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Circuit equations of transmission networks

Let us consider a transmission network consisting of transmission
lines and two-terminals with concentrated parameters [5]. Let b be the
number of the transmission lines connected inn nodes with each other. Let
the ith network line be given by its admittance matrix

(Pi TiJ
Ty Pi ’
where
Pi = yu cth y;l;,
— 3 1
T = —JOim,

¥o; is the wave admittance, y; the transmission coefficient and [; the length
of the ith line. Assume the two-terminal between the vertices of the jth node
of the transmission network is given with passive admittance y; together
with voltage and current (ideal) generators uy;and i, ;. resp., as usual. Figure 1

gj
shows the closure of the jth node where j and j° mark the vertices of the

node in question.

Suppose that none of the nodes is short circuited and mark by u; the
voltage between the vertices of the jth node (taking the direction in Fig. 1
into consideration). Marking the column vector of size n of the node voltages
by U. if det (Y. + Y,) = 0. so according to [5] we can write:

U= (Y + Yg)—.l (Yg Ug T Ig) (1)

In formula (1) Y, is a diagonal matrix of size n consisting of admittances
of the passive two-terminals connected to the nodes, Ug and Ig are column
vectors of size n of the source voltages and source currents, and Y, is the
node admittance matrix of the transmission network.

* Research work effectued in collaboration with the Department of Theoretical Elec-
tricity, Technical University. Budapest.
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It is known from [5] that:
) 1 , 2, 1 N 5
Y= T AP+ R)Aj +— A(P — R) A7 . 2
where P=<p,.....p, > R= < r,....,r, > are diagonal matrices

consisting of the parameters of the transmission lines, A, and A, are the
directed, and the undirected (non-reduced) incidence matrices vesp., of the
network graph. In formula (2) the superscript -- refers to the matrix trans-
position.

If the network graph, the two-terminal admittances connected to the
nodes together the driving generators, and the parameters of the transmission
lines are known, then using (2). from (1) each node voltage can be determined.
We remark that from computer aspects, in using formula (1) it is necessary
to determine the elements of an inverse matrix, that is, to calculate deter-
minants and cofactors.

Further we shall point cut that the ncde voltage calculation ﬂf a trans-
mission neiwork is possible in another way as well. Namely a substituting
model to the network in question can be given (often a ladder networ ~:)
whose node potentials are equal to the node veltages of the original network
in that order. This model consists purely of passive elements and (ideal)
generators. For calculating the node potentials of the model a topological
formula can be given, so it is possible to use a purely topological method to
determine the node voltages of transmission networks.

The concentrated element model of the network

Mark the nodes of the transmission network with natural numbers
1.....n. Order a model to the network obtained from the original network

by replacing the ith transmission line with a #-network term, with length

and cross adminttances —r; and p; + 1, respectively. The parameter admit-

i
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tance matrix of the substituting m-network trivially equals the admittance
matrix of the ith line [1]. We must take care that the m-network terms,
substituting the lines joining the same vertex are connected in a common
node.
The network model trivially holds the following two properties
1. The model often is a ladder network with n -- 1 nodes.
2. The cross admittances connected with the jth node can be reduced
to a two-terminal of admittance parameter
8= Z(Plc + rk)’
k
where subscript k refers to all subscripts of the transmission lines
which are incident in the jth node of the original network.
We agree that the nodes of the model have the same mark as the nodes
of the petwork. and the reference node of the model is marked by n -+ 1.
Now we prove that the node potentials of the model are equal to the
node voltages of the original network in that order.
According to [5], the model equation system of the meodel network is

V=YT1AY U+ I, 3)

where ¥ is the vector of the node voltages, Y is the node admittance matrix,
A is the (reduced) incidence matrix of the model, Y, is the (diagonal) admit-
tance matrix of the passive elements, Ué and Ig", are vectors consisting of
source Voltage and current generators of the passive edges,

First let us consider the node admittance matrix of the model in
question. For the purpose of calculating it let us introduce a direction of
the network graph as follows: Let the direction of the passive edge with
parameter —r; be the same as that of the corresponding graph edge in the
transmission network. Direct each of the other passive edges towards the
reference node. For writing down the reduced incidence matrix of the model,
let the edges with admittance —7; oceur in the first b columns of the matrix,
further n columns contain the admittances s; in that order, finally the last
n columns refer to the edges of admittances Yj. Then partly

A=[A11]. (4)
partly the passive edge admittance matrix of the model is:
—R 0 O
T=| 0 s o (5)
O O Y,
where 8§ = {s;....,s,>. 1 and 0 are unit and zero matrices of size n.

It is known from [3]:
Y=ATA" (6)
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Taking into account (4) and (5), from (6):

—R O 07 TAf A
=[&ll}[ 0 S O}-[l}z[—AJ{SY]-[1}=

0 0 Y, 1 I
:—AtRA++S—{—Yg. )
After some calculation we get
S:éAtPAf-r——AmPAm—,- AR A -{--i— A RA:. (8
Considering (7) and (8) we can write from (2)
Y=Y +Y,. (%)

Because of det (Y) == 0, Y~! really exists.
Secondly let us consider the factor of Y! in the right-hand side of

Eq. (4). We can write:
—R 0 O© o 0
L 0 0 Y, U, I, 1,

where O are zero vectors of size b or n. Write the right side of (10) as follows:

T 0 0
\ Yg Ug I )
After multiplying we obtain

AY, U+ 1) =Y, U, + I,.

A(Y; Uy + I) = [A,11] (10)

[A, 1 1]

(11)

Having compared (9) and (11) to (1), our statement is proved.
For the sake of further applications, the property of the model proved
above will be written as:

U=YYY,U,+1I,). (12)

{12) is another form of (1). Formula (12) contains only the node admittance
matrix from the model.

Finally, (12) will also be given terms of the topological formula. Therefore
let us consider the jth equation of the system (12):

. ad; R 13
YT et Y)Z i tge) (13)

where det (Y) marks the node determinant, and adj Y, the cofactor concerning

the element Y; of matrix Y.
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It follows from [3}:
det (Y) = 2F, and adj Y,; = 2Fg; .., , (14)

where F'is a tree, Fi] ney is a 2-tree of the model graph, the latter separates
the vertices k and j from vertex n - 1, and the summation affects all suitable
tree and 2-tree edge admittance products.

According to (14), from (13) we get the topological formula of the node

voltages:
1 & . ” . -
uj:————Z((Yk Uge + ig) ZFFpeq)  J=1.....m (15)
2F i3
For the numerical calculation of the voltage u; see the detailed flow
chart in Fig. 2 which can be used to make a computer program as well. We

remark that calculating u; by such a program one can practically use the
k-trees generation method in [2].

Topological formula for transmission network with extreme closures

Formula (15) is not valid if some of the nodes are closed by short-
circuit. Without violating the general case it is assumed that the short-circuit
closure contains a source voltage generator but no parallel source current
generator exists. To extend formula (15) for the general case our method
is the following: To the transmission network in question another network is
formed by substituting a (real) admittance Y for each short-circuit closure.
Formula (15) is valid for this new network, if det (Y) == 0, which is supposed.
Arrange the edge admittance polynomials in both the numerator and de-
nominator of (15) according to the decreasing order of exponents Y. Let
the degree of polynomial ZF be m. At the same time mis the number of the
shori-circuit closures in the original network. It is clear that the degree of
the numerator of (15) is not higher than m. If ¥ — = both the new network
becomes the original one and the limit of (15) gives the node voltages of the
transmission network we are interested in. As the right-hand side of (13)
is a rational fractional function of Y, it is sufficient to determine only the
coefficients of the largest exponent of Y both in the numerator and in the
denominator.

For this reason mark the nodes of short-circuit closure by n — m +-

+ 1,...,n, the other nodes by 1.....n — m, and apply formula (15), so
we get:
1 n—m . 5 n R ‘)
uj I 2 (ch ugk + lgk) ZFI?j,n+l + 2 Yugk ZFEj,ll'f‘l ’ (16)

2F k=1

k=n—m+1

j=1....n
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According to the remark concerning the coefficients, the generalized formula
for calculating the node voltages is:

1 n—m A " ) n B -
b A=y D (Y ug + 1) ZFRRL + 3 ug - ZFGTL (17)
LFmS \ k=1 k=n—m+1

i=L....n.

In formula (17) the meanings of the k-trees are:

Fm+1 marks an (m <4 1)-tree of the model graph which becomes a
connected circuitless graph after fusing one by one the vertices of the short-
circuited nodes; F,’\’}‘,“f_l is an (m -+ 2)-tree which separates vertices k and j
from n + 1 after the former fusion: finally F/771, means an (m - 1)-tree
which also separates vertices k and j from n 4+ 1 but now the fusion does
not affect the kth node.

Observe that from (17):

uj: u

g

if j=n—m-4 1.....n, that is, the voltage of the short-circuited node is
trivially equal to the voltage of the corresponding source generator, moreover
in case m = 0, formula (17) turns into formula (15}, so (17) is really more
general than (15).

Topological formula for the driving-point impedance mairix of the trans-
mission neiwork

For the determination of characteristic matrices of a transmission
network see reference [6]. Now use (17) for determining elements of the
driving-point impedance matrix of a transmission network by a topological
formula.

Let us consider a transmission network with nodes closed by passive
two-terminals. Let the nodes be ordered in three groups. Nodes belong to
the first group if they can be joined to other networks, i.e. they are driving-
point nodes; nodes of the second group are closed by finite admittance; and
the other nodes closed bv short-circuit belong to the third group. We agree
that nodes of the first group are marked by 1,....[, those of the second
group by I+ 1,....,n — m, and of the third group by n —m +-1.....n
where n is the number of the nodes, m is the number of the short-circuits
in the transmission network.

For determining the matrix elements connect source current generators
iy, with the driving-point nodes, where k is the mark of the node k. = 1,..., L
Taking into account that the network contains no source voltage generators,
all Ugy = 0, where k = 1...., n. Referring to (17) we can write:
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1 n—m
Uj ZFm+1 ZFI{_] ' 2 (Y 0 + 0) ZFZ}TR 1 ;
E=T+1
7
+ X 0.XFpA, j=1...1.
k=n—m-+1
So we have got:
1 { . +a .
uj:mzlg"'ZFE’” “n J=1...,1. (18)
E=1

From the definition of the driving-point impedance matrix and from
(18) taking F,r‘."jf,,z_‘Ll = F;'," ,{‘+1 into account it follows:

P O ..
Z = (z,) = (?P-:J’;i_;l] , Lj=1,...,1. (19)

Again we suggest the use of the method in [2] for the production of

elements z;; of the impedance matrix by topological formula.

Applications

1. Consider the transmission network in Fig. 3. Let us calculate node
voltages u; (j =1, 2. 3) by a topological formula.

The network has two transmission lines with given admittance param-
eters (see Fig. 3).

Figure 4 shows the network model and its graph. edges of which are
indicated by the corresponding edge admittances from the model.

According to formula (15) in the present situation we can write:

; 2
= e =T i g, (20)
2F

In order to calculate u; we need k-trees F, F3 F§2’4 and F§’4 of the
model graph.

Observing the model graph in Fig. 4 and the meaning of the edge
admittances:

ZF = (Y, + 1) so85 + (Y1 + s1) so{—r1 — 1) + (Y1 + 5)) s5(—19) +
+ sps5(—11) + (Y1 + s)rry + samiTy + S57iTe
LF3 =Ty — 118y, ZF3, =11y — 15(Y; + 8) -
and finally:
ZF} = (Y, + s))sp + 17y — 115, — 1o(Y1 £ 8))
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After some calculation we have the following formulas for the edge
admittance products:

ZF = pip, Y1 + (p3 — ) (p1 + Y1) + pofpi — 1) - (21)
ZF§1,4 = —rpg, 2F}, ;= —15(Y; + p1) - (22)
and ZF:%A =popr+ 11+ Y1)

Taking into account (21) and (22) we have got from (20):

u = —71 Do lgs

pip2 Yy + (pi — 1) (p; + Yi) + polpi — 1i)
uy = —1o(p1 + Y1) g3

pipoYy + (p3 — 1) (py + Y1) + pa(pl — 1)
uy = Po{py + 11+ YY) iy

Pip2Y: + (p3 — 13) (p1 + Y1) + popi — 11)

2. Consider the transmission network in Fig. 5. Calculate the node
voltages u; (j = 1,2, 3). ‘

The network in question has extreme closures in the 1st and the 2nd
node. However, network in Fig. 5 differs from that calculated earlier only
by the closure of the lst node (see Fig. 3). But now, formula (15) cannot
be used because of the short-circuit closure. Now m = 1, and taking (17)
into account we can write:

1
D o

(B - 2F5; 4 + uy - 2F; ) (23)
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where the model graph in Fig. 4 can be used again, for calculating the k-tree
admittance products if yvou write Y instead of Y.
In this case the meanings of the corresponding k-tree products are as
follows:

ZF*= XF} =1y — sory + 1) + S5(se — 1o) = pi + pipa — 73, (24)
5 ’
LFf, = 2F* ZFfy = 1100, 2Ff3 = — 118y + 117y = —711py.

ZF,=0, ZF},= —ry and ZF}, = —ny+s,=p
From (23) and (24) we have obtained:

U= ug

T Tollyy — Tol
u, = 1 Tallg 2 g3

9

P: - pipa — T3
— Ty Po Ugy T Po lgs
2 2
P5 + Pipe — T3

3. Calculate the driving-point impedance matrix of the transmission
network in Fig. 6 by the topological method.

Ug =
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_r.]

Fig. 7

The model of the network is seen in Fig. 7 together with its graph.
Using formula (17), at present I = 2 and m = 1. So we can write:

2F3 . .. .
5 :—?F%, i.j=1, 2. (25)

To final the k-trees for (25) we shall use the method [2].

From Fig. 7, the modified adjacency matrsix of the graph is:

[0030 5

003 0 5

M,={120 4 5 (26)
003 0 (5
1230 0

The circled symbols in (26) refer to the admittance Y in the network graph.

To produce the F? 2-trees for (25) all circuitless representations should
be calculated from (26) which contain the symbol O only in the 4th and 5th
components. Now, to produce Y F? let us substitute the corresponding edge
admittances. The substitution is made easier by Table 1.

Table 1

The symbol

i
-
[
'
wt

occurring in the

. i . .
first |i second third

component of the k-tree representation corresponds to the factor

]

! .

I ' 51 i =Ty Sa e i T I { — I3 . Sz Y3
i = | ; |

in the admittance product
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Table 2
T { th Possible 2- o C ding ed|
yr;—:troees ¢ te;r:se;tatil;g: Circuit-less a;;:tii:gg:e pxg'o;ugfs
3310 ¢ n i -
2 n —
4 h g (—r N =12} (~73)
5 ¥ (—1)(~72)s; + Yy
3510 ¢ n —
2 Y (—ny)sao(—12)
4 ¥ (—r)sa(—13)
Fe 5 ¥ (—1sa(s3 + Yy)
53100 ¥ 53(—1a)(~79)
2 n i —
4 Y si(—ra)(~—73)
- ! !
9 ¥ | s{(~Ta)(sy + Yy)
|
55100 ¥ | 8y8a(—1y)
“ Y ; 5132(—’r2)
4 L §y82(—13)
5 ¥ [ 5152053 + Yy)
i

Calculation of X F? is summarized in Table 2. In the lst column we
wrote the type of the k-tree, the 2nd column contains all 2-tree representations
in question, while marks “y” and “n” in the 3rd column indicate whether
the completed cycle check performed on the representation has a finite out-
come or not, i.e. whether the corresponding graph is circuitless or not. The
4th column of the table contains the edge admittance product for the circuitless
case. Hence, 2F? is the sum of data in the 4th column. After some simple
caleculation we have got:

ki

2Ft = ’1(’2(53 — 1+ Yy) 4 sy(ry + 13 — 83 — Y:s)) +
+ 51("2("1 +Ty— 85— Yy) + sofsy+ Yy — 1 — Tz)) .
Concerning the production of F,aj5 3-trees see Table 3. Similarly to Table 2,
the 1st column in Table 3 contains the type of the k-trees, the 2nd column

consists of the 3-tree representations (at present the 1st, 4th and 5th com-
ponents of the representation must be 0), the 3rd column informs us about
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Table 3
Type of th Possible 3- L C ding edg
y%ft:ees ° re;s:else;tatit;:x: Circuit-less ad‘:gi‘::sgge pmgg::s
03100 3 (—r2)(~11)
2 n —
4 ¥ (—ra)(—r3)
T 5 y (—72)(s5 + Yy)
0510 0] g su(—rp)
2 ¥ sa(—73)
4 ¥ sa(—73)
5 ¥ salsy -+ Yy)
/
F;‘.’.,i 031060 ¥ ‘ (—ra)(—ry)
3 01 00 n —
2 ¥ (=r)(=12)
4 g (=1 )(—13)
F_ N 5 ¥ (=r)sy — Yy)
i
501 00 ¥ si(—ry)
2 Y si(—T12)
]
4 b ‘ sy{(—r1y)
5 3 ¥ Dsip+ Yy)

the result of the completed cycle checks, finally the edge admittance products
needed for the calculation are in the 4th column of the table.

Taking Table 3 into account we have arrived at the driving-point
impedance matrix of the network:

. 1 .rg(rl—{-rg—-s?,—Y3)+82(s3+Ys—rl—r.z——rg)
2 F?

Ti7s]

— 1) '

e Trg by — s, — Yg) Fs(sy - Y, —1 — 1

Summary

In this paper the author deals with networks consisting of transmission lines, nodes
of which are closed by passive or active two-terminals and by break or short-circuit (extreme
closures). First the model network is introduced, ordered to the transmission network, which
contains only passive admittances and (ideal) source generators. It is proved that the node
potentials of the model are equal to the node voltages of the original network. In order to
calculate the node voltages, topological formulas are deduced. A method elaborated earlier
by the author is suggested for, searching k-trees needed for using these formulas. Another
topological formula is also given for the driving-point impedance matrix of the transmission
network, and finally the topological analysis is shown on concrete examples.
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