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1. Introduction

The need to control optimally a system influenced by stochastic disturbances
has arisen as a real practical problem. The urgent solution of this problem has
primarily been desired by such industrial technologies where the economy, the
reliability, the stability, as well as the security of the whole system depend to a great
extent on the performance of the regulation. This is the main reason of the huge
progress which can be observed in the field of stochastic control engineering. The
utilization of the theoretical results and their application for industrial and labora-
torial processes have been achieved in areas where in addition to the proper hardware
and software conditions (suitable real-time system and powerful real-time language)
simple and powerful control algorithms have been adopted.

One of the most successful method of the last few years for designing optimal
control loops is the minimum variance control, first discussed in a detailed form by
AstroM (1970). Up to now, this method has proved its effectiveness by numerous
industrial applications (Borisson et al. 1973, Borisson et al. 1974), and it really has
nice properties, viz.:

— it considerably decreases the deviations of the controlled signal around its

desired value;

- it takes into consideration disturbances occurring in practical situations;

— it is very simple, thus it hardly needs core memory and is not time consum-

ing;

— it is easy to implement both in the case of known and unknown system

parameters;

— it hardly requires any a priori knowledge about the process to be controlled

(time delay and the order of the process);

~— it can follow the changes of the system parameters and that of the desired

value of the controlled signals.

The fact that such a stochastic control method of nice properties has been
developed has to stimulate the researchers to extend the principle of the minimum
variance control and the so-called self-tuning principle to that sort of structures, by
which further industrial processes could be controlled. Up to now the self-tuning
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principle is elaborated for single input-single output (SISO) systems and is based on
the following considerations. On the basis of the order and the time delay of the
process to be controlled, the structure of the regulator can be determined. By means
of the control and controlled signal observed in the closed loop the optimal value of
the regulator parameters can easily be estimated by a simple least squares estimation
which is unbiased (ASTRO'M and WITTENMARK 1973). The main advantage of this
method is not to require any further information about the process and disturbance
dynamics.

In our paper extensions of the original minimum variance control strategy
will be considered which involve industrial application problems.

2. Minimum variance control of SISO systems

Let us consider a SISO system described by the well-known AsTroM (1970)
model (see Fig. 1):

1 1
y(t)*-%—% u(t—ay+2 ig;_li e(?), 1))

where z=?B(z~1)/ A(z™") is the pulse transfer function of the process, AC(z=1)/4(z~1)
is the pulse transfer function of the disturbance referred to the process output, u(z)
is the control signal, y(#) is the output of the noisy system, e(f) is a sequence of
independent normal variables with zero mean value and variance one (white noise).
Further
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Fig. 1. Flow chart of the AsTrOM-model

and d is the time delay of the process. The purpose of the minimum variance control
is to determine the control signal u(7) in such a way that the loss function

V=E{ly(t+d)— I’} @
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is as small as possible. Here y, denotes the desired value of the controlled signal
(reference value). It is well known [4strém (1970 and Peterka (1972)] that the optimal
control strategy minimizing the loss function above is given by

_ Yy, = G
O="Fenren

3
where polynomials G(z—1) and F(z~!) are given by the following separation equation:
C(z™ Y= A(z"HF(z~ D)+ z~9G(z™Y) (€]
Fz~Y=1+4fiz7 4 .. . +fy_z'—¢
Gz H=got gz '+ ... +gu 12" "

The flow chart of the optimal control is seen in Fig. 2.
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Fig. 2. Flow chart of the optimal control of SISO systems

3. Minimum variance control in the case of delayed observations

In many practical cases the controlled signal cannot be directly observed,
because the sensor or measuring device has a copsiderable time delay. Then the
AsTrROM-model can be extended as:

()= Ag —1% u(t—dy)+ 2 AEZ_I; e(®),

ym(t)':z-dzy(t):y(t_' d2)9
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where d; and d, denote the time delays of the process and of the sensor, respectively,
¥(f) and y,(f) denote the controlled and the measured output signal, respectively.
The purpose of the control is to minimize the loss function

E{[y(r+dp)~y,P}=min
on the basis of the observations
V(D ¥ (=1, .., u(t—1D), u(t—2), ...
Using the separation

C(z Y= A(z"YF(z— 1)+ z-1=%G(z™Y),

where
F(Z_1)= 1+j‘12‘1+ e +fd1+dz_121~d1~d2,
Gz D=gotgz '+ ...+ gz ™"
we get
\ B(z"HF(z™) Gz -
y(t+d)= ceh u()+ e ¥(t— d)y+ AF(z~ De(t+ d)),

thus the optimal control law is given by

(= CE W= G =) _ Oy, = Gl )
- B(z-OF(z 1) T BEOF(zY)

This control law is seen to be a strategy just like a minimum variance strategy of a
process with time delay d=d;+d,. The increase of the loss function comparing the
cases determined by d,=0 and d,0 is

AV =2+ . A+ fgra )= R+ 2~ D=
=Az(f§1+f§1+l+ S +f31":‘d:—l)'

4. Limitation of the control signal

The various limitations of the control signal can be interpreted by an additional
term in the loss function:

V=E{y(t+d)—y P+ ui(®},

where «=const. is a factor to weigh the loss due to the control action. Using Eq. (4),
a second-order term of u(7) should be minimized:

_ | BEHEETY Gz
V—-—E{[ c Y u()-+ o

y(O+AF(z De(t+ d)— y,]z+ auz(t)} . 5)
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Let’s have the following notations:

B(z~DFz~)=bo+Q(z™ 1z}
Clz=V)=1+P(z Yz~

Thus to achieve the minimum of the loss function the condition
bo[bgu(t)+ Oz~ Vu(t— D)+ G(z=Yy())— C(z~ Yy, ]+ cu(®+ Pz~ Yu(t— 1)=0

has to be met. From this condition the optimal control is given by

%0 (Ce Gl )~ [0+ P (=Y ul— 1}

()= BT
0

or introducing
S(z=Y)=bg+ o+ z- [0z )+ «P(z7 )]
by

=G0,

u(f)= e (6)

Naturally, this strategy turns into Eq. (3) for «=0. Fig. 3 shows the optimal strategy
for o=0.
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Fig. 3. Optimal control in case of limitations of the control signal

In many industrial control systems the control signal can be limited by satura-
tion, that is, it has to satisfy the inequality

— U0< u(t)< Uo N (7)
3*
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where U, is the limit of the range of admissible control signals. It means that
a=0, if —Up<u(®)<U,
and
a== oo, if |u(f)|=U,.

If a self-tuning algorithm by Eq. (3) is working and Eq. (7) holds in every moment,
then no influence is exerted by the limitation. If the control signal produced by Eq. (3)
is

| u(®) |=U, ®
then the real value of the process input is

u, ()= U, sign {u(?)}.

It is clear that the more the number of the events increases if Eq. (8) is satisfied,
the greater the loss function increases. To investigate the simplest case, if y,=0 and
Eq. (8) holds for every ¢, the input of the process is a binary sequence of + U, and
- U, and the controlled signal has the form:

‘—1 . —1

Gz

+2 G

E(f)+ AF(z"e(t+d).
Writing y(¢) according to the equation above and eliminating e(#) we obtain

51 B(z-1 _
yetd= CE = O+ Uy ;[sign {E(—-—‘:l)%,—_-gy(z)}

-1 G(z—1
- ol
+AF(z™Y e (t+d). ®

Eq. (9) shows that even in this simple case analytical determination of the
loss function involves great difficulties because of nonlinearity. Thus the simulations
have great importance even from this point of view. The simulation results show that
a self-tuning regulator can considerably reduce the influence of the disturbance, even
if strong limitations of the control signal exist [Wittenmark (1973)].
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5. Extension of the minimum variance control strategy for the case of
observable noise

In its original form the minimum variance control stands for reducing sto-
chastic disturbances represented by filtered white noise. In addition to this type of
noise, another type of additive noise to be derived from an observable input signal
exists in practical industrial loops. For example such a process is the control loop of
the temperature of the fresh steam in a traditional power plant, where the temperature
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Fig. 4. Flow chart of the modified AsTroM-model in the case of observable noise

after the superheater is influenced by the load outside the random noises. Another
typical application of the use of this structure may be the thickness control of cold or
hot rolled sheets by means of the compressive force, where the observable inputs are
the sheet thickness and quality previous to rolling. Further applications will be
mentioned later. Assuming the system parameters to be known or previously iden-
tified MISO AsTROM model has the form (see Fig. 4):

_Bi(z"H By(z"1)

. e\ , Ciz7hH
O 4,

u.?.(t_ d2)+ 4 AI(Z__ 1) e([),

ul(t"‘dl)—!“ (10)
where z~9'B,(z~1)/4,(z~") is the pulse transfer function of the process, z~9*B,(z~1)/
Ay (z™1Y) is the pulse transfer function for the observable input signal #,(7). In this
structure
(1), 15(2), ..., uy(?) are the observable inputs,
¥(1), »(2), ..., y(¢) are the observable outputs,
u; (1), 44(2), ..., uy(z—1) are known and u,(¢) is to be determined in such a
way that the loss function

V=E{y*(++d)} (an
is minimum. For simplicity’s sake now y,=0 is considered, but the results will be
generalized for y, 0. Using the separation '

Cy(z=dy(z I+ 26y
the optimal control law is easy to derive from Eq. (10) (Hetthéssy 1974):

— —1 —1
()= gty YO~ G li— it ) (12)
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Fig. 5. Optimal control for d,=d,

The flow chart of the optimal control is shown in Fig. 5. However, this strategy can
only be physically realized if the condition

dy=d,
holds, otherwise u,(f) ought to be determined from an observation after ¢, which is
impossible. For d,>d, let
d=d,~d,>0,
and the constant and stochastic components of 1,(¢) have to be separated by

—1
(= Uyt 2= VOO,

where v(¢) is white noise. Using the polynomial separation

By(z"WF(z7)Cy(z~ )= C(z~ N Az HF,(z~ )+ Gy(z7H)z~5,
where
Fy(z Y=foo+fuz M+ . A fou—r? ¢
kN 3 g —Tia—
Gyz N=gs+ gz M+ .. '+g2,(ru+n2+d-l)zl 1nemd
the optimal control law is given by

I G Gz
w(f)= BI(Z—I;Fl(z-I) ¥ Cz(z"l)Bz(Z"l)F EaD)

+[’ Gyz™h Byz™h) :l U, (13)

w(D+

Gz HBy(z")F(z7Y) Bz
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The minimum value of the loss function is

Viin=R+fi+ -+ a) (A it -+ o)
If minimization of the loss function

V=E{ly(t+d)—-y ]} (.#0)

is required, then the optimal control signal is determined by the relationship:

__ Gi=h Gy(z ™Y
ul(t)-— Bl(z’ll)Fl(Zﬂl) Ye— B](Z——II)FI(Z"l) y(t)_
Goz~h)
_CZ(Z_.l)Bz(Z—-l)FI(Z_I) ll?_(t)'*‘
Gy(z™Y) By(z7Y)
+[Cz<z-‘)32<z* DEED Bf(rl)] v (14

Fig. 6 shows the optimal control.
Egs. (12), (13) and (14) demonstrate that if the structure in Eq. (11) exists, the
minimum variance control can be realized by using simultaneous feedback and

feedforward.
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6. Minimum variance control of MISO systems

First consider a system of two inputs (Hoffmann 1971) (see Fig. 7)
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Fig. 7. The MISO extension of the AsTroM-model

Let the purpose of the control be to determine #(f) and u,(f) in such a way

that the loss function
(16)

V=E{y*(t+ad)}

is minimum. Using the separation by Eq. (4) we have
_Biz"HF(zT By(z"HF(z™!) ,
y(t+d)= e w(9)+ e (1) +
LGz -1
C( =) wWO+AF(z"Y e (1+d),
thus the optimal control law has to meet the condition
{(ZVF (" Yuy(D+ By(z DF (27 D)+ Gz~ y(H)=0. (17

Eq. (17) shows that the problem is undetermined, because u;(¢) or u,(f) can be arbitrar-
ily chosen. To complete the problem it is necessary to modify the loss function by

weighting the control signals. There are two possibilities
Either u,(f) and u,(¢) can be determined by Eq. (17) if the loss function

V= E{eqti(D+ a53(1)} (18)
is also taken into consideration. It is easy to show that ¥, is minimum if
=21 22 ). (19)
Then using the notation )
(20)

b
B(zD)=B\z" )+ . 722 B,(z~!
(=Bl g By
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by means of Eq. (17) we obtain

Or as the second possibility, an extended loss function

Ve=E{y(t+d)+ api(t)+ oD} @

is minimized. Since Eq. (19) holds also in this case, using the notations by Eq. (20)
and

Ca i B
o= o+ n B, (22)
the extended loss function has the following form:
F (4 1)B'(Z ., (4 D) :‘
V,=E H+ t
+ () +P[Fiz Ve (1+ d)]’} . (23)

Thus the problem is traced back to a previous SISO problem. Because of Eq. (5) the
optimal control is

—b.Gz—1
(0= 50 (24)

In connection with both methods some remarks arise.
If the minimization of loss function

V=E{ly(t+d)—yF}

is required (y,5 0), then the expressions of the optimal control signals contain an
additional, constant term.
Both methods can easily be extended for the case of three or more () control
signals (#> 1) introducing the notations:
& r 2
o L b,
o= o'1+ R 1> 2,

0j=2 %

B(z Y= Bl(a"l)+ 2 "’B(z“l)
Q j==2 %j

u(f)=—L Lo ) (j=2,3 o

; -,aj By, 1 J=2,3, e, 7).
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Finally, if the system is described by

A= Bz~ Yuy(t— d)+ Bz~ Yr(t— )+ . . . + Bz~ uy(t— )+
+AC(z=Ve(d),

where

then let
d=min {d, d5, ..., d.}.

Then extending the polynomials Bz~ (i=1, 2, 3, ..., r) by a proper number of
zero coefficients, it is possible to use the original system model given by Eq. (15).

7. Minimum variance control of MIMO systems

Consider the multivariable extension of the AsTroM model (see Fig. 8):

Az y(®)=B(z"Yu(i—d)+ C(z~ ") Ae(9), (25)
where y is the g-dimensional output vector, u is the g-dimensional control vector,
A, B and C are polynomial matrices of z—!:

A D=1+ 3 2774
j=1

B(z"Y= 3 z7/B;
=0

K
Ciz-h=1,+ 2, z7'C,,
J=1

+ + +
Alz7)-1 I: vl

Fig; 8. The MIMO extension of the AstroM-model

further e is a sequence of normally distributed independent vector variables with zero
mean value and covariance matrix I,. Here I, is a X g unit matrix. The loss function
to be minimized is

V=[y(t+d)—y I Iy¢t+d)-y,l (26)
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Using the separation
C(z~H)=A(z"YF(z"H)+z9G(z™ ")
Eq. (25) has the following form:

Y(r+ D=[FE)C (B () + A~z )G( )0z HAGEHy(Ol+
+F(EY)Ae(+d),

thus the optimal control strategy is:
u()=B"(z"HCEHF -z )y, — Gz"HF 'z~ Hy(®].
To avoid producing B=!(z~!) and F~(z~!) let us have
B(z~)=Bo+B(z));
FzH=I+F(z");

and

v()=F~'z D)= y()— e v();
V= | 1(2— I)er Y- F(Z_ 1)vr'

Rewriting Eq. (28) by means of these notations we get
u(H)=B5 [C(z~Yv,~ Gz~ H¥(t)— Bz~ ().

The optimal strategy is shown in Fig. 9.
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Fig. 9. Flow chart of the optimal control of MIMO systems
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8. Relations between the classical design and the minimum variance control

The latest results of the stochastic control theory have clearly shown that the
classical (PI, PID, ... etc.) regulators are not sufficient to achieve the theoretically
best control, if the system is not influenced by deterministic disturbances (x4,,) alone.
In the presence of stochastic disturbances (x,,,.) 2 more complicated signal formation
is needed than by the classical controllers, but this complicated signal formation is
simple to produce by a digital computer. Although a minimum variance controller
vields good results even for transient processes (start up, shut down, change of the
set point), that sort of processes often require optimum control from some other
aspects (minimal overshot, minimal reset time, ... etc.). In other words, a combina-
tion of the minimum variance and classical controllers has to be constructed in such
a way that the stochastic disturbances are handled by an internal minimum variance
regulator and the deterministic disturbances by an external classical controller. To do
this, the separation of the disturbances is needed, possible by a filter cutting a range
of frequencies due to the stochastic disturbances (Fig. 10). Thus the stochastic
component is given by

Ys=Y— Vs
where y, is the filtered output. The stochastic component is connected to the minimum
variance controller via a sampling unit, while y , is the input of the classical controller
(Fig. 10). The control signal is derived from two sources, the classical controller, and
the minimum variance controller via a holding unit. In connection with Fig. 10 it

has to be remarked that y, slightly differs from the real stochastic component, due to
the characteristic of the filter.
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Fig. 10. A possible combination of the MV and classical controllers
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9, Conclusions

In our paper the minimum variance control is considered. Besides the well-
known classical control cases some problems encountered for practical control sys-
tems are discussed. These regulators are unlike to be more complicated than the
basic case but lend themselves for much more complex control tasks. We hope our
experience will give suggestions to other researchers and engineers for further investi-
gation.

Summary

The optimum system design according to the classical, quadratic — by the sense of Wiener —
criterion is a little bit difficult.

The minimum variance (MV) control introduced by AsTROM makes con31derab1y easier to
solve this task by parametrizing the system and designing directly in the time domain, and it promotes
its practical applications, too. Nowadays, when the research work is mostly directed towards the
adaptive, self-tuning solution of the minimum variance control, it is necessary to make a review and
outlook about the above subject. Besides the classical MV regulators such control cases are considered
in this paper which have been developed in accordance with the industrial demands during the
practical applications, e.g. the relationships of the MV regulator for delayed observations are also
given. The different restrictions regarding the control signals are also discussed. The MV regulator
is extended to the case of observable disturbances, too. Basic establishments are formulated for MV
control of MISO systems. Finally the equation of MV regulator for MIMO systems is given and a
possible solution of effective cooperation of classical and MV regulators is treated.
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