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1. Introduction

This paper concerns time-invariant, lumped parameter, sin'glé-variable
linear systems. ' . '

Canonical transformations are understood as those which change some
kind of a phase-variable form into a variant of JoRDAN canonical form. As
there are at least four JorpAn forms and four phase-variable forms, we have
sixteen possibilities. In this paper, the solution of the sixteen problems will be
-dealt with, not restricted to the case of distinct eigenvalues but allowing many
repeated eigeﬁvalues, too0. e

In the treatise of the above mentioned problems some new conversions
will be introduced, for example, besides the transposes of matrices also the
so-called anti-transposes will be defined. Systematizing the matter, first it
will be shown how the various phase-variable forms can be transformed into
one another, then some remarks will be made about JORDAN canonical forms,
finally transformation from phase-variable forms to JorpAN canonical forms
will be presented.

In the Appendix the results of a previous paper will be summarized for
convenience to enlighten the essence of the canonical transformations. The
canonical transformations, especially in the case of repeated eigenvalues are
somewhat complicated. This is the reason why their systematization will
bring some new results.

2. Variants of the Phase-variable Forms
The first case, that is, the principal veriant of phase-variable forms is
%= A + byu (1)

y = eix -+ du

1*
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where x is an nX 1 matrix (a vector), u and y are scalars and

- 06 1 0 ... 0 0o ~

0
0 0 1 ... 0 0 0
A= ; by =
0 0 0 0 1 0
L —0p —aQ; —Gy . . . —O,_, —0,_ 1 L1
2
EAR bgs by, by . . oy by_e b,y 13 d= b, (2)

For the sake of simplicity, a, = 1 was assumed here and in the continuation_
and the transfer function was assumed in the form

-1 ... . 4
6(s) = by_ys ] - bys -+ by Lb,

n n—1
sta, 8" s S as gy

The second case, that is, the first particular variant of phase variable
forms is defined as

2= A;x" + b

y=-¢ < + du (3)

where
=0 0 0 —a, 7 = by T
1 0 0 —a b,
01 0 —a, b,
A = b, &
00 0 —a,., b,
| 0 0 1 —a,-y Lobaoy
ef &= 0, 0, , 0, 1 1; d & b, ()

The third case, that is, the second particular variant of phase-variable
forms is defined as

X" = A,x" + b,u

(5)

y =c;x" + du



CANONICAL TRANSFORMATIONS 73

where
o,y — Qs . . Oy —@ Ay Ch C 17
1 0 0 0 0 0
A, = b, =
0 0 Co 1 0 0 0
. 0 0 C e 0 . 1.0 4 o L0
=] bpy big .. by, by, by 13 dE= by (6)

Finally, the fourth case, that is, the third particular variant of phase-var-
iable form is defined as
Xt”’ — ‘A3X/’/ + bau

y = e;x” -+ du (7)
where
r—a,-; 1 ... 0 07 T b,y T
—a,-.s 0 . .. 0 0 b, o
A, L N
—a, 0 1 0 b,
—ay 0 0 1 by
L. — %o 0 0 0 L. bo - (8)
c;f o [ 1 0, 0, 0 ]; d& b,

Let us remark that in all the four canonical forms both the input vectors
b and the output vectors ¢ are of special form. One vector has components
which are all zero but one, the latter being unity. The components of the other
vector are equal to the coefficients of the numerator polynomialin the transfer
function.

Sometimes the forms in Eqs. (1) and (5) are called controllability forms
because the controllability matrix

Q.=[b,Ab,..., A™1h)]

is relatively simple, it is a triangular matrix with unity diagonal elements, so
its determinant is unity. The forms in Eqgs. (3) and (7) are called, on the hand,
observability forms, because in this case the:observability matrix

Q, =[c, ATe,... . [AT]" c]

is of triangular form with unity diagonal elements.
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For the sake of systematization let us introduce — besides the transpose
of a matrix — its anti-transpose. While the former is obtained by reflecting
the entries of a certain matrix about the main diagonal, the latter is found by
reflecting the entries about the subsidiary diagonal. If

A = [ay] 9)
then the definition of the transpose is
AT = [a;] (10)

whereas the definition of the anti-transpese is

At = [an—j+1,n—i+1]= (11)
Clearly,
[AT]T — A; [A..L]J.: A; AT.L — A..LT (12)
[AT.L]T: A‘L; {A-’-T]L: AT; [AT.L]TJ. — A.
Now, orthogonal (involutary) n X n matrices will be introduced:
00 ... 0 17
o0 ... 1 o0
E & (13)
01 ... 00
1 0 0 0}
Obviously,
E=E-!'=E"=E! (14)
and
EE-'!=EET=EEt=EE=1. (19)

In a similar manner augmented (n + 1)x(n -+ 1) involutary (orthogonal)
matrices | may be defined with the same properties as expressed in Eqs (14)
and (15), that is,

B =it = BT = (16)
and

o~

EE-'=EE" =Bt =

el

E=1 (17

The interchangibility (commutativity) of E and E-! and ET and Et or E
and E-! and ET and Et is also evident.
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Multiplying from the right side, that is, post-multiplication by E inter-
changes the columns whereas multiplying from the left side; that is, premul-
tiplication interchanges the rows of the multiplicand matrix.

The final step in our systematization is made by introducing (n + 1) X
(n + 1) hyper-matrices as follows:

- (A, by

A& ; 18
o= g a (18)
- [A, -b,] T e -

Al"i\‘: 1 1 — ’—ATO 0 :A'(]; (19)

_c'f d j by d _

N [d  e;] [d o] .

Ae = = Agt 20
P by A, (BRATH T (20
. d 1 [d by] .

A, = = — AL, 21
by Ay | Et Ay 7 (@1)

By introducing the transposition operator' T and anti-transposition operator
1L the complete transformation cycle can be visualized as follows:

A, = T(&,) = A}

L, = 1&) = ITA,) = A* (22)
X, = T®&,) = TLA) =TIT(&,) = 1(X) = A}

X, = L&) = IT(A) = ITL(A) = ITIT(A,) = &,

Thus, the cycle is claused.

Eqgs (18) to (22) expressed the particular variants by the principal
variant. This is, however, not the only possibility. Table 1 summarizes all the
transformations among phase-variable forms.

Table 1

Relationships of phase-variable forms

| - - - -

A, A, A, A,

v ~ . . w1
A= A, Y A x

A= AT i, At AT
1] 2 3

A, = TL At A, AT
- 1] 1 - 3
_ -~ ~r1 ot -
A = : AT i A
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Introducing the augmented involutary matrix in Eq. (16), Table 1 may
somehow be changed into Table 2. : : ~ : »

Table 2

Relationships 6f phase-variable forms

i, i i i,
A= A, Kf =FALE| A _EXE ”jzizfﬁ
i = AT=EXLE A, A'=EX'E | AT'=EAE
A, = AT _EAE| At=FATE i, AT=EALE
A= AL=FATE | A =FEAE| AT=EAE A,

The hyper-matrices can easily be partitioned yielding similar results as
given in Eqs (18) to (21),

[Ag by ] _ [AT cl} _ [ATY byt _ (AL Tt ©3)
L ] T d et d | |by d

AT ey ]_[Ar by | [A% o) [AT b3 o4
B d | |&F a | v o] |

d et ] _ [d  bi] _ d el _ d b ] (25)
bt AT‘LJ et Al [by A, e A3

@ bg)_ {d 4] [ B[4 &) 26
Tt Ar| T (™ AT |e, AT |b, A |

The same result can be expressed in a somewhat modified form:

(A, ho":[Af cl}:[EAzE Ebz]zlEA'gE Ec:,] -
G J ¥ d| |dE d b,E d B
[AT "co“:[Al bl]:[EAEE Ecz}:[EASE Ebs} (28)
by d| | d b,E d e, E d
d ¢oE }: d bE }: [d | cg]: [d h§] (29)
| Eb, EAE Ec, EAJE b, A, c, Al

'd  b,E d ¢FE d B [d & 0
|Ee, EATE| |Eb, EA,E| |e, AI| |b, A,



CANONICAL TRANSFORMATIONS 77

Owing to the fact that in general there is no similarity transformation
by which a transpose A” or anti-transpose A* could be obtained from a matrix
A or vice versa, the system of relationships in Table 2 and Egs (27) to (30)
clearly splits into two subsystems. In Table 2, on the one hand, matrix A,
can be obtained by a similarity transform from A, and so can be A, from A,
and vice versa. The identities A, = Ay, - - -» A3 = A, do also belong to this
subsystem. On the other hand, A, could not be obtained by a similarity trans-
form from Kl and K3, and A, could not be obtained from A, and A, and so
on, but also transpositions or anti-transposition are to be resorted to. In
Table 2, the first and second subsystems are situated like the black and white
fields of a chess-board, respectively. Therefore these circumstances will be
referred to as the chess-board rule.

3. Variants of JORDAN Canconieal Ferms

The principal variant of the JORDAN canonical form may be given in the
form

z = Jz -+~ bu

(31)
y = ¢z+du

where the JORDAN matrix is giver in pseudodiagonal hyper-mairix form
J= diag {Jle Jza LI Jm] (32)

where the k%, Jorpax block

belongs to arepeated eigenvalue of multiplicity k;, where ky, + ko 4. .. + kp =
= n. If some of the eigevalues is distinet (k; = 1., 3i) then the corresponding
JorDAN block reduces to a scalar quantity which is nothing else but the eigen-
value itself §;, == 2, 3i. Thus, the distinct eigenvalue can be censidered as the
epecial case of the repeated eigenvalue.
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The first particular variant of the JorpAN form can be expressed as

z =J% +cu

y = b2’ + du (34)
where
V= diag (V505 ..., T2 (35)
with
-3, -
17
J}' - - . (36)
1 7
2 12
The second particular variant is
z‘r/ — J’I‘J. P + b'l‘.l,u (37)
y =ctz" +du
where
JH = diag [J:_l, R £ (38)
and
b™ = Eb, ¢t = ¢"'E (39)
The third particular variant of the JorpAN form is
z'/// — J_sz// + cTJ-u (40)
y = b*z” + du
where
JJ' == diag [Jme e ]25 J]_] (41)
and
¢™ = Ee, bt = b*E, (42)
We remark that in particular:

Let us define a (n + 1) x(n -+ 1) augmented canonical matrix,

J b
T <= . 4
i [ d} (44)
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Then,
ra 45
V=l 4 - (45)
d b™]
FTL
i =[ o (46)
and
d cTJ.
T+ —
ji = [ g @)
4. Canonical Transformations
It can be shown (see Appendix) that there exist a transformatioa
x=DLz z=L"% (48)

which converts the principal phase variable form into the principal Jorpan
form yielding

J=L-AL, b==L-1h, cf = c}fL (49)
where
S TR 0 7
iz 0
b= é] J: Ea (i=12 m) (50)
jm‘l 0
_jnl -d L. 1 o

Introducing the augmented transformation matrix and its inverse:

Lo L0 L L-1 0
Lé[ }; L“lQJ } (51)

0f 1 of 1
J b L-t 0][A, bJ|L O
= (52)
& d 0" 1| ajlot 1
or
J=L14L (53)
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Taking Eq. (19) into aecount a transposition yields

G S 54)

or
7 oe FLT 0 L~ 0] ([LTALM LTbl]
Bt od| |0 1| d oo 1| [dfLT g | 3)

From Eq. (54), and taking Eq. (20) into consideration an anti-transpositioh
vields
jT.L — I’j—lT.ngi“T.L (56)

de ] 1O S ) [4 )
bT-'-JT.L = 0 LT bz A2 ..0 1 = L-1T1_b2 L—IT'LAzLT'L . (D!)

Here 01 = 0T and 0™ = 0 were also considered. Finally, from Eq. (53) and
taking Eq. (21) into account, an anti-transposition yields

or

Jr=AE (58)

d €] [1 0°fd < J[1 OF d e L™H 59)
e = . a
bt gt | |0 L: [b3 Al o L7 1w, 1AL

Substituting A,

or

EALE into Eq. (53) we obtain

I

J = [L'E]A, [EL] (60)

~ o~

Substituting Kl = EAgﬁ into Eq. (54) we obtain
= [TTE]A, [ET-7] = [ET1 &, [T E] (61)
where LT = Ei*E and EE = I were also considered.

Similarly, substituting Kz =E ‘Xo E into Eq. (56) and taking
E"=ELE L™ =EL-E and E E = I into consideration yields:

~

I = [EL '] &, [LE] (62)

~

Finally, substituting A, = E A,E into Eq. (58) yields

= [LtE] A, [EL-M] = [ELT] A, [L-"E] (63)

where It = BEL'E and E E = I were also considered.
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Egs. (60) to (63) could be obtained also in another way, for example
Eq. (54) and J* = E J”E would immediately yield the second expression of
Eq. (63).

The canonical transformations are summarized in Table 3. This configu-
ration shows clearly the chessboard rule.

Table 3
Canonical transformations
A, A, A, A,
|

i A [£-EIX, (%]
~ o [L'E]&,[EL-7]
4 AL {[ﬁi%[f:-uﬁ]
T [£1-1]&,[(F] §-mag g
e

[ET*]A,[TE]

5. An IHustrative Example

For the sake of simplicity we solve only a very simple example. Let
us start with the improper transfer function:
6ls) = bt £ bis by g _ bbby o

(s +1)3(s+2) s34+ 5s+2

(for d = 0, G(s) becomes a proper transfer function.)

The roots of bys® + bys + b, = 0, that is, the zeros of the transfer
function are assumed not to coincide with —1 or —2. Such a system is com-
pletely controllable and observable.

The principal case of the phase variable form is

0 1 0 0
X = 0 0 1] x+f{0fu
-2 =5 —4 1
by,

y= by, byl x4+ du.

According to the Appendix, and with
N(=l)=2s+ 4| ,=2; Ny(-1)=1,_._,=1 Ny(—1) =0
N(—1)y=+4s+5]__;=2; Ny(—1)=s+4__ =3 Ny(—1)=1

N(—2)=¢s*+4s+5 isz_gz 1; Ny(—2)=3s5-+4 isz 2= 23 Ny(—1)=1
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S 1 1

£ = o = — =1 150 = 050 = — 2 =1
8§ 2 l§==—1 (S + 2) s=-1

= o= — | =
(S —Ir 1)2 §=—2

Thus, the transformation matrix is

1 0 1)1 -1 0 I -1 1
" L=|—-1 1 —=2[|0 1 0f=|-1 2 =2
I —2  4ff{0 o0 1 1 -3 4

whereas 1ts inverse is

e

.L

I
P
— b0 B
(RO

The entries of J and b, ¢T are
—1 1 0 0
J=L-A L= 0 —1 0l; b=L-b,=|1

0

0 —2
" = oL = [by — by + by, —by -+ 2by — 3b,, by — 2b; + 4b,] .

The second particular variant of the phase variable form is

—4 =5 =2 1
=1 0 0]s"+]|0|u
0o 1 0 0

y =[ by by, bolx" 4+ du.
The appropriate transformation matrix is now

0o 0 1 1 —1 17 1 -3 4
EL={0 1 0fj|~—1 2 —2 =11 9 -9
1

M= DO
ood
|
[

1 0 0 1 -3

1 0 of |1 }

-1 1 0 0'1
J = [L-'E]A,[EL] =[ 0 —1 }; b= [L-1E]b, = |1
: 0 0 1J

0
—2

and its inverse is

2
LE =|2
1

IRty
et
{rm——————
o o
-
Y
It
—
[ty
—_ S D

Really,

e = CN[EL] = [b, — by + by, —3b, -+ 2b, — bodb, — 2b, - b,] .
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Thus, again the principal variant of the JorRDAN canomnical form is obtained.
The validity of the other transformatlons summarized in Table 3 can similarly
be illustrated.

6. Supplementary Variants of Canonical Transformations

Table 3 shows some holes which cause a feeling of want. Allowing trans-
positions or anti-transpositions could fill in these empty spaces but this would
‘be only an illusory solution yielding the already obtained results. (For ex-
ample, [,~2AT I.is essentially the same as [,72A,I..) The question arises whether
there are still other possibilities.

Owing to the special structure of J, matrices J* and J* may be expressed
by special similarity transformations. For any Jorpan block J,, namely,

[ =EJE and J} =LJ1, =1, (64)

where ‘E; and I, are k; X k; matrices both reducing to the scalar 1 in the case
of k; = 1, that is, for distinct eigenvalues.
Let us now define a transformation matrix and its inverse by

EJ = Ejl == E§ — Eleé diag [ED EZ’ « e Em] . (65)
It can be shown that
; F= EJ]EJ and J = EJJTEJ ’ (66)
.Furthermore,
Ji = EEJJEJE and J = EJEJ"'EEJ (67)

Egs (66) and (67) express the desired similarity transformations.
’ Let us start now with the reduced Eq. (54). Taking Eq. (66) into account
we obtain

J = EL"AL-7E, (68)

expressing J in terms of A;. Thus, the hole in the first row and second column
of Table 3 seems to be filled in. Transpositions and Eq. (19) yield

J' = E/L-'A/LE, (69)
expressing J* in terms of A;. Eq. (68) seems to fill in the hole in the second

row and first column of Table 3.
Let us now define an augmented transformation matrix:

=R
o]

<
I

E; =E;" = diag [E, E,,.. . E_, 1]. (70)



84 F. CSAKI

An analogue: expression to that of Eq. (68) would be

o ELT 0](A b, L“—‘ITE: 0 '
EJLTA1L_HEJ=[ J }[ 1 1}{ J ]:

: 0" 1|l d 0T 1|
| . (11)
_ E JLTAIL "E, E L', : o
LT E J d

Although there is J again but E /L, = E L', = band L™ E, = b,L "E , =
== ¢', thus, J is not obtained. Remark that E JLTbl gives ¢ and ¢;L~E 7 gives
bT however, both with interchanged entries.

Table 4

Supplementary canonical transformations

i i i i
[71 EIALTE, EELALLVEE,
ELTEA EL K,
(7] EL-ALE, ELEAELE,
[7™] EE L"A,L-"EE EE L84 ELE B
[34] EE L 'ALEE EE ;L 'EAELE B

Table 4 summarizes the supplementary transformations. The relation-
ships are given for multiple eigenvalues, whereas the brackets applied to the
augmented JOrDAN forms will indicate that b and ¢® or ¢ and b are not on
their prescribed places and they are not obtained in the desired form but only
with interchanged entries whereas the nxXn JorDAN forms are correct. For
distinct eigenvalues the canonieal form is obtained with rightly ordered b
and c” but their places are interchanged.

7. An Illustrative Example
Let us start once more with the problem discussed in the previous

illustrative example. The phase-variable form is given by the first particular
variant, that is,

0 0 -2 by
A,={1 0 —5|; by =]b
0 1 —4 b,
e; = [0, O, 11; dy=d.
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According to Table 4, the suitably reduced transformation matrix and its

inverse are

0 1 oy 1 -1 1] [-1 "2 3
EL" =1 0 off-1 2 —3f=[ 1 —1 1
0 o 1]] 1 —2 4] [ 1 —2 4
2 2 13 0 1 0] [ 2 2 1
CLTUE; =1 3 2f| 1 o of=| 3 1 -2
o 1 1l o o 1] [ 1 o 1
These yield
—1 1 0, —b,+2b, —3b,
_ 0 —1 01 by—b, +b,
UI=1 0 0 —2i by—2b+4,
10 1 d

8. Some Special Ceases

In the case of distinct eigenvalues JorpAN canonical forms J reduce

to diagonal canonical forms A.
Let us see once more the first particular variant of the phase variable

form. ;
If the eigenvalues are distinct then E; and ‘EJ become n X n and (n -+ 1) X
(n 4 1) unity matrices, respectively, and then, from Eq. (71) the solution is

LTAL" L, | A LTcO‘I o _
= a1-A (72)

[ L™ d | |p,L7"

where £ is the diagonal matrix of the eigenvalues. Eq. (72) supplies the trans-
pose of the form looked for. _ '
In this case, instead of [A] we obtain A". The latter result could also be

obtained from the appropriate expression in Table 3.
For distinct eigenvalues Tables 3 and 4 express the same relationships.
Another interesting special case arises if the JorRDAN canonical form
consists of a single JorpAN block, that is, a single multiple eigenvalue exists,
and moreover there is no numerator dynamics and the gain factor is unity iz

the proper transfer function. In such cases

~ 1
G(s) = ————~——(S T ;
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9. Two Illustrative. Examples
First, let us start with the improper transfer function

2.1
G(s)—_—bzs |b13+bo+d.

s(s+1)(s+2)

According to Table 3, from the principal variant of the phase variable form
we obtain:

2 3 1 03[0 1 0 0112 -1 1/2 0 0 0 01

0 2 1 0f]0 01 0 0 1 —1 0} 10 —1 01 =%
6 1 1 0}]j0 —2 -3 1 0 -1 2 0f |0 0 —2 1|7
0 0 0 1]lb, b, b, d 0 0 01 ¢ ¢y €3 d
where

o =(1/2) by ¢y = —~botbi—by 5= (1/2)by—b,+2b, .

On the other hand, according to Table 4, from the first particular variant
of the phase-variable form we obtain:

2 0 0 0J[0 0 0 b,Jf/2 0 0 O 0 0 0 ¢

3 2 1 01 0 —2 b (f—1 1 1 0} [0 —=1 0 cpf X

1 1 1 0[]0 1 —=3 b,]j1/2 -1 2 0| |0 0 —2 c5| °

0 0 0 1Jj0 0 1 d 0 6 0 1 11 1 4
Secondly, let 1, = — « and k; = 2. The principal variant and the first

particular variant of the phase variable form is represented as

0 1 0 0 — 1
Ap=|—2 —20 1| ,A;=|1 —2¢x 0

1 0 0 0 1 0.

1 0 1 0
L= N L"l—_z
el

and according to the first row first column expression in Table 3 we obtain:

1 0 O 0 1 0 1 0 o —x 1 0
a 1 0f]—a® ~20 1|}—a 1 Of= 0 —¢ 1| =17
0 o0 1I1Jp 1 0 0 0 0 1 1 0 ¢

Now
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whereas according to the first row second column expression in.Table 4. we
have: '

0 1 0}Jf0 —o* 1fe 'Y 0] [—a« :1 0

1. —2 Of}11 —2x¢ Ofi1 0  O|=} 0 —o 1| =17
0 o0 1f]o 1 0Jj0 0 1 1 0 0

In this case Tables 3 and 4 merge and we have sixteen canonical transformations,

10. Conclusions

In the foregoing treatise four variants of phase-variable forms, four
variants of JORDAN canonical forms have been defined and for the sake of
descriptiveness we introduced augmented matrices. Besides similarity trans-
formations allowing also transpositions and anti-transpositions would yield six-
teen possibilities of turning from one variant of phase-variable form to one
variant of JORDAN canonical form, see Table 5. If, however, nothing but simi-

Table 5

Relationships of phase-variable and JorpAN canonical forms

% | & =aT =il L =Af
] LA CTER LT L AMg [frA f-1]e
o o | N i | oo
JT AL i IR i-" [T T A1
jr f-rmyTgTL ! [£73 -]t z 1Ty [fAX, 14
It [EA L]t TLATg-1L R I LA 1

larity transformations are considered then there are only eight possibilities, see
Table 3. Modifying somewhat the JoRDAN canonical forms results in eight
other possibilities as given in Table 4.

For distinct eigenvalues, Tables 3 and 4 express essentially the same
similarity transformations,

In the very special case of one multiple eigenvalue and unity gain,
Tables 3 and 4 yield althogether sixteen similarity transformations.

Appendix

In previous papers [1,2,4] we have shown that when starting from the
principal variant of the phase-variable form, Eq. (1), the principal variant
of the JORDAN canonical form, Eqs (31) to (33), can be obtained by an appro-

2$
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priate similarity: transformation, Eq. (48), which is called modal transforma-
tion. At the same time the requirements of Eqs (49), (50) can also be satisfied.

VANDERMONDE matrices are known to be modal transformations. Van-
DERMONDE matrices, V do not, however, satisfy these requirement in Egs
(49),(50) in general.'For this purpose a special matrix T has to be introduced
such that : :

L=VT, L-1=T-V-! (A1)
and | | ‘ ‘
T-V-iby=3 or Tj= V-1h,. (A2)
Furthermore,
T-JT =] (A3)
or
JT=1), T-J=JI! (A4)

must also hold. According to Eq. (A3) T will be called commutativity matrix.
The JorRDAN matrix is given in pseudodiagonal form and so are T and T-%:

T =diag[T,,T,,....T,]
T-! — diag [T, Ty, . .., T2 (45)
with
T3, =1J, (A6)
and
IT,=1J,. T79,=317". (AT)

I

Evaluating the latter relationships in Eq. (A6), for the elements t{” of
T, and elements T{) of T—1 it becomes obvious that both T, and T; ! are upper
right-hand triangular matrices:

R R
t%l')_ .
T, =] SRR () (A8)
i )
R =
20
i T (A9)
TZ-
_ o



CANONICAL TRANSFORMATIONS 89

After some computations, based on Eq. (A2), itis shown that -

21 = ng?,
t, = wE‘,)_ 1,n
(A10)
lki— 1 = 'lvgrz
tk', = w(lln)

where w{) are the entries of W, figuring in

Elements of the inverse matrix can be obtained by recurrent relation-
ships:
1

(i) —
T =
1 £()

j-1
= L5 o (AL1)

tl) 5

or

2 wfil_y 2 7, (Al2)

lu"’h n

Holding Eq. (A8) and (A9), from Eq. (A2) the final transformation
matrix, L and its inverse, L—1can be obtained. Let us start from the character-
istic equation

m

D(s) = H (s — 2% (A13)
and define ' i

IO (1

Dys) = —,
B = D(s)

(Al4)
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Let us define furthermore
o1
e o Di=1(2,) (A13)
and
1
o) & m AE1(2) (A16)

where superscripts (kK — 1) mean derivations.

Then, after some computation the following results become obvious:

ORI O
t;(‘-l) (55‘-[)
Because of these properties
7 70 Ty [ Lo ol
T D = T(ll) : . co 6(11)
i i . Tg) éél) ]

. ,ng), .5§i)'

the latter being a row changing matrix, and

T-D-! = diag [,El’ E,....

The inverse VANDERMONDE matrix can be expressed as (see [1]

W=V1=D"1Q

and so
L= T"1W =T-1D-1¢ =
where
; -1 () 1 o
——— N{E(), ———— N{(2y,
(k;—1)! ' (k;—1)!
N= : :
Ni(2), Ny
L Ny(2y) No(%)

(A1T)
1
— [y n
= 1 = K,
1
(A18)
E,]. (A19)
or [2]):
(A20)
- N, 7
N,
(A21)
LNm_J
1 =
= N,
(& —1)! Niim)
cees Ni(2)
NG)

(A22)
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On the other hand, from Eqs (A2) and (A6)
L= VT =V diag [T, T, . . ., Tn] . (A23)

Although L in Eq. (A23) is more complicated than the original VANDER-
MONDE matrix V, its inverse, as given in Eqs (A21) and (A22), is much easier
te obtain.

Summary

The possibilities of canonical transformations are systematized. Defining four JoRDAN
canonical forms and four phase-variable forms permit eight similarity transformations as
summarized in Table 3. Some modifications of the JoRDAN canonical forms enables eight other
similarity transformations as shown in Table 4. Illustrative examples are also given.
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