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1. It is well-known that, in general, the value of a no distribution value
exists at a point does not exist. Lojasiewiez [2], however, has given a defini-
tion and criteria for the existence of the local value of a distribution at a point.
According to his definition, if x, is a fixed point and 7, is the operator adjoint
to the shifting operator

T (%) = (% — #4),

where @(x) is an arbitrary testing function of the space D(R); and x, is the
operator adjoint to the affinity operator

1 1 P
sy p(2) = ——@l—l, y=20;
P P) 7] ¢[~/l ’

then a distribution T has a local value at x; given by

ljit(ll ey Ty T = t, (1)
provided the limit exists.

From the above definition it is clear that in general, the value of a distri-
bution T at a point x, does not necessarily exist. But, if T is a distribution
defined by a continuous function f(x) and %, is in the domain of the definition
of f, then the local value of this distribution exists (in the sense of Lojasiewicz)
at x4, and it is equal to f(x,).

Feny® [1], on the other hand, has discussed in detail the problem of
existence of the local value of a class of distribution of D'(R?*). In fact, his
investigations to assign a local value to a distribution at a point gave rise
to a number of interesting problems in the field of applicaticns of the distribu-
tion theory.

In the present paper our aim is to study the problem of existence of the
local value of a certain class of distributions in the n-dimensional space.

2. Let D(R") be the space of testing functions ¢ of n variables and let
D’(R™) be its dual space with respect to the sequence topology of the space
D(R™).
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Let us define a mapping
l(a,, a5, . . ., a,) : D(R") — D(R)

in the following way:

1 t—ayie; — — Q1%
Y. 1237 e v n—1%n—1 , —
Hay a0, =~ J-(p Hys Has o u e dry .. .dw, =
lan’ a,
Rﬂ-
1 E— Qo — oo — Oy g¥y_g— A,
= |35 7o« e o s #nl Aty o oy diy_odi,
!an'—1| av"»_l
R’l
1 (T — Ayty — a,x,
= P Ha | dity o o dity, (2)
!‘11’ a,
Rn
where @, a5 ...,a, are real numbers such that at least ome g, 5= 0;

E=1,2,...,n.

From our definition it follows that l(a;, a, . . ., a,)p is a function of the
class D(R) and, with respect to the sequential topology of D(R), it is also linear
and continuous from the space D(R") into D(R).

Denote by L(ey, a5, ..., a,) the mapping adjoint to I(a;, Gy ..., a,)
given by

L{ay, ay, .. ..a)(T) - ¢ =T - lay. ay. . . ., a,) (@), (3)
where T € D'(R) and ¢ € D(R").

In case T = f, where fis a locally integrable function, we have

L(ay, ags « + o @} (F) (1 205 + = vs #0) = flagsty + agotg -+ oo - apty).

Also, it is easy to see that

5 ,
a——L(al, Gy, .. @) (T) = a; L{ay. ag, . . ., a,) [——) y

1

0 Liay, ag, . . a,) (T) = ay L(xy, a9, . . ., @) [d—I:) .
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3. Let p be an arbitrary, but fixed, testing function of the class D(R).
On the lines of Fenyd (loc. cit.), let us define a linear and continuous mapping
from D'(R") into D'(R"~1) denoted by (®, as follows:

SOp)ep:=S89®y v @€ D(R"™1), .
p©®©8)ep:=S v ¥ o€ D(R"1), *)

where S € D'(R") and ¢ ® p denote the tensor products of the functions
given by
(@ @ W) (1 #ar + o 2y %) = oty 25+ v o2 Hnmg)  P()s

that is, S ® v and y ® S are distributions in D'(R"1).
We shall prove the following:

Theorem. If T € D'(R) and y € D(R), then the distribution
Liaj, a5, . . a) (T) ©®
has a local value (in the sense of Fojasiewicz) at every point (%), #p. « « . %,_1)
given by
(L(ay, ags . . 1 a,) T ® 1,0)(:3,,;:, ceeimey) = (Ran Tagus . g " L ")

4. Proof of the theorem. Let us consider the function

F(;{l, Hos o v oy Zn) = Ha,Tam,~...+0p_1otn 1" TI}) ==
1 b @yt — o — Oy Hpq

:_Tw( 171 n—1%n 1_ (5)
a, a,

Now, in order to prove the theorem, it will be enough to show that F
is a continuous function at every point. Let X = (%, %, . . ., #,_,) be a fixed
point in the space R"1,

Since y € D(R), there exists a positive number ¢ such that supp €
€(—c.c). ]

Let N, be a neighbourhood of the point X, ¢ > 0, then for any point

X = (34, 92+ « v %,_1) € N,, we have
suppfw(, e a”‘“‘““l)c
3 an /
St <+ &) + o+ @iy + &)+ lage])- (6
Thus, we get
lim _(f"_w (T— @3ty — . oo — Q1 Hp_y :iliy) E— Gy #ty— « oo — @y 1,y G
x-X dt* a, dt* a,

k:O,l,Z,...,
uniformly for all real ¢.
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Hence, it follows that

e . AL\ L Y L L St S LT
|dtk a, de* l a, J!
AM, . .
= a2l1 Gy = %5) + o oo+ (tpey — #nm))s
n

where A is a positive constant depending on ay, a,, ..., a, and

M, = max |p*+D(g)].
teER

Now, from (6) and (7), we have

E— Gy — . Oy qHp g E— Qi — oo Q¥
-y
a, an
as X — X in the pseudo-topology of the space D(R).
Thus, finally, we get

lim T -y t—ax — ... —an_lxn_l} — Ty {t—~alxl—— e — Ay _qHpy

x~X an an
This proves that F(x,, %5, ..., %, ;) is continuous.

Let ¢ be an arbitrary function of class D(R"~!) and NN, a neighbourhood
of the origin such that supp ¢ < N,.

Hence, we find that:

t—ays — oo — Ay g%y
J(p(zl, PR I [ 1% In—1%n 1) duy .. odn,_ | =
Ne ‘ n
— J‘(p(%)w(k) [tﬁalzl—— A Y duy .. dun .
L afl /
Rﬂ
Therefore, it follows that:
(E— @1y — oo o — ¥
T-f¢(zl,...,xn_l)w' 17 BT g i =
Rﬂ \ an
E— @y~ v v o — Gy %y
=f¢(xl,...,xn_1)T-w[ 17 n-17n 1]-d7:l...dzn_1=
R® o
=la,| [ Floy oo or ttney) @ty « o s #tpq) dity ool (8)
Rﬂ
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Finally, using (8) and (4), we have:
(L s+ 2 02) @ 9) 9 = L(@1s -+ s a) T+ gty « - o ) @ (o) =
=T Uap .0 @) P(%1s « « oy #oy) Q (%) =
::T 1 J‘q’(xla-.-oxn—-l).w[t“alzlm...—an_1%n~1 ’d%l-..d?{n_lz
]anl an
R
J. P ) | T’(p L e B 5 L B R N VR
lan’ an

= j Flp o vonstn ) @(tgs o v s dpq) dity oo o daty .
Rn‘—'l

This implies that the distribution L(a,, . . ., ) (T) ® v is identical with
the function F(xy, ..., %,_4), which is continuous at every point.
Now, using the theorem of Y.ojasiewicz (loc. cit., p. 7), we find that

(s @3-+ 3) (T) © B ooy = Flos - - s ny) =
= xanrax’:ﬁ‘-- -+an-1’:n-: T P,
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Summary

Criteria for the existence of the local value of a certain class of distributions in the
n-dimensional space are investigated.
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