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1. Introduction

In the recent time interest is focussed on investigations into difference-
differential equations, because of the wide scale of applications. Nevertheless
the numerical methods for solving this kind of equations have not developed
so far. Here it is attempted to find a general theorem for the equation y'(t) =
= Ft, y(t), y{t — 0)}] (w > 0), and the convergeunce of a spline method. Finally
some problems are discussed concerning the numerical stability of the presented
method.

2. (w, h)-step method
Let us consider the difference-differential equation
uw'(t) = F[t, u(t — w)] 1)

with initial function u{t) = g{t) for 0 <<t < w. Assume nice properties on
F(t, u, v) by which the uniqueness and existence of (1) have been made sure.
For instance F(t, u, v) is assumed to be analytic and g'(w —0) =
= Flo, g(w). g(0)]. Let w = hn (where n is a fixed integer) and ¢, = kh,
E=20,1.... u, stands for the computed value and u(f,) means the exact
value of the solution of (1) att = t,.

An (w, h)-step method means first to determine the discrete values u,
for k= (n -+ 1),(n 4+ 2)..., 2n, and a well defined interpolant of u(t) based
on point ¢, and on computed values u,. Then a solution is based on [0, 20],
denoted by s,(t). Second, the method is repeated on {2w, 3w] having initial
function s,(t) on [0, 2w]. Repeating the same (w, h)-step for any large t yields
the interpolant. Since t, — w = (K — n) h = t,_, we have u(t, — ) = u;_, =
=g(t,_,)forn <k < 2n,and if nl <k <n(l + 1) thenult, — 0) = u,_,=
= §,(t._,). where s,(t) is the interpolant of u(t) in the interval lo <, t < (I + 1)w.
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Let

Uppr — Uy = WD wy, gy Uy, B) (2)

fork = (n + 1), (n + 2)....The function @(t, u. v, w, k) is called the implicit
increment function of the method. If e, = u, — u(t,) = 0 (k"), p being the
greatest number for which the relation holds. then p is the discretization order
of the method. If u € C?, 9(u, t) is the used interpolant on (lw, (I + 1) w) with
Hu, t,) = ult,) then || 9N u. 1) — u')t)||, = 0 (h97Y). (i = 0,1).q is said to be
the order of interpolation.

It is also assumed to have a “‘good” interpolation method where, if
Lu(t,) — o(t,)| << Kb for nl <k < n(l+ 1) then || #D(u, 1) — 8D(v, t)||.=
= O0(h™"), ( = 0,1), with r >> 1 holds.

Let [isi)(t) — u@(t) [|o = 0(h%) (i = 0.1). [G,. G,] is said to be the global
order of (o, h) — step method. A global method on [a, b] is called convergent if
Gy > 1 and G, > 0. We will prove the following theorem on convergence.
Theorem 1. Let @(t, u, v. 1w, h) be the implicit increment function of the method
applied for (1). Assume F(t, u,v) to be an analytic function and a good inter-
polation with order q = 2. The function ®(t, u, v, w, h) satisfies a Lipschitz
condition for 0 < h < hg, t > 0, —o0 < u, v, w < <o, that is, there exists L => 0
such that

| O, u, v, w. by — D, u.v, 0. h) | <L{w—ii,+ v—0 + w—1w} (3)
Moreover Q'),.ll is continuous at b = 0. Then the condition

D(t. u, v, w, 0) = F(t, u, v) (4)

is necessary and sufficient for the convergence. The condition (4} is said to be the
consistence relation.

Proof : The idea of the proof comes from the result by P. Henrici [1].
At first we prove that (4) is sufficient. Assume

D(t, ult), u(t — ). u(t), 0) = H(t, u(t), u(t — o))
Whenever u(t) is a solution of (1) then u(t — w) = g(t — w): hence H(t, u(t),
g(t — o)) = h(t, u(t)). According to the theorem of Cauchy-Peano there exists

a solution of the initial value problem A(t. z) = z', z(w) = z,. Let z(t) the solu-
tion of this problem.

Skl T S - Il@uk’ Sz g(tli - (!)), Spls h) (5)

c= (n -+ 1). (n +~ 2) ..., t, is defined as above, then e, = z, — z(t,) can be
proven to tend to zero as b — 0; more exactly ¢, = 0(h*) will be proven.
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Denote

(rex1) — 3 (t)

() = 2() + BT = () R (4 20 B) (6)

then
e+ = e, + B [D(6 5 8(8 — @), 215 B) — At 5(2), b)) (M

By the mean-value theorem there is § such that 0 <6 < 1 and A(t,. 5(t,), h) =
= h(t, 4 Oh, z(t, + Oh)). Writing

D(t1s 512 8(t — @) 3000 B) — A2, 3(8,). B) =
= Bty 5 8t — )« 7y ) — Pt 2(4), gt — ), 5(ti1y) b) +
+ Dty 5(tr), gt — @) 2(tp10)s B) — Pt 5(t,)» 8t — ) - 5(t;1)- 0)
+ B(t 2(8), g(t; — ) 3(ty1n), 0) — ki ((t + 6h), =(t, + 6h)) .

By virtue of (3) and (4) and uniform continuity of @(x, u. v, w, k) on the
compact set {0 < h Z hy,t €[, 2w]. u=2z(t), v =gt — w), w=2z(t-+ h)}
we obtain

p(h) = max [D(t, (1), g(t — o), =(t + h), b)) —
te[w,2w] (8)
— @ (i, 3(t). gt — o), z(t -+ h), O)] = 0(h)

continuous at i = 0 and ¢(h) — 0 as b — 0.
By a similar argument
p(h) = max [k(t, =(t)) — &(t + O, z(¢ - 6h))] = O(h)

te[w,2m] (9)
0<6<1

continuous at h = 0 and tends to zero.
e+l <7 jee] + B Le| + lepra]) + @(h) + p(h) | <
< iel(1 + L) + kLl | + h(lp(h)| + [w(h)]) .

Hence

14 kL h

Therefore by (8). (9) and (10)

14 2hL
b () !
x| <7 (e = lp()) T3 2hL =0(h°) (11)
1—hL

if h < h, whenever hL < 1/2.
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Hence in the case H(t, u(t), u(t—w)) = F(t, u(t), u(t — v)) and 1 € [0, 20]
we have u(t) == z(1).
Now let 291 « be the interpolant function having values u, at t = ¢, then
But) — u(t) le = | Ba0) — Bl 1) + (18 2) — wo)]|e < O(h?) + O(h?) —
= O(ho‘) where G; = min {2.¢} > 2 by assumptlon

Since the interpolation method is good,
180,0) — uO)]c = 0(RS) i=0, 1

hold, where G; > 2 — i, the method is convergent on [w, 2w]. Denote by
s,(t) the function defined on [0. 2u]

e for ¢ € [0, w]
1(t) = { 9, 41) for 1€ (w 20] (12)

then |/s,(t) — u(t)]lc o0 = O(RY).
To get the approximate solution of (1) by the method let us consider the
following initial value problem

u'(t) t, u(t), u(t — w)
{ u(t) = (()forO \t/<2)0) (13)

Then (2) is approximate solution of (13) in [2w, 3w] as in the first part of the
proof. Let s,(t) be the approximation of solution given by (2) and the interpo-
lation procedure. Denote by ii{t) the exact solution of (13) and be u(t) stand

for the solution of (1). Let us estimate [s,(t,) — u(t,)| for k= (2rn + 1), 2n +2),
. 4n. From the previous part of the proof it follows that

si(t,) — ue,) < KRS (14)
Since F(t, u, v) in analytic function, by virtue of (12):
F(1, u(t), u(t — w)) = F(1, ut), s;(t — »)) + 0(h%) (15)

on 20< ¢t << 3w. Hence
alt) — u(t)] < K- (16)

Integrating both sides of (1) and (13) from 2o to ¢, it follows from (15):

%u(tk) - ﬁ(tl:)l < {u(Zco) —_ ﬁ:(ZO))! -+

+ 20L{ju(t — w) — s (t — )xC[usw]“O(hG‘)}-
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Comparing (14), (16) and (17) we obtain:
sO(t) — u1); = 0(h%)
Y2 71iC[2w,3m] T M

Repeating the presented argument the sufficiency of theorem is seen likewise
on any finite interval [a, b] < [0, =o).

Necessity. Assume that there is (f, u) such that t € (0. 20], H (1, u(z),
u(t — w)) == F(t, u(t), u(t — ©)). Then the equation z’ = H(7, 5(1). g(r — w))=
= h(t. 2(1)) has a solution satisfying z(t) = u. By virtue of the proof of suffi-
ciency z, — u(t) — z, defined by (5) — as h — 0. This fact obviously leads to
a contradiction, since z(t) # u(t) on [w,2w] is impossible and assuming
5(t) = u(t) on [w, 20] then z'{t) = h(t,z(t)) = H(t, u(t), gt — w)) = F(t, u(t),
g(t — »)) = u'(t) by assumption. A similar argument shows the necessity on
any interval [a, b] < [0, oo). The proof is complete.

Remark. From the theorem no convergence on the whole line follows
since the constants are increasing, but from the proof it is seen that the con-
stants appearing at the estimations depend only on @, F, g and on the length
of the interval where the solution has to be approximated. (For the whole real
line see Problem 1.)

3. Spline approximation

More details on spline see in [2]. A cubic Hermite spline on I = [a, b]
is a function of C3(I) having it knots at points ty =a <{t; << ... <1, =b
such that on each subinterval [t;, #,.,] that is a cubic polynomial.

Using the Hermite interpolation theory we have

Lemma 1. There is a unique cubic polynomial s(t) on [b,, e ] such that it
satisfies the conditions

, ; P 18
(b)) = s S(e) = s (18)
and it is of the form;
s(t) = s, [(t_—;‘?[);l_ 42 -.(thfp);?(_t;—,liﬂ)_] +
h? h?
. (¢t —bp)? s (t —ep)(t —b,)° L (8 —bp)(t — ep)® (19)
h* R h?
N P
Y B>
where h = e, — b,
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From (19) we obtain

6 6 4 2

s"(bp) = — T ST T S T T e T Sep (202)
L2 6 6 2 ' 4 ’
Sep) = 5 S0 = ST S T e (20b)

Therefore, if s(t) is a cubic Hermite spline on [tg, t,] U [t;, t,]

t; =ty + th, s(t;) = s, s'(t;) = s;

then

ho, , , .
Sy 8¢ 7 '5“(30 + dsp -+ sy) (21)

(This formula is the well-known Simpson-formula)
Using (21) to (1) on [w, 2w] with step length h = w/n we obtain

h
Wira = B 77 7o [F(tye . gt — ®)) + 4F (s 10wy g g(tis1 — ) +
(22)
4 F(tysg Upry g(tpes — @) fork = (n +1)...(2n — 2).

By assumption for F, (22) can be solved by iteration when h < hy, provided
u,. U, are known.

Hence (22) will furnish the discrete solution s\(t,) = u, provided u, and
u, = s,(t,) are used as starting values. This means, u, has to determined some-
how — u, = s4(ty) = w(w) = glo) —.

Determination of u, and the implicit increment function. From (20a) on
[w. @ <+ h] we obtain

9
sy{m + hy) — Tsi(m + k) = g'(0) +

4
A, S(0) F i) (23)
h? h

L2
in need of: s{(w + h) = F(w + h, sy(w + k), g(h)) ;

h 2 |

si{w+ h) — glw)=h [:Eg" (w) + 3 F(ow. g(w), g(0)) +

! i 1 i o
T3 Flo + k. sy(o+ h),c(h))} ] (24)
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or on the interval [t t,.,] < [low, (I + 1) o]

h 2
Spe1— S =h [Z i1 (tyer) T 3 F(tkv s(ty) 51—1(t/:—n)) +
(25)

|
T F(tis Sps 15— (t+ 1—-n))J'

Theorem 2. The cubic Hermite spline method is a convergent global method of
order [2,1]

Proof : The implicit increment function (25)

(e, ult). ult — o), u(t + h). h) =
1

h 2 |
= ult—o)+— F(t, u(t). u(t — o))+ 3

6 F(t + h,u(t+ h), u(t + b — o))
statisfies the condition of theorem 1. The cubic Hermite interpolation gives a
good interpolant with r = 4 (see [3]).

Remark. To use (22) si{w -~ h) = u, can be obtain by iteration from (25)
by the analyticity of F.

4. Supplementary notes

In [3] it is proved that the higher-order spline methods (m > 4) are
unstable. Relaxing the continuity restrictions it is possible to generate stable
high order spline methods for numerically solving the problem (1). (For
starting ideas see [4].)

Let us consider the equation

u'(t) ~au(t) -but —o)=0, a > b (26)

For this equation the zero is a stable solution. The question naturally arises
whether a numerical solution of (26) tends to zero or not. For ordinary differ-
ential equations Dahlquist [5] defined theso-called A-stability. After Dahlquist
we define (w, A)-stability: A numerical method (global (w, h)-step one) is said
to be (w. A)-stable, whenever, applied to Eq. (26) with all the roots of the
characteristic polynomial z 4- @ — be~** = 0 have negative real parts, the
computed u, values tend to zero as f, —oo and h is fixed.
Problem 1. To give a sufficient condition for (v, 4)-stability.

6 Periodica Polytechnica EL 22/ 23,
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Problem 2. Is the method described in item 3 (w, A)-stable? We should
note that a similar problem has been solved [4] for ordinary initial value prob-
lems.

Summary

The present paper gives a sufficient and necessary condition on implicit increment func-
tion related to global methods for solving numerically the difference-differential equation

Y@ = Flt, y(0), 5t — »)].

A spline method is also discussed with respect to the above equation.
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