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Introduction

In the past two decades the application of equipment consuming or generating
nonsinusoidal current has become general, due to the rapid development of power
electronic devices. Currents of such equipment flowing in the supply lines may cause
dangerous conducted or radiated signals likely to lead to faulty operation or break-
down of the telecommunication, measuring, control, etc. equipment and systems
adjacent to the power equipment and lines. On the other hand, most power devices
and systems normally consuming or generating sinusoidal currents produce non-
sinusoidal ones if a breakdown, e.g. short circuiting happens. Therefore for designing
and using small signal equipment as mentioned above, calculation or at least estima-
tion of the interferencing electromagnetic field seems to be very useful.

This paper presents the derivation of some general formulae easier to apply
for practical problems than the other ones known from the literature. These formulae
yield useful guidelines such as in example 1 simplifying to decide whether the simple
static approximate calculation is sufficient or the difficulter general method is neces-
sary. Two other examples are given too, demonstrating use of the formulae.

Derivation of the formulae

If the changes of the currents and charges exciting the electromagnetic field
are “fast”, the calculation of the electromagnetic field can only be made on the basis
of the Maxwell equations. Solving these equations is very difficult and in most cases
only numerical results are possible.

The well known methods {1}, [2], [3] are restricted to the sinusoidal changes
of the currents and charges. Though the problem of nonsinusoidal excitement can
be solved on the basis of the sinuscidal changes — using the Fourier integral or se-
ries — this method has some disadvantages:

-— the time domain solution can only be obtained by quite cumbersome procedure
using the appropriate Fourier integrals or series;
— the analysis made in the frequency domain blurs most of the physical insight;
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— since in most cases the shape of the current exciting the electromagnetic field is
only known approximately, the inherent error of the direct method of the Fourier
integral is difficult or impossible to estimate, etc.

Formulae derived in the following give the solution of the problem in the time
domain. These formulae are similar to the Coulomb and Biot-Savart laws and can be
regarded as their generalized forms.

The time-dependent Maxwell equations are of the form:

rot H=J+ 58; D (0 divB=0 (III)
5} .
rot E= — B B (ID) divD=po (IV)

If the current or charge is known, the solution is given by the scalar and vector poten-
tials or by the Hertz vector

H=rotA )
E=— L—a—A——ﬂrad ) (2)
or
Hee 2ot Tl 3)
= 8[ 2
E——-—l— o I+grad divIl 4
T2 a2t E
where
L1 (1 , R , i
A(i’, l‘)-—-—a;w —]?I (I’, T——C—> drv (J)
Ve
1 [1 , . R , ,
?(I,T)—gf;r‘gv R;Q(l:f“—c-/ dv ©
‘/l
1
Ii(r, t)=-i—J A(r, O dr (N

0

The distances in above formulae are as defined in Fig. 1. On the other hand, the
gradient, divergence and curl operations here and in all the following formulae have
to be calculated with the variable r=(x, y, z), e.g. in terms of right-handed rectangular
Cartesian “components” such as:
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exciting source
of the eleciromagnetic field

dV'=dx' dy'dz’

Plxyz) field point where
EandHare o
be determined

Fig. 1
] ]
grad o(r', r, t)_. o(r, 1, I)H— o(r T, t)]+é— o(r', r, Dk

div J(r', 1, 1) ———J(r I, t)+ J(r T, t)+ J(r r, )
rot J(r', 1, #) <——J(r T, t)— ——J(r I, t)) i+

< J L1, )~ ————-J(r r,l));-‘—( J (s, D— 8 J (1T, t))

It is also to be noted that in our case the vector and scalar point functions J and o

depend on r via (r—-?) where

(-2t

The *naonetlc field at point r excited by an infinitesimal part of the source at
point r’ can be expressed using (1) and (5):

1A 1 1 R
dH—rOLdA—rot{4nRJ( ‘ )dV}

Derivation of formula H

Thus we obtain

1 1 1 ,
dH= p [grad <§—>XJ+§ rot J} ar.

/

. R .
Now, we make use of the special form of vector J (r’, z~—é—) and replace its curl by
its time derivative:

rotJ(r’, t~£>=—lR ><—8—J< . t—ﬂ)
¢ c ot c
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1 . C e s
where R°=—R— R a unit vector pointing in the same direction as R.

. 1 | S .
Since grad <§)— ~ % R°® we obtain:

1 1 1 3 o a7rr
dH_ZT—E—<—EEJ+E’—R_ 8—1J>XR ar’. (8)

The formula for a finite source

1 {1 ., R o aorr
I’C‘.‘L [RZ J(I’,Z C>+‘Z‘—R— 5—[.}'(1' f-—)}XR arv (9)
| a4

or if the source is a current along a filamentary conductor:
I ¢ 1 R 1 39 oL Doy 1t ;
Hr 0= ¢ [R 1( )+§ - 1<s, r—-—)] (EXR?)dE (10)

1)
where FP=1°(§) is the tangent unit vector of the curve (filamentary conductor) and
R=R(&)= 'r’( )—rl.

Formulae (9) or (10) give the exact solution of the magnetic field if the current
density J(r; #) is given or known. The first term in (9) or (10) gives the induction
field, the second one the radiated field. Omitting the second terms, the formulae are
equal to the Biot-Savart law. Rearranging (9) as:

1 (1 R\ R & Y [
H(r, [):Z—-:z— {F[J<r’, f——;;) ‘? —'J( f—z—)}XR dav
;1,

it has the same form as the Biot-Savart law only then J has to be replaced by

H(r, =

( J ~—Ii g— J) and J, — J have to be retarded. Therefore (9) and (10) can be consid-

ered generahz\,d Biot—Savart laws both by form and by substance.

Derivation of formula E using J alone

Using (4), (5) and (7) the electric field at point r excited by an infinitesimal
source at point r’ is

dEz[——-j—_ ”, I+ grad div dH]

1 1 5 R (1 of R\, T
ZZ";[“C—ZR_ ?j—I‘J< t--—)+°rad leJ EJ(I‘, ‘L'——c“—) dTJ dv’. (11)
U

Evaluating the divergence in (11) the fact will be made use of again that the spatial
derivative of J can be replaced by its time derivative, that is:

divJ (r’, t-ﬁ)z ——lR" -a—J <r’, t—ﬁ). o (12)
c c ot ¢
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Thus

1 t
~

.1 1 oor 1 _of
dlvj—EJdrz— RRJ———R;z—R JJdT.

0 0

Now, in evaluating the gradient we use the following vector identity
VEG)=FV)GH(GV)IF+FX (7 XG)+Gx(v XF) (13
where
(Fv)G=(FVG)i+(FAG)j+(FAG )k (14)
By (13) and (14)

R3¢

2

1 ) . 1 o/po ) 1 pa— OFy

grad <—§C—’R J>~ — R (R J)T—_“RC .cl'dd (R J)-——
opo 1 o o o z
= — 2 RRI)+ 5= I ,,R (R — J> (15)

R2
and

N 5 O ‘: ‘ r :
.)_ = <R | Jdr) <7 & rad< K dr)-
0 4]

¢

3 ) i i Y8 1)
— =R ( JJdr) = l dr—Ez«R(RJ)
Q & (16)
Using (15) and (16) the final formula for a finite source

i

r

E(r, U—J-HI; [ [Jdr 3R°(R° ‘ Jdr]

()
= [—-aJJFR (R -E)-;J)jl} ar (17

J=J (r’, 1—5—)
[5

52 [~ I+ 3RORI)]+

!
T

where

If the finite source is a current along a filamentary conductor formula, (17) looks
like

T
A

- . 1 ) 1 i - R o, ADOPOIOYV] 1 & R —1%.L
E(r, t)__a;t_s 4) {"RTJ 1(5, T‘”—C‘) dt[—-1°+3R°(R°] )]'T‘ch I(s, t— C)[ 1°+
&) d )
+3R°(R°l°)]+—§— 9 IléE z——5 [P+ R°RI)]; dé 18)
Rz o'\ ¢ N
where I°=1°(§) is the tangent unit vector of the curve /(§) and R= R(§)=|r (§)—r1|.
6*
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Formule (17) and (18) give the exact solution of the electric field if the current
density J(r’ 1) is given or known. The first term in (17) or (18) gives the static field,
the second one the induction field and the third one the radiated field. In some respects
they can be regarded the generalized form of the Coulomb law.

Derivation of formula E using J and o

With (2), (5) and (6) the electric field at point r excited by a finite source can
be obtained with the same procedure as above

1 1 , RN . 1 B , R o
E(r, I)_ZEJ[T@_Q(r s I——;)R +‘R—C‘ a7 Q(I‘, T—-T>R -
v :

I 2 R
— — N S /!
RS 71’ (“ % )] @ (19)

and for a filamentary conductor

1«1 (. R\po, 1 8 (. R\_,
E(r, f)=4?5;?[‘ﬁf‘1<¢’ “7)“ T Re 797‘1<¢’ ’“zr)R -

I a R l
—_—— L Er——11°d& 2
Re? 811<”Z C)l N (20)

where I°=1°(§) is the tangent unit vector of the curve /(&) and R= R(&)=ir (§)—ri.

Formulae (19) and (20) give the exact solution of the electric field if both the
current density J(r' #) and the charge density o(r’ 1) are given or known. Here the
first term produces the static field, the third one the radiated field. The second term
produces the induction field, it contributes, however, to the radiated field, too. This
last fact is obvious by comparing (19) and (17) or (20) and (18).

Regarding the application of the formulae derived, some remarks have to be
made.

a) For the exact calculation of the electromagnetic field, exact knowledge of the
exciting sources is necessary. In most cases, however, the exact dependance
of the sources Jand p from r’ is not known. These functions are, however,
known at a good approximation in practical cases, permitting a good ap-
proximation of the solution.

b) Since using (17) or (18) for calculating the electric field we have to know
1

the value of | J dz, the application of these formulae for stationary cases

L%

Q
is disadvantageous. In these cases (19) or (20) are easier to use (see examples
1 and 2). Calculating the transient field, however, (17) or (18) seem to be

more advantageous (see example 3).
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Applications
Example 1

In practice, the question frequently arises in connection with the calculation
of the electromagnetic field whether the well-known static, stationary formulae give
a good approximation or the Maxwell equations have to be recoursed to (or e.g. the
generalized formulae presented in this paper).

To answer this question let us consider a wire of length d/ conducting a current
i(1).

The maximum value of the stationary magnetic field excited by this current
element is:

1 one it |
' —R—f lmax(Z)R X dl !

and the radiated field

1__1_, 9 0 !
| Re [81 I(t)‘JmMR Xdl!

t

Comparing the two formulae the stationary field appears to be stronger than the
radiated one if

1. 1 (8,
- R =R (51 Z(Z)) mas

. g .
R< e / <67 ’) @1

In most cases systems can be characterised by a dominant time constant T thus
the current has the form:

that is

I()=1(1—e"T),
Here time constant 7T is of the same order as the rise time 7 that is commonly used
and known. Since we want to determine the maximum value of the field (worst case),
the time constant can be replaced by the rise time. Thus (21) can be written as:

R=ct. (22)

Considering a numerical example, if the rise time is 1 x sec, the stationary field
is stronger than the radiated one in the range R<300 m.
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Now, let us consider the electric field with the formula (19). Comparing the
first two terms, the static field is stonger if

___1_0 >_1_. 9—0
R2 Cmax Rc\8r~ max

. . . 0 .
This is true in the range R< Q.. / <—8~t~ Q) or R<ct. Comparing the effects of J
Nax

. 1
and p, the second one has a greater effect if o= J.
This last relation can only be evaluated if the arrangement is known. For example the

charge density on two infinite parallel wires of radius » and spaced at a distance d
between centers is, by static approximation

Te

U.

g~

N8

In -
-

Accordingly, the effect of the charge (generated by the voltage U connected to the
wires) is greater if

.;"E&‘U

lnc—l
;

I<¢

Considering a numerical example where d=10 cm, r=2.5 mum and U=220 V the
effect of the voltage is greater if I<0.48 A.

Now, assume current and voltage are not uniform along the conductor and
the current and voltage waves travel approximately at light velocity ¢ along the con-
ductor.

A current of amplitude I, and rise time 7 along a conductor of length L can be
expressed as:

PR Y AR AR

and its time derivative

3] 1, X X
_a—ll(x’ t)="rgl: 1(2‘———;>°—1 (Z-— ’l’—--;)} .

if r>£’c— and z>t>£c’~ then —g; I(x, t)=§— along the whole conductor, thus the rad-

iated magnetic field is approximately

and the induction field is
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wich gives the result obtained above, that is, the induction field is stronger in the
L . .
range R<ecr. Butfor 1< - the current is changing only along a part of length z¢ thus

the radiated field is expressed by

Comparing this value with that of the induction field we obtain that the induction
field is greater than the radiated one in the range:

R<L.
Example 2
Let us consider two parallel wires shown in Fig. 2 excited by a voltage of

amplitude U, and conducting a current I(f)=I,(1—e~“7). Assume the current to be
constant along the wire and d<L.

o P[OIyOJZU}

We calculate the magnetic and electric fields in the yz plane using (10) and (20).
The stationary magnetic field is:

2

1 o I [T, ,,‘1 1 d YT Y.,
Hig= e R2 ~dIXR :<4ﬂ J [I cos 7 <R32 73 >+2<R31+ R;)} d,\) it
—Lj2

L2
{1 1
+<—4_“E— J rsmﬂ R3 R%)d\>k
~ L2

R,=Vx2+(r sin 92+ (r cos #—d/2)?,

where

R,= V2t (7 sin 9)%+ (r cos G+ d/2)>.
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Calculating the integrals we obtain
d .
Hmd"‘< ) (’ cos H(C,— C1)+§ (C1+Cz)) I+ <Zi—t—’ sin # (C, Cv))

i

where
Cl =
[(r sin 92+ (7 cos §— d/2)?] V(L/z)2 (r sin 8)?+ (r cos §—d/[2)?
1

[(r sin #)*+ (# cos T+ d/2)2]V(L/2)2+(r sin 9)2+ (r cos §+df2)*

In most cases it is enough to determine the field at #=0 and ¥==/2 thus the formula

C'):

presented above is simplified
The radiated magnetic field
L2

(=8)avre(azz [ [reoe

1 1 9
Hemm P me o\

L ) ~1n

1 3 R, d 9 R\, 1 & R, AW

(=8l (e () J o)

TR ot c

N

o

L2
1 1 8 R 1 @
+<Z§?C_ J‘ Fsin 9 (R., 8?1<1_—6—>_7€§ a](?— ¢
—~L2
The absolute value of the radiated magnetic field is simpler in form

L2
R ) \ )
Hraa= 4’ZC J [R, 8t >sm 1T r)ll<t_—— smqjld

17

where
sin ¢1=_1%_ Vsin2 #-+ (cos 4 — d/2i)?

sin g,= I; Vsin2 P+ (cos ¥+ df2r)?

The denominator can be simplified by approximation
Ri~R,~r

then
sing; ~sing, =~ 1
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thus, we obtain

Lj2
_ 1 1[9 R\ 8 R \] ..
Hrad_' 4 J\ e [—6‘; I(f c ) '5; I(I" P )] dx~

~ip
_dLcos ? —(’f—l t—fi
T 4ncr o2

Considering that for the far field

Erad/ H rad ™~ H-Q

€o

dLcos # 82 r
Eraa™ dmcder OF I(’"E)'

Since I=1I(1—e"/T) the final formulae are

we obtain

dLcos ¢ I s

Hiea= dacy T2
E = dLcos ¢ I T
wdT A Ber T2 )

With the same procedure we obtain for the near electric field:

Estaﬁczf—% {(r(C,—C)) sin §)j+ ((r cos B+ d/2)C,— (i cos §—d[2) C;)k}
where
_Ugm
in é
a
Example 3

Finally, let us consider a straight conductor conducting a current pulse at
velocity v as it would be a transmission line.

It can be proven analytically that in a certain time interval radiated magnetic
and electric field (far from the transmission line) have the same shape as the cur-
rent pulse.

Since the conductor of length L is in the x axis, the current has the form:

I(x, =1 (z—:;-)
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Plio.Y0:20)
’
R
g v
1{ix)
X
Fig. 3

Calculating the field at a great distance, only the radiation field terms dominate (10)
and (18), thus

~

1 1 G X R\, ofve x R )
EN 47!86’2 J‘—E[—‘a—t ](T———U—'—-C“ 1‘{“R <R x"é‘; 1(1‘" P “?>>:l d.&.
o ,

If L« R then R~ constant thus

where ¢ is the angle between the x axis and the vector pointing to P.

Since

the equations above can be written as:
sin qu i
N RG]
_sing R L R
EN4."13628R v [[ (I v ) ! <[ v ¢/
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For R/v<i=L/v+ R/e that is, the pulse did not reach the end of the transmission

line;
v . R
H~ g s 71 <f‘?>

v . R
Ewm Sin (p[ <t——c—> .

This result may be useful for calculating the electromagnetic field far from a power
line when a short-cut happens or when a switching transient wave developes. On the
other hand, by measuring the far field, parameters of a travelling wave on a power
line can be determined.

Summary

General formulae simplifying the calculation of electromagnetic fields excited by currents
with arbitrary time dependence are derived.

These may be very useful for calculating or estimating the interferencing electromagnetic
fields generated by nonsinusoidal currents of power lines and equipment. Use of the formulae is
shown on some practical examples likely of importance.
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