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The problem of a priori deriving a special transformation for trans-
forming a time-dependent differential equation of a uniform air-gap balanced
two-phased machine to a time-invariant one, was discussed in a previous
paper [1]. A similar method yields a more general transformation which
transforms the time-dependent differential equations of a general machine [3]
to time-invariant ones. A general transformation matrix independent of the
machines’ impedance is derived and with special assumptions this theory is
shown to lead to v, § and other transformations.

1. Stating the problem

The differential equation of a general electric machine [3] can be writ-
ten as

i(t) = A((t) - u(t) (1)

where A is a time-dependent matrix depending on R and L the resistance and
inductance matrix of the machine, respectively, x depends on L and the
column vector of currents ¢ and u is the column vector of the veltages. Time
dependence of the differential equation is due to the machine itself, so it is
useful to transform the original machine into a dq machine with stationary
axes with differential equations time-invariant.

By transforming (1) and substituting

y=Tx @)
where T is the transformation matrix, we get:
¥(1) = (E(t) - T7Xt) + T(OA®T() " 5(t) + Tult) . 3)

* Based on research done at the Department of Electrical Machines, Technical Uni-
versity Budapest. '
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From (3) it is evident that the differential equation of the machine is time-
invariant if

B =TT~!  TAT! 4)
is a constant matrix.

To derive a transformation applicable both for uniform air-gap machines
and salient-pole machines the transformation matrix must not depend on the
machines impedance matrix. From (4) it is clear that this is the case if the
impedance matrix has a special form. Thus not all types of differential equations

of a general machine can be changed from time-dependent to a time-in-
variant one by an impedance-independent transformation.

2. The generalized transformation
From (2) and (4) it follows that
T =BT —TA, (5)

is a solution meeting the boundary condition T(t,) = T,. If ¢(t,t,) is the
transition matrix of

T = BT (5a)
and @,(t, t,) is the transition matrix of
T = —AT (5b)
where the subscript ¢ denotes the transpose.
T(t) = pu(t, to)T(to)pa(t: to) - (6)

Using the Peano— Baker series expansion, the transformation matrix becomes
T(t) = [E + B(t — t,) + Bt — )2l + ... ]T {E — [\ A(r)dr, +
‘0
t Ty
+ s ATy) S Ary)drodr, + ... ]} (M)

to te

where E is an identity matirix and B is a real constant matrix. This trans-
formation can also be used if the impedance matrix consists of harmonic
fields. The transformed differential equations become time-invariant and are
easy to solve.
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For t,=10
T() = exp [BUL(E — [ [ A(r)dn, + [ A(r) | A(radrdr, + .. ]} @)

and the corresponding impedance invariant transformation:

T(t) = exp [kt]T, (9)
where
k, =T -T-! (10)
is a constant matrix.
With the assumptions made above, according (9) not all transformations

are impedance-independent in view of that in general case B can be also a
constant matrix if

T(t) - T(t) =1 = k(1) (11)
T(t) A(t) T(t) 7* = kyft) (12)

where k,(t) and k,(t) are time-dependent matrices.
Hence the general impedance-dependent transformation is:

T(t) = {E + j [ky(71) + Kol7s)]d7, + g“ [ky(71) + ko(7y)] ts (ky(7a) +
+ ky(to)ldrodr, + .. 3 T(t,) - {E — [tg Ar)dr, +

-+ S AfTy) S Afry)drydry + .. ]} (13)
T to
and the general impedance-independent similarity transformation is:

T(t) = [E + S ky(7y)dr; + .S'kl(ﬁ) [ ky(ry)dr, dr, + .. .]T,. (14)

t 7
f, t f

In a specific case where k() and its integral commute

T(1) = exp [ | ky(r)dr, I, (15)

t,

which results (9) if k, is a constant matrix, and t, = 0. Considering (12) we
get for A(t) in it case governed by (15):

A(t) = exp [— | ky(r)dr]ky(7) exp [ | ky(7)d7]. (16)

to t
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3. The generalized y, 6 rotating real transformation

Let us consider a balanced two-phase salient-pole machine, with sym-
metrical two-phase stationary windings and . § rotating windings, where the
stator is of the salient-pole type. Let Q designate the speed of the machine
looked at from an arbitrary reference frame rotating at speed «, referred to the
stationary windings dq. If the rotating reference frame o3 rotates at 2, speed
referred to axes dq, then Q(t) = d/dt £(t) where &(t) = x,(t) — y(t). For
simplicity, a two-pole machine is taken into consideration, but the analysis
applies to any number of pole-pairs The magnetic-flux densities are assumed
to be proportional to the mmfs so superposition can be applied, i.e. saturation
is neglected. Also the space harmonics of mmf are neglected, only the funda-
mental wave is taken into consideration.

From (1) we get

di [L()i(©)] = — R—— [y, I, L. LIL(®)i() + u(t) (17)
t k,

where the phase current and source vectors are

ia(t) “ait);

A ) u— | t)

“= i = ) (18)
is(t) us(t)

and the inductance matrix and resistance matrices are

Laa 0 L,y cos Lam sin §
L{t) = 0 Los — Lpy sin & Ly cos &
" | Lam cos & — Ly, sin §Lg cos? § - Ly sin® & (Lg — Lg) cos &sin &
[ Lam sin ELpy cos & (Lg — Lg) cos Esin & Lgsin® § + Lgcos? §
(19)
respectively where
Laa and Lpy are the self-inductances of windings a and b
Lam is the mutual inductance between winding a and «
Lpm is the mutual inductance between winding a and 3
Ly and L, are constant inductances
and
R, 0 0 0
0 R, 0 O
R = s (20)
0 0 R, 0
0 0 0 R

T
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where R; and R, are resistances of the stator coils, and of the rotor coils,
respectively.

All the other quantities are defined in Appendix (1). Our purpose is to
transform (17) into a time-invariant differential equation.

From (17) the necessary decomposition of hipermatrix is seen to exist, as

=0 =o' [¢ o] [o: ¢ 2

4

is in the desired form (16). Submatrices are found in Appendix (2).

As the transformation T changed the rotating components into stationary
ones, and in electrical machine theory the transformation matrix is defined
in a way to change the new components into old ones, the general rotating real
transformation is

C,=T"1. (22)

The transformation matrix T is obtained by considering (15) and Appendix (2),
therefore using (22):

100 0

010 0 .
Cro= 0 0 cosé —sin & (23)

0 0 sin & cos &

Considering (1), (2), (17) and (23). the transformations for the currents and
voltages are

LLF U, i ia

up 1 {W ip ~1]ip .
—c; ol =g (24)

a, uq i, ig

u; g i ig].

4. The commutator and special brush-shifting transformation

From (23), considering £(t) = =«,(t) — v,(t). the rotating real trans-
formation can be decomposed into the product of two matrices:

C.; = C,Cy (25)
where €, is the commutator transformation matrix:
0 0
0

10
01
0 0 cosay — sing,
0 0 sing, cosa,
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and C,, is the special case of the brush-shifting transformation matrix:

100 0
010 0
§ 0 0 cosy, siny,
0 0 — siny, cosy,{.

(27)

Assuming the elements of € to be constant, it follows from the interpretation
of C_; that the commutator transformation changes the machine with rotating
axes «, {§ into one with stationary axes dq.

5. Conclusions

A generalized transformation has been derived for transforming the time-
dependent differential equation of a general machine. Also by setting up the
equations for a two-phase salient-pole machine and using the special case of
the derived transformation, y, § transformation has been derived.

With other assumptions it can be shown how this theory can lead to
other transformations used in electrical machines theory.

6. Appendix 1
Elements of the inverse inductance matrix are:

k;, = LaaLopLoLg - LaalbmLa — LimLsoLq + LinLim

>LbdeLq - L‘.tz)de O
1. — 0 R < 1= LaaLqu - Lgqu ” .
! cos E("Lamequ -+ LamLEm) T sin S(*LaameLd + Lémem) ’
sin E(—‘LbbLaqu + LamLilz)m €os S(—LaameLd -+ imem)
[ cos 5(“LbbLaqu -+ L%mLam)
I — sin &§(—LaaLlombLa + L‘zzirngm) . .
8= | cos? (LaaLipLq — LaaLim) -+ sin® §(LaaLosLla — LanLon) |
[ sin & cos {[Laaluo(Lg — La) — LaaLtm + LooLam)
[sin £(—LypLamLq + LomLam)
I — Ccos E(“LaameLd 4+ Limem) R .
! sin & cos E[LaaLbb(Lq - Ld) - LaaLém + LbbL;m]
_0052 &(LaalppLg — LZmeb) + sin? &(LaalppLa — LgmLaa).
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Appendix 2

The submatrices of A(t):

E, is an identity matrix of second order,
0, is a zero matrix of second order,

F is a time-dependent matrix defined as

F— c-()s :‘ — sin
E  cos

Uer dre
[ SSw—

matrices A;, B,, C,, D, are constant diagonal matrices;
A = aR, 0 . B, — bR, 0 . ¢, = bR, 0 . D= eR, 0];
0 ¢R, 0 dR, 0 dR, 0 fR,
where the constant elements are
a = (LypLgLq — LimLa)ks'

b
¢ = (Laalalq — LimLo)knn'  d = ( — LaaLomLa + LamLom)ky'
f = (LaaLbde . Lszbb)kl_l1

== ( - LbbLaqu + L%mLam)kl_l1

e = (LaaLbqu - LaaL%m)klvl1

Summary

The problem was to a priori derive a transformation for transforming a time-dependent
differential equation of a general electric machine to time-invariant one.

The general transformation matrix independent of the machines impedance is derived
and with special assumptions it is shown how the application of this theory leads to some
transformations well-known in electrical machine theory.
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