls, Iy, Ps and 7, are the stator and rotor voltage, current and
flux vectors. The fluxes are

";Es = Lsgs + Lmzr (3)
@r = Lml_.s -+ Lr{r (4’)

here L; and L, are the stator and rotor inductances, L, is the mutual inductance
between stator and rotor. The torque is

m = _Z‘P(ip“sxis) (5)

where p is the number of pole pairs. Assuming asymmetrical stator and rotor,
these equations can be resolved into d, ¢ components. However, as the voltage
equations consist of the derivatives of both stator and rotor currents, for
sake of simplicity the differential equations are solved for the fluxes. Thus
the state vector equation in a reference-frame rotating at an arbitrary speed
g is:

%= Ax - Bu (6)

where x is the state vector of fluxes, A is the transition matrix, B is a unity
matrix order four, and u is the column vector of the stator and rotor voltage
components
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where w, is the speed of the rotor, and k and T are constants given in Appen-
dix 1.

For an induction motor the rotor voltages are u,g = u,, = 0 as the
rotor circuits are short-circuited, and for a synchromous generator u.g = U,
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where U, is the voltage of the exciting coil, and ur, = 0. The stator voltages
for an asymmetrically fed induction motor are:

g = 0,666(uy — 0,5u, — 0,5u,)
ug, = 0,666(0,866u, — 0,8661,) (8)
where

u, = U, sin ()

uy = Ul sin (w,t — 27/3)

u, = Ug sin (w,t — 47/3)

(Usas Uspy, U, are the peak values of the a, b, ¢ stator phase voltages, and for
the synchronous generator it can be shown that

lUsd} — U, [sin 6] l )
Ug, cos §

where Ug is the peak value of the stator voltage, and § is the load angle.)
In Eq. (7) for synchronous machines it must be considered that in case of a
generator

8= (0 — w) dt + &, (10)
0

where ¢, is the angular frequency of the stator.
The equation of motion, using (5) for an induction motor is:

do, 1 }:3 k.
dt J

7]3 ? (lpsqwrd - qulpsd) - TL ’—frwr] (11)
“ s

where J is the moment of inertia, T is the load torque, and f; is the coefficient
of viscous damping. For the synchronous generator, using (10) and the equa-
tion of motion, a similar equation can be derived:

d¥é'p) 17 3 ko 4op) :
CTdar T [Tmech TPy gy Wt = pravse) — K=o (1)

where T'yep, is the mechanical torque of the turbine generator, and K is the
coefficient of damping. From (5) it is seen if the rotor resistances of an  indue-
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tion motor differ from each other (R,; == R, = R,.), the d, q resistances of the
rotor can be expressed as

[Ra + Rb ":_ Rc + 1/R§ + Rg + R% - (RaRb + RaRc “:‘ RbRc)]

(13)
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In case of a squirrel cage machine with asymmetrical rotor, equations for the
d, g rotor impedances can be derived from paper [4]. If the stator resistances of
the synchronous or asynchronous machine differ, the d and ¢ stator resist-
ances can be obtained analogue to Eq. (13).

The general equations considering saturation

In the following only the saturation of the main flux paths will be
considered, such a case may also occur with a symmetrical motor. From Eq.
(6) — assuming that the magnetizing curve |up| (|in]) is known, where i,
is the magnetizing current Park-vector (i =i5 -+ i,) and the stator and rotor
reactances are X; = X, + X, X; =X 4+ X,,, — we get:

5’ = As + Bsu (14)

where the current state vector is ys (subscript s refers to saturation), A; is
the transition matrix and B a voltage coefficient matrix:

A =C All ‘412
N P P 1%

where the submatrices are:

A = _—Cled wa(CIXs - C?.Xm)
T odCoXn — GX) — 06X, —CiR,
A = [CoR, 4 wo(C X, — € X))
P odGX, — 6X,) GR,
Ay = [CsRyy wo(CaX — CX) — c"rc:;‘Xm:l
i -wa(C4Xs - CSXm) Ciqu
Ayp= [—C3Ry wo(CsX; — C X)) — 0,CyX,
T Lwol(CXy — CX)) + 0,CX, "‘C3qu
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Coefficients k and C are found in Appendix 2.

¥ = [l Lsgr Lras qu]! 5 u = [ug, Usgs Urgs urq]t§
¢y 0 —c, 0
0 ¢ 0 —c
B, =c¢ 1 2
A 0 —c,
0 A 0 —Cy

Eq. (14) with the equation of motion can be solved step-wise by Runge-
Kutta or other well-known methods solving differential equations. In every
step the d, ¢ components of the stator and rotor currents can be calculated
to yield the absolute value of the magnetizing current:

liml = l (isd + ird)z - (isq “+ irq)z (15)

Using (15), the C coefficients, functions of the first derivative of the magnet-
ized curve, can be calculated.

The developed model suits to calculate the dynamical behaviour of
symmetrical or asymmetrical synchronous or asynchronous machines, without
or with saturation. The derived equations are of a form to be directly solved
by a digital computer. Detailed results of computerized calculation will be
shown in a following paper, for asymmetrical cases and for the case of a sym-
metrical three-phase step induction motor where the saturation cannot be
neglected, as the stator voltage is not constant but greatly variable. Also
time harmonic analysis will be presented.

APPENDIX 1

The constants k are:
k== L,/L,; kg==Ly/L, ¢5)]
The stator and rotor transient time constants:
Tsa = Lg/Ry ;3 Tgg== Lg/Rg &)
Trg = L{|R,q ; Trq = Li/Ryy (3

where Lg and L; are the stator and rotor transient inductances.

APPENDIX 2
The stator and rotor leakage coefficients are:

ko= XlXeo 3 ko= XXy )

3*
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where X, and X, are the stator and rotor leakage reactances, X = X(i,) is known from
the magnetizing curve, X being its first derivative

dluy I )
X = 8
( d|ig]
The coefficients ¢ are:

C= [(1 + kso) (1 + knr) - ksa'krU]—l (5)
¢ = 1+ kra’)/Lsa'
Cy = kg, /L,
Cy = 1+ ksa')/LSd
C; = km/Lm.

Summary

of

Differential equations in state-variable form have been given to calculate the behaviour
asynchronous and synchronous machines during transient operation assuming two-side

asymmetry. Also saturation of the main flux paths was present. The equations are ready to
solve on a digital computer. A following paper will discuss the results of several asymmetrical
and symmetrical cases obtained by a digital computer. It will be also shown how the method
can be applied for the calculation of electric machines with thyristor circuits if saturation is
also considered.
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