FAST METHODS OF FREQUENCY ANALYSIS APPLIED IN
PROCESS IDENTIFICATION AND CONTROL

By
A. FRIGYES and L, LANGER

Department of Process Control, Technical University, Budapest

Received July 25, 1976

1. Introduction

Computers applied to the control of plants generally influence the
control loops by set-point control, but direct digital control (DDC) is also
increasingly used. In process control it is common practice to model the
process by a linear system and to use simple digital algorithms, particularly
the discrete equivalent of the proportional — plus — integral — plus —
derivative (PID) controller.

There is a need for the on-line tuning of the controllers and DDC param-
eters to set new control loops or to improve the performance of the working
control loops. The modification of control is necessary to correct the effect
of parameters changing slowly due to nonlinearities and setpoint or load
changes.

The control parameters can be set by the process operator or by auto-
matic tuning procedures. A program package is necessary in both cases to
perform fast analysis of the control loop, to identify the parameters of an
apropriately simple model, and to determine the controller setting. A scheme
for computer identification and control is demonstrated in Fig. 1.

The computer determines the input signal for the plant according to
the DDC algorithm defined by the discrete transfer function D(z) = u(z)/e(z) .
The discrete signal u(k) is stored by the zero-order hold (Z. 0. H.) for the
sampling period T,. The computer measures the output signal of the plant,
which is y(k) at ¢ = kT,. In the knowledge of the input-output sequence
the computer can identify the dynamical characteristics of the plant.

The identificating procedure can superpose an appropriate test signal
upon the input signal, and the transient function of the loop can be determined
in this way. In the following we assume that the step response of the plant
is available.

In this paper we present an identification of two-stage type consisting of

a) determination of a nonparametric model by Fourier analysis,

b) model-fitting to obtain a simple parametric model containing equi-
valent time constants and time delay.
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A deterministic input signal can be applied to the input of most plants
without considerably disturbing the working conditions. It is possible to
use the frequency response analysis effectively if the noise-to-signal ratio
can be reduced to a low level by proper instrumentation or by filtering
procedures.

In the following chapters methods for the numerical evaluation of the
frequency response will be summarized (sec. 2) and a new algorithm presented
capable of determining particularly the middle frequency range (sec. 3).
Then methods for the derivation of simple models will be surveyed and algo-
rithms for fitting a second order model containing dead-time will be developed
(sec. 4). Identification and control based on this method will be demon-
strated by an example (sec. 3).

2. Methods for the evaluation of the frequency response from the transient
response :

The frequency response can be determined from the weight function
w(t) of the linear control loop as

=]

W(jw) = o‘Y w(t) e~* dt (1)



FAST METHODS OF FREQUENCY ANALYSIS 299

The problem is to compute the Fourier transform of the function w(t),
but only the transient function

o) = { 10(e) at )

is available from measurements. It is represented by its samples
v, = v(kTy) where k=0,1,2...N—1 (3)
The Fourier transform can be interpreted as the Laplace transform

W(s)= | w(t)e de 4)

0

with the substitution of s = jo.

2.1. The finite Fourier transform

For the numerical evaluation of (4) the approximating formula

iy

W(s) ~ Wy(s) = J w(t) et de -+ -—m""(:“’) estr 4 2N iy (5)

§2

0

can be used which is an approximation of second order in terms of v(z). The
above formula is equivalent to Eq. (6)

iy
W) = — J 1" (2) e~ dt (6)
o
This can be proved by partial integrations of (6) which will yield formula (7),
(8) and (9), respectively

153

Wa(s) = — J w'(t) e~ de + Me—m_v )

s2
0

[5:4

= J‘ W(t) e-—si dt + _.w_%]l)_ e‘Sfﬂ + _1.?.’_%\’_.). e*‘sty (8)
0

tx

=s J v(t) e~ dz + v(ty) +M9~stﬂ + w,(tzN) stz
s s

' ©)
63
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In order to have better convergence in the above equations, let us
split off the assymptotes from the integrand as

wo(t) = w'(t) -— w'(ty)
1wo(f) = w(t) — w(ty) — w'(ty) (t — ty)
vo(t) = (1) — v(ty) — w(ty) (¢ — tn) — w'(ty) (¢ — ty)?/2

to obtain the formulas (10), (11) and (12):

ty
Wy(s) = —z— f wi(t) et dt + w_i';zv)_ (10)
= J wn(t) et do -+ )y Wle) (11)
S §=
=s jvo(t) et dt + v(ty) + wlty) | () (12)
s s?

0

2.2. Application of the Fast Fourier Transform

Further on, substitute s = j2af and examine the numerical approxi-
mation to the finite Fourier integral in formula (12) of the following type:

iy

X(f) = | =) e (13)

where the function x(t) is sampled in IV points at intervals of length A, i.e.
ty = NAt (The notation is the one used in literature). It is assumed that

x(t) = 0 if t >ty (14)

The simplest approximation of (13) is

X,(f) = El w(kAt) e~ 12Kt g (15)

K=

(~1

which means the approximation of the integral by the rectangular rule applied
to the integrand x(t)e—2". If x, = xy = 0 then this approximation is
equivalent to that obtained by the trapezoidal rule.
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It is well-known that the Fourier transform of the sampled function
is a periodic function

o«

Xp(f)= 3 X(f+kF) (16)

k=—«

with the period
F=1/4t . (17)

Thus, Atis chosen so that the distortion, the so-called aliasing, involved
in constructing X(f) from X (f) is negligible, i.e.

X(f) ~ X,(f) for |f] g%F. (18)

If we consider the values of X (f) in N equally spaced points in the
domain [0,F] with

Af = FIN = 1/NA4t (19)
we obtain
N-1
Xp(rﬂf) = 2‘ x(kAt) e~ 2N Ay (20)
E=0

If the assumption (14) is not valid, then the Fourier transform of the
sequence x is

X,(f) = 3 a(hdt) et Ay 1)

k=0

It can be proved that in this case

N-1 o
X, (rdf) = 3 wp(BAt) e 2N 4y (22)
k=1
where
wpt) = 3 x(t+IT) (23)
[=wc

is periodic with T = N4t

It is to be noted that the limitation in the summing causes an aliasing
in the time domain. Formula (22) is called the discrete Fourier transform
(DFT) of the sequence xp(kAt), E=0,1,... N—-1.

The procedure to be followed at the application of the DFT to compute
the Fourier transform can be summarized as:

a) At must be chosen to make the frequency F = 1/4z large enough
to encompass the region where X(f) is significantly different from zero.
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b) N is chosen to get the frequency resolution Af = F/N required.

c) The aliased sequence x,(k4t) must be formed and it is generally
sufficient to consider only the term with [ = —1. If N is chosen to avoid
the aliasing of x(kAt) it will generally lead to greater frequency resolution
than required, i.e. to more computation work.

The Fast Fourier Transform (FFT) is a method for efficiently computing
the discrete Fourier transform (DFT);

N-1
X, =>xW*r=01...N~1 (24)
k=0
where
W = ej‘.’n,"N

Specifically, if the time series consisis of IV = 2" samples then 2/¥Vn real
multiplications will be necessary to evaluate all IV coefficients. In the case
of a large NN, the above number is very small compared with the number N2
of the operations required for the straightforward calculation of the DFT
coefficients. This fact made possible the real-time applications of transform

methods.

2.3. Approximations of different order

In practice the sampling rate of the computer is constrained, so the
sampling period can not be chosen small enough to avoid the aliasing of
the frequency response. Therefore, it is necessary to use some kind of inter-
polation for the sampled function.

The integral of the form

I= { v™() e di (25)

Dy

will be partitioned and the function v((t) will be approximated by the
constant v\ in the k-th interval, i.e. v(t) is composed from polynomials of
n-th order. So we obtain

‘ N-1 i n-1 o

I= 3o S e~tdt 4 3ol (26)
& i=0

=0 t

The correction is necessary if the function v(t) and its derivatives have jump
at ¢t = 0. Let the partition be equidistant with the interval length MT,, i.e.

tk - kMTD

where T is the sampling period.
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So the transfer function can be determined by the formula

1 1 — e—-sM’I‘° N—-1
W, (s) = —s 3 vjfe Mo 4
§ S k=0

(27)

n—1 e—-stN

-+ 2 vén—-l——i) gi—n+l + v([’\l,)

i=o s"

where n denotes the order of the approximation in terms of v(t).
a) Zero-order approximation:

with n =0, and M =1 we get

1 — =T, N-1
Wo(s) = s > v,e~kTe Ly esNTs (28)

s k=0

This formula contains the discrete Fourier transform of the sequence
v, multiplied by the transfer function of the zero-order hold.
By splitting the assimptote v, we obtain

Wols) = (1 — =T 3 (0 — vy) =T + vy (29)

k=0

Applying the following equality

o Nt o N o
- sk sk
e~ °k§0 v,e"SKTo -—ksiv,{_le SkTo (30)

¥q. (28) can be put into the form
N
Wols) =vo + 3 (o — vy—y) €757 (31)
k=1

N-1
=0+ 3 (Vp—y) e - e=Te (32)
k=0

which is the DFT of the first difference of the sequence, i.e.

W,= DFI(yv,), £= 0,1, 2,... N (33)
where
Vo= Vg VO =0; — Uy, k=1,2,... N (34)
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b) First-order approximation:
with n =1 and M = 1 the following formula can be derived

1 — e_STc N - 8"‘51VT,
levo—%—»—————y vie Sk Te - py (35)
s k=0 s
The polygonal approximation to v(f) means that
Vpoy — Uy,
v = k41 k (36)

T,

Substituting this into formula (35), and using the procedure described at
zero-order approximation, we obtain the formulas [3]

1 — —5Te N=1 4 — vy e SNTs

Vrtr — Uk g UN+1 -
Wy=u+ = e - @
S k=0 £g TO S
: N
vy — U 1 ek
= v + + 2 (Vgs1 — 20 + vpy) €T (38)
sT, sTy 221

This can be expressed as the DFT of the second central difference of the
sequence, i.e.

DFT(viy), k=0,1,2, . .N (39)

o
Wy=1y +
Sty
where
. 2 . . ; T
Vivo =V, — Vg, Vlk = Ug+1 — 20 + vpmy, E=1,2,... N (40)

Formula (37) can be written also in the form

eSTu (1 o e—sTQ

S

2 v, e—SkTo (41)

which contains the DFT of the sequence v, multiplied by the transfer function
of the polygonal hold:

esTo

TO

(42)

1 — e—-sTo 2
S J

Substituting s = jw, we obtain

W, = v, + (smwT

which is the formula published in [5].
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The approximation of second order can be derived from (27) with
n =2 and M = 2, so the formula proposed by Géldner [4] can be obtained.

As it was shown above, the frequency response of the plant can be
determined by means of the discrete Fourier transform, but it generally needs
some preprocessing of the sequence, and postprocessing of the DFT coef-
ficients. Using the computational advantage of the FI'T algorithm the Fourier
transform can be computed in real-time.

3. Derivation of new Transform Methods

It is possible to get new formulas for the real and imaginary parts of
the Fourier transform by a polynominal approximation of the sine and cosine
function instead of the function v(t).

The transfer function can be approximated by

iy

Wo(s) = — [ o900 fl)ds (44)
s 0
where
1) = e (45)

It is an approximation of n-th order in terms of v(t).
After partial integration m times we obtain the general formula

i 1 m=1 . . )
Wn,m (S) - _n_ In, m + '—n 2 (“—l)l'l)(n—l)(t‘,\]) f(l)(tN) (46)
s §" =
where
ty
I, = (—1)" jyv("—mﬂ)(t)f(m)(t) de (47)
0

The second subscript of W denotes the number of partial integrations, and
the order of the derivate of f(z) in Eq. (47). The expressions belonging to
the same n are theoretically equivalent, but they differ from the view-point
of numerical computation according to m.

The formulas (6), (7), (8) and (9) can be derived from (46) with f(1) = ¢™,
n=2and m= 0,1, 2, 3 respectively.

With the combination of n and m new formulas can be obtained.

Let either of the components of the function
— jot

e = cos wf — j sin wt
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be denoted by f(t) in the fellowing. The first-order approximation to f(z)
mean, that it is composed of straight lines, i.e. f'(t) has a constant value
f'(t) in the interval [£.t,+,].

Thus, the following equation can be obtained from Eq. (46)

15, e fltn)
Woa(s)=——3 f'(t) | o™() de 4 0@ () = (48)
Sn k=0 tr Sn
Substituting n = 1 into Eq. (48) we get

Wis(s) = — — 3 f(a) [oltesn) — o8] + o' (tg) L2 (49)

S (=0 S

which is a simple formula since the samples of the transient function v(z)
are used.

The sine and cosine function can be approximated appropriately by
a trapezoid {1].

The period T belonging to the actual frequency o is divided into M
equidistant intervals according to Fig. 2, where M = 8. Thus both the sin wt
and cos wt functions are approximated by straight lines.
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The approximation of sine function is defined as

cwt if 0 e <y

cm/4 if oy <t <ty
fit) = 1 cid — co(t — t5) if 4 <t <ty (50)

—cm/d if o, <t <t,

—cm/d + co(t —t;) i & <t <ty

where

t; = T/M = =nj(4w) (51)
t, = kt, (52)

The cosine function can be expressed as
J8) = ft + T/4) (53)
The slope of the sides is ¢ » where

c=1.11

which is a correcting factor to make the amplitude of the fundamental harmonic
of the trapezoid function equal to unpity, but ¢ was modified to the value

c=113 (54)
on the basis of test runs.
We shall compute the frequency response at frequencies

w, = 2=/T, (55)

where the actual period time is selected to be an integer multiple of the
minimal period time defined as

T, = MT, (56)
So the following relations are obtained

T, = 1T, = rMT, (57)
w, = 27/T, = 1jr - 27/T, (58)

This means that the equidistant intervals of f(t) are increasing continuously
with decreasing frequencies.
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We shall approximate the integral (44) by taking the integer multiple
of the actual period time, i.e.

ty = KT = K 2z/0 (59)

From Eq. (49) we obtain

Wiis) = — ”1‘31 (’+§4 B It [o(tirn) — v(t)] + )f( v) (60)

S r=0 k=rM

with the limitation

tery < NT,
since the summation can not be extended over the measured interval.

Substituting K = 1, M = 8 into Eq. (60) we obtain for the approxi-
mation by the given trapezoids:

Ry 14(0) = e[o(ty) 4 v(ts) — v(ts) — v(t;) + v(ts)] (61)

Qr12(0) = ¢ {v(n) — u(tg) — v(ts) + v(ts) — v'(tg) 4’";] (62)

where R denotes the real part and Q the imaginary part of the frequency
response function.

The first subscript gives the order of the approximation in terms of
v(t). the second subscript defines the order of the approximation of f(t), and
the third subseript refers to the upper limit of the integral.

The formulas for period K are

111(50)—02 [v(8r + v(8r - 3) — v(8r + 5) — v(8r 4 7)] + cv(8K)
(63)

Q11 k(e CE [v(8r + 1) — v(8r 4 3) — v(8r + 5) + 8T+7)]-—cv'(8K)_§!)_

_ (64)

The derivate of v(t) at the last point can be approximated by the backward
difference. With the second-order approximation of v(t) a correction term
to the real part of the frequency function can be determined, the imaginary
part does not change:

Ror,1(6) = Ry, () — 0" (0K) = (65)

Qz, 1, K(co) = Ql, 1, K(co) (66)
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The transformation based on these formulas is called the middle frequency
transformation (MFT), since it has been demonstrated [1] that the approx-
imation to the frequency response is appropriate in the decade around the
frequency belonging to the phase shift of —180° This domain is decisive
for tuning a controller. Thus, the middle frequency portion ofthe frequency
response computed by MFT can be used for fitting a model which is a basis
of the controller setting.

The accuracy of the MFT is detailed in [2] with several test examples.
Now. only the effect of the choice of k and of the correction term will be
illustrated.

Let the plant be defined by the transfer function

Wis) — 10.112 1)
(1 -+ 0.3545)2 (1 + 2.828s)?

The gain is set to the critical value, thus, on the exact Bode plot of the plant
the amplitude curve a, intersects the 0 dB axis where the phase curve ¢,
has the value —180° (see Fig. 3). The amplitude and phase curves computed
by MFT (Eq. (63). (64)) with different values of K are indexed with K.

aldat ¥

204

10+

wiradsec]
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It can be seen that the approximation with K = 1 is appropriate from
@ = —45° until ¢ = —225°, i.e. the error in phase is less than 5°, and in
amplitude is less then 1d B in this domain. This accuracy is sufficient for model
fitting from the view-point of closed-loop control. With increasing K the
approximation improves in the range of high frequencies.

The effect of the correction term in Eq. (65) is illustrated by Fig. 4.
The exact curves are indexed with p, the MFT without correction has the
index 1 and the corrected MFT has the index 2, both are computed with
K = 1. There is a considerable improvement of the approximation for higher
frequencies, as the correction means the second-order extrapolation of v(z),
which is significant on the initial portion. The importance of the correction
decreases with increasing time, (i.e. at low frequencies) or K.

It can be seen that in the middle frequency range the frequency response
of the plant can be determined with sufficient accuracy by the appropriate
formula of MFT. Formulas (61) and (62) are very simple, but they give good
approximation in the decade, that is the most important for controller tuning.

The computational requirements of MIT are minimal, even compared
with the FFT algorithm. The disadvantage of MFT is the great noise sensivity,
because of the few points used for computation. That is why we have assumed

wlradsec]

Fig. 4
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that the noise-to-signal ratio is reduced by hardware and software means
to a small level. The smoothing procedures are implicit components of the
control packages.

Considerable measure time can be saved by the fact, that the MFT
computes the Fourier integral with an upper limit which depends on the
actual frequency. Thus, the knowledge of the stationary state is not necessary
for the middle frequency analysis.

In the next part of this paper methods for fitting models to the frequency
response will be described and the control application of MFT will be presented.

Summary

Methods for the numerical evaluation of the frequency response from the transient
function are reviewed. The application of the Fast Fourier Transform algorithm to compute
Fourier integral by various approximations to the transient function is described. New for-
mulas can be derived by means of generalization of the approximating methods. The so-called
middle-frequency transformation is presented, which enables the real-time frequency
analysis of the control loop in the middle-frequency range.
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