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Introduction

In control techniques the Laplace transformation is the most frequent
method for determining transient responses and investigating the dynamical
characteristies of elements or systems. By means of Laplace transformation,
the differential equations or the set of differential equations describing linear
invariant systems can be converted into algebraic equations or set of equations,
respectively, drawn about the behaviour of systems. In spite of the fact that
returning from the operator domain into the time domain -- that is, the
inverse Laplace transformation — is theoretically well established and solved,
its performance may encounter difficulties as to the caleulus procedure. That
is only why we considered it advisable to develop a computing algorithm to
perform inverse Laplace transformation, that is, to determine time function.
In case of distinct poles a very simple and rapid algorithm or rather a complete
ALGOL program is described in [5]. Another computing program described
in [21] can be used in case of at most threefold multiplicity. This method can
be expanded in theory for multiplicities higher than three, but it demands a
lot of computing. DuBNER and ABATE [5], Zagran [23, 24, 25], StemFEST [19,
20] and Piessens [16, 17] carried out inverse Laplace transformation on dif-
ferent theoretical bases and their results had been compared by ATkiNsox and
La~g [1].

1. Determination of residues

In most cases it is the rational {ractional functions whose inverse Laplace
transform must be determined in control engineering practice. Then the frac-
tional function must be factored and the partial fraction coefficients must be
determined. Contrary to mathematics here these coefficients will be called.
A brief historical review will be given below of the applications of this method,
without claim to completeness.
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PorTLE [18] has developed the digital computer oriented version of the
pioneering iterative method due to Moskowitz— Racker [12]. Kvo~—Kai-
SsER [11] proposed a simpler and more suitable method but some of its
inconveniencies have to be mentioned, e. g. transforming the multiple poles into
the origo, power series expansion, error accumulatlon and running-time con-
sumption. Brucia [2] suggested a non-iterative method for calculating the
residues independently of each other. The main disadvantage of this method
is that even the numerator must be factored. CHEN and Hasas [3] and CHEN
and SHIEH [4] worked out a generalized matrix method. The method described
below is based upon C. W. VALENTINE’s paper [22].

Let the Laplace transformation of the output signal in the system have
the following form:
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Our purpose is to get the residues Cj, by a recursive way. The coefficients Cj;

can be defined as follows:

. N(s)“

i1
! Dj(sj)

where s; denotes the j-th pole, and:

Dis) =[] (s — 5) (3)
j=1
ji

Our statement is that the residues C;, can be determined by means of the
formula:

c N'(s;) — C; - Dj(s;)
j2
D/(sj)

where superscript denotes the derivates of s.

(4)

Proof
Expressing the term containing C;, from Eq. (1):
C/“.’. — _]\T(s) . 2 ;V’ C{k (5)
(s —sp)ht Dis) - (s — sp» = = (s — )t~k
(i1 k#2)
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and rearranging
g

— lim { I\T(s) o le } —bLm [.N.(S) - le : D](S)] . (6)
s—si (s —s,)- D(s) (s —s)) s=sil (s — 57) - Dy(s)

C.

j2

Using the L' Hospital rule C;, is given by

C. = N(s) = Ci - Difs) :_zi_(ﬂsl ()

/2 D(s)) ds | Dys)

§=5;

Thereby statement (4) has been verified.
Generalizing the above train of thought for Cj;, the following formula is
obtained:

k-1
Ne=H(s) — 3 ((’; — 1)) i DED(s)
Cjk i (’1 - 1) D](S) T (8)

Although this formula is a recursive term suitable for determining the
residual coefficient, it is advisable to rearrange our formula in view of the
programming work. The computation of term (8) is difficult because of the
need to determine the derivates of the numerator and their substitutive values.

The Tavlor’s series of the numerator and the denominator about the i-th
pole is given by:

N(s) = po = pils — ) = pals — s + ... = pa-(s — s)% + ...

, ; ) ‘ . 9)
D(s) =qy + qus — 8;) = qols — 8> + ...+ g5 (s — s+ ..

They lead to the formula fundamental to the program in the Appendix:

Pi—1 — S C i

Cy = = . 10
ik 0 ( )

The inverse Laplace transform of C,(s) can be written with the help of the
residues as follows:

P A; .
‘() 2 2 - l/\ . =k . esit (]_1)
=1 i (A — k)!
writing the root s; in the form s; = ¢, 4jw,, the final expression of the time func-
tion is:

v 0Lt [Re Gy cos (1) — Tm Cpgsin ()] (12)



40 M. VAJTA, jr. and T. KOVACS

Although this expression is less known, it is rather practical as it implies
real arithmetic.

2. Descripiion of the program

In accordance with the above mentioned we have written a digital
program permitting to determine the inverse Laplace transform of any expres-
sion Cy(s) given by a rational fractional function. The inverse Laplace transfor-
mation or more exactly the determination of the points of function ¢, (z) in
possession of coefficients Cj, is carried out by the INVL procedure. This consti-
tutes the core of the program. The flow-chart shown in Fig. 1 explains the

input data
yes
e=2 4=
yes i
the polinomial is obtained determination of the roots

on the basis of poles and zeros of the polinomial

; ¥

identification of the multiplicities
of the roots
I

J=1

1
l expansion of the numerator l

| expansion of the denominator l
¥
I defermination of Cj ‘

]

yes

[ calculation of cilt)

Fig. 1. The flow-chart of the program for inverse Laplace transformation
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operational principle of the procedure. The formal parameters of the procedure

are as follows:

ie = specifies how to give the input parameters of the program. It equals
one, if the poles and the zeros of the function C,(s) as well as the
polynomials of the numerator and denominator are known. Its value
is two, if only the poles and zeros are known, otherwise only the
polynomials are known (i),

nn = order of numerator (i),
nd = order of denominator (i),
a = coefficients of numerator, polynomial [0 : nn], a[0] is the coefficient

of the highest order term of the numerator,
b = coefficients of denominator polynomial [0 : nd],

b[0] is the coefficient of the highest order term of the denominator,
iz = number of zeros in the numerator (i),
ip = number of distinct poles of C.(s), (7),
pz - = array of poles and zeros of C,(s), [1 :iz4+ip, 1 :2],

re im
} iz
e 1 7%

mmu = maximal multiplicity of denominator (i),
mu = array of multiplicities of poles and zeros [1 : iz--ip], multiplicities of

zeros are always one,
t == initial time value (r),
dt == increment of time (r),
te = final time (r),
fo = initial value of ¢.(t), (r),
fv = final value of ¢,{t), (r),
tp = points of ¢,(1), (1),
fi = array of time values, [1 : tp],
ft = array of values of ¢, (t), [1 : tp],
cor = array of real parts of residues, [1 : ip, 1 : mmu],
coi = array of imaginary parts of residues, [1 :ip, 1 : mmu].

The procedure can operate with three different kinds of data presentation
depending on the value of parameter “ie”. If the pole-zero configuration
and polynomials of the numerator and denominator are known, the residues
can directly be calculated.

If only the pole-zero configuration is known, first the ZEPO procedure

yields the polynomial coefficients.
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The formal parameters of the ZEPO procedure are as follows:

ze = 1is the array containing the roots of the polynomial to be determined.
The real parts of the roots are in the first, and the imaginary ones in
the second column. The multiple roots must be written in a separate
row, [1:n, 1:2],

n = pumber of roots (i),

po = array of the coefficients of the polynomial, [0 : m],
pof0] is coefficient of the highest order term of the polynomial,

m = power of the polynomial, (7).

The ZEPO procedure involves the MULT procedure, which determines
the product of two polynomials. '

Tf only the polynomials are known, the roots of the polynomials are
determined by ROOT procedure, and by their investigation the multiplicity
of the roots.

The ROOT procedure has the following formal parameters:

a = array of the polynomial coefficients, [0 : n],
af[0] is coefficient of the highest order term of the polynomial,
n = order of the polynomial, (i),
x = array of the real parts of the roots of the polynomial, [0 : n],
¥ = array of the imaginary part of the roots of the polynomial, [0 : n],
eps = relative error solution, (r),

It follows naturally from the three kinds of data presentation that not
every formal parameter of the INVL procedure will be assigned arbitrary
value. Thus the pattern and the sequence of the data tape have the following

form:

m = order of numerator, (i),

n = order of denominator, (i),

kz = number of distinct zeros of numerator (i),

kp = number of distinet roots of denominator (i),

mult = maximal multiplicity of the denominator, (i),

ten = integer variable controlling the data presentation, (i),

ti = initial time value, (r)

dt = increment of time, (r),

te = final time, (r),

a = array of the polynomial coefficients of numerator if ien = 2 then
[0 :m], these are not

b = array of the polynomial coefficients of denominator| needed
[0 :n],

mul [i] maultiplicity if ien = 2 and

poz [i, 1] real part of poles and zeros ' ten = 1 then

these are not

poz [i, 2] imaginary part of poles and zeros | :
needed
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3. Example

To support this method and the adaptability of the program let us

compute the inverse Laplace transform of the function given by Brucia [2]:
s (s -+ 3

IR IR O I A ey o

Ci(s) (13)
This is a rather extreme function nevertheless very suitable to demonstrate
the versatility of the program. If beyoud the pole-zero configuration also
the polynomials of the numerator and denominator are known, the values on
the data tape are as follows:

5,13, 5,4, 6,1, 0.1, 0.05, 20,

1, 12, 54, 108, 81, 0, (coefficients ofthe numerator)

1, 14, 93, 388, 1133, 2442, 3991, 5000, 4794, 3468,} (coefficients of the

1836, 672, 152, 16, denominator)
1, 0, O,

1, —3, 0,

1, —3, 0,; all zeros

1, —3, 0,

1, —3, 0O,

6, —1, 0,

1, —2, 0, .. i

3. 1. 1, distinct poles

3, —1, —1,

The resulting time function ¢(t) is seen in Fig. 2. In Table 1 the residues are
given one by one. With their help the time function can be produced even
analvtically from Eq. (12).

If the term (13) is given in polynomial form the ROOT procedure yields
the following roots:

p; = —1.00174 — jO.01172 ~ —1
p. = —1.00174 - j0.01172 o« —1
p; = —0.99684 — j0.00466 ~ —1
py = —0.99684 4 j0.00466 ~ —1
p; = —0.98941 o —1
ps = —1.01342 |
p, = —2.00000 o —2
ps = —0.99886 — j0.99968 ~ —1 —j
Py = —0.99886 4 j0.99968 o~ —1 +j
Pio = —1.00085 — j0.99917 o —1 —j
Py = -—1.00085 4+ j0.99917 ~ —1 +j
P, = —1.00029 — j1.00115 &~ —1 —j
Pz = —1.00029 4 j1.00115 o« —1 +j
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The procedure obviously produces the multiple roots of the polynomial of 13th
order at a relatively great accuracy. Knowing the roots the program states
their multiplicities, yielding in turn the residues.

03}
Clt)
02 Cols) = sls+3)* )
K+ 1)8(5+2) (s 1 4] (s # 1]
arr
, , K ,
5 70 20 tfsed]
'0:7
-2+
Fig, 2
Table 1
Re Cy
Poles Multiplicity | i
1 2 3 4 5 ; 6
~1 6 —16 0 56 8 EETSUNN !
—2 1L 0z 0 : 0 0 0 * 0
—1—j 3 —0.875 = —20.625 11.125 0 0o | 0
—1+j| 3 —0.875  —20.625 11.125 0 o | 0
Im Cy
Poles Multiplicity - -
1 2 3 I 4 | 5 6
| | |
~1 6 0 o000
-2 1 0 | | o 0 0
~1—j! 3 -3 40625 | 8l o | 0 0
~1+j 3 — 40625 | —81 A
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It is worth mentioning in connection with the calculating of the residues
that both thenumerator and the denominator have been expanded into series by
aversion of the well-known Hor~NER’s method [15], extended to complex form.

The time function shown in Fig. 2 can be considered as the impulse
response of a control loop described by C (s) (13). It may be instructive to
show also the step response of the same control loop in Fig. 3, again determin-
ed by means of the inverse Laplace transformation. The residual coefficients
are given in Table 2.
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4. Systems analysis with inverse Laplace transformation

Our Laplace transform inversion program is very suitable for analysing
control loops. This will be demonstrated on example:
Let us consider the control loop in Fig. 4. The transfer functions of

rit) eft) _I+slp _ K clt)
R(s) Gl T, b= e e cfs)
Fig. 4. Block representation of the control loop
the two elements are:
1+ T +1
Gyfs) = ———2 =2= (14)
14 5T, s+ 2
X 0.5
Gofs) = g = — (15)
s(1 + 2&Ts + T%%) s(s 0.5 — j3) (s + 0.5+ j3)

0
where T =1 [sec], T, = 0.5 [sec], T = 0.329 [sec], & = 0.16425, K = 4.625.
The transfer function of the open loop is

G(s) = G, (s) - Gyfs) =

—— —. (16)
s{s +2)(s + 0.5+ 73) (s + 0.5 —j3)
If the input signal to the open loop system is §(t) or 1(t), the Laplace trans-
form of the output signal is

Cials) =G(s) if (1) = o(1) (17

and
Cools) = 6(s) it 1) = 109 (18)

respectively.

With the help of the program described here wehave determined their
Laplace transforms. In Fig. 5 the function ¢, (t) (that is, theimpulse response
of the open loop) and in Fig. 6 the function ¢,.(¢) (that is, the step response
of the open loop) are shown.

As the open loop is integrating type, the function c,,(t) will monotonously
increase in time after decay of the transient part. In Tables 3 and 4 the residual
coefficients are given, and with their help the time functions can be written
even in analytical form, e. g.:

cy(f) = 0.054054 -+ 0.04444 - e~ =
e703 . [0.049249 - cos (3) + 0.0066066 - sin (31)] + (19)
e=03 - [0.049249 - cos (—31) + 0.0066066 - sin (—31)] .
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Fig. 5. Impulse response of the open loop system
05
Cralt]
a4
a3+
_ s+
ool Ciale s2s+2){s+05+/3)(s+05—3)
ar

7 2 3 4 5 6 7 8 9 10 tlsec]

Fig. 6. Step response of the open loop system

Table 3
Poles l Multiplicity Re Cj Im Cy
i i
|
0 ‘ 1 1 0.054054 i 0
-2 1| o0 |0
—0.5-+j3 1 1 —0.049249 | —0.0066066
-035—j53 1 | —0.049249 i 0.0066066
|
i i
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The resultant transfer function of the closed loop system is:

W) = —2)_ s+ 1 . 20)
1+ G(s) st 1. 3s% 1 11.25s24-19.55 - 1
The poles of the system can be determined by the ROOT procedure:
p1= —0.052873,
pa= —2.0449, (21)

ps = —0.45113 — j3.0076,

ps = —0.45113 + j3.0076 .

It is seen that the feedback changed the integrating type into proportional
type and also the poles have got other values. Excitation by 4(¢) and by 1(¢)
of the resulting system yields impulse and step function, respectively. These
results are plotted in Figs 7 and 8, the residual coefficients are given in Tables 5
and 6. On the basis of these functions characterizing the system the analysis
can be carried out and even system performances can be determined.

g12 +
Cerlt)

a1t

Cs;'{‘f}: A T $+72 T
008 544353+ 112552 #1955 +1

006¢

004t

g02

2 4 6 8 70 72 14 16 8 20 22 tlsec]

Fig. 7. Impulse response of the closed loop system
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C52[°°}=7

7’0 e e e e e — - —

a8

06
0% |-

a2+

s+7

Csofs) =

§5+354+712553+ 79552+ 5

49

0

30

20
Fig. 8. Step response of the closed loop system
Table 4
Multi- | Re Cy ‘\ Im Cy
Poles plicity ; T - - - N -
0 2 | 0.051054 0.021183 0 L o
—2 1 ; —0.022222 | 0 0 Lo
—05 =73 1 | 000051944 0 0.016330 0
—05—73 1 | 000051944 | 0 —0.016330 | 0
| |
Table 5
Poles Multi- | Re Cy Im Cj
plicity i !
—0.0529 1 1 0.051657 | 0
—2.0449 1 | 0.045274 % 0
—0.4511 -~ j 3.0076 1 ‘ —0.048466 | —0.0085753
—0.4511 —  3.0076 1 | —0.048466 [ 0.0085753
| |
Table 6
Poles : ;{:zlxttl; t‘ Re Cy i Im Cy
0 o 1.00000 | 0
—0.0529 L1 —0.97600 0
—2.0449 b1 002214 0
—0.4511 +73.0076 | 1  —0.00042542 |  0.016178
—0.4511 —j3.0076 1  —0.00042542 —0.016178

4 Periodica Politechnica EL. 18/1

i Isec]
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Summary

Recursive relationships of factoring the rational fractional functions by means of
the TAYLOR expansion of the numerator and the denominator of the transfer function are
briefly described. These helped to establish a complete ALGOL program for determining the
inverse Laplace transform of the rational fractional functions with arbitrary multiplicity.
In addition to the program two examples are shown to demonstrate its way of operation.

APPENDIX
begin
integer i, j, m, n, kp, kz, mult, ien, it, po, type, kl, k2, k3;
real ti, dt, te, fo. fv, del, al, a2, t;
input(m, n, kz, kp, mult, ien, ti, dt, te, del);
comment This program evaluates the inverse Laplace transform from the transfer function
G(s) given in term of rational fractional function with multiple poles.;
it=entier ((te—ti)/dt)+1;
begin
integer array mul[l:kp-+kz];
real array a[0:m], b[0:n], poz[l:kp-+kz, 1:2];
real array fi, ft[l:it], cor, coi[l:kp,l:mult];

procedure KOM1(al, a2, bl, b2, el, ¢2, in);
value al, a2, bl, b2, in; integer in:
begin integer i: real x1,x2; switch s=sl, s2, s3, sd;
goto sfin];
sl: cli=al--bl: c2:=al--b2: goto vege;
s2: cli=al—bl; c2:=a2—Db2; goto vege;
3: cli=al xbl—a2 xb2; c2:=al xbl-4al xb2; goto vege;
4: x1:=bl xXbl-+b2 xb2;
if x1<t,,—30 then begin lines 5;
text The complex number is divided by zero.: lines 5
goto vege end if;
el:==(al xbl-+a2 xb2)/x1l; e2:=(a2 xbl—al xb2)/x1;
vege:
end of procedure KOMI:

1

w o

procedure MULT(poll, i, nl, pol2, j, n2, res, k, nr);
value nl, n2; integer nl, n2, nr, i, j, k; real poll, pol2, res;
begin integer ir;

nr:==nl-+n2; ir=0;

for ki=0 step 1 until nr do res:=0;

for ji==0 step 1 until n2 do

begin ki=ir;
for i:=0 step 1 until nl do

begin
res:=res—+poll X pol2; ki=k--1
end 1
irr=ir+1
end

end of procedure MULT;

procedure ZEPO(ze, n, po, m);
value n: integer n, m; array ze, po;
begin integer k, p, j, i, nl, rl; array ab[0:2], r{0:2 xn];

nl:=0: po[0]:=1; m:=0;

for i:=1 step 1 until n do

begin
if abs(ze[i,2])<;,—20 then
begin

ab[0]:==--ze[i,1]; ab[1]:=1; m:=m-1;
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MULT(ab[jl. j» 1, po[k]l, k, nl, r[p], p. rl)
end elsé
begin
abl0]:=ze[i,1] x ze[1,1]-+ze[i,2] X ze[i,2];
ab[lli=—2 xze[i,1]: ab[2]i==1; mi=m+2;
MULT(ab{jl, j, 2, polk], k, nl, r[pl, p, rl)
end if;
nl:=rl;
for ji==0 step 1 until rl do
po[i]:==r[i]

end i3
for i:=0 step 1 until m do
po[i:=r[m—i]

end of procedure ZEPO;

procedure HOR1(n, a, k, r, xI, x2);
value n. k., x1, x2; integer n, k; real x1, x2; array a, r
begin integer i, j, p; real rl, cl, ¢2;

rl:=al0];
for i:=0 step 1 until k do
begin
rfi, 1]:=rl: rfi, 2]:=0
end i
for ji==1 step 1 until n do
begin
cli=r[0,1] x x
c2:=r{0,2]"

r{0,1]:=cl: [0, 7] =c2:
pi= 1fn——-J<L then k else n—j;
for ii==1 step 1 until p do
begin
cli=r[i, 1]xxl—r[i, 2] xx2:
c2r==rfi, 2] xxl-r[i, 1] xx2;
rli, 1}i==cl: rfi, 2]i==c2;
rli, 1]: —r[1 1]4-r[i—1,1]:
rli, 2]:=r[i, 2]+r[i—1.2]
end i
end j
end of procedure HOR1:

procedure ROOT(a, n, x, vy, eps):
value n, eps; integer n: real eps: array a, X, v;
begin integer i. j. p, nl;

real u, v. w, k, m, f, fm, fe, xm, vm, xr, yr, xe, ve, dx, dy, err

p:i=n:; erri=eps } 2:
for 1:=0 step 1 until p do
x[i]:=ali]:
REP: nli=p—1: xci==ye:=0; fe:==x[p] { 2;
dxi=abs(x[p)/s[0]) § (P dyi=0;
ITER: fm ——fcx.‘ 1:
for ix=1, 2, 3, 4 do
begin
u::-—dy; dyi==dx; dxi=u; xri=xc-+dx;
yr:z_vcfdy; ki==2 xxr; mi==xrt 24+yr {27 wm=vi=0;
for ji==0 step 1 until nl do
begin
wi=x[j]+ +kxu—m> (Vi Vissuj ui=sw
end j;
fr==(xfp]+tuxxr—mxv) { 2+(u xyr) t 2;
if £<fm then
begin
vmi=yr; xm:=xr; fm:=f

end if
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end i
if fm<fc then
begin )
dx:=1.5»dx: dy:=1.5 <dy;
xei=xm: vo=ym; fe:=fm
end else
begin
w==0.4 xdx—0.3 xdy; dy:=0.4xdy+0.3xdx; dx:=u
end if:
if (dx $2-+dyt2)<(xet2+vyet2)xerr A fes20 then goto ITER:
w=v;==0; ki=2xxe; m:=xct2:

for j:=0 step 1 until nl do

begin
wis=x[jl4+k X u—m kv vi=ur ui=w
end j:
if (x[p]+uxxe—mxv)t2<fe then
begin

for ji==1 step 1 until nl do
xlili=xli—1] % se=x[j]:
x[pli—xci ¥[plim=0; pi=p—1
end else
begin
ki=2 xxc: mi=xc}2-4vet 2 x[1l=x[1]+kxx[0];
for j:=2 step 1 until p—2 do
slife=x[i] -k xx[j=1]—m x x[j—2];
x[p—1]:=x[p]i=xc:
vlpl:=vye; y[p—1]l:i=—ye: pr==p—2
end if:
if p>0 then goto REP;
x[0]:=y[0]: =0
end of procedure ROOT:

procedure INVL(ie. nn, nd. a, b, iz, ip, pz, mmau, mu, ti, dt, te, fo, fv, tp, {i, ft. cor, coi, delt):
value ie, nn, nd, ti, dt, te. delt: integer ie, nn, nd,i z. ip, mmu, tp;
real ti, dt. te, fo, fv, delt: integer array mu: array a, b, pz, fi, ft, cor, coi;
begin
cinteger i, j» k. nl. n2, L, ng, mp, hp, hpl, hq, hql, izl, zp, rl, r2, np, ke:
real eps. sl, 2. x1, x2, y1, ¥2, t, fa, s:
integer array mul[l:ip]:
real array pr, pi[0:nd]. zr. zi[0:nn], zn[l:nn, 1:2], zd[1:ad, 1:2]; izl==iz-+-1; zp==iz-tip:
comment It follows determination of the initial and final value of time function c(t):
if nn=nd then fo=—1 else
begin
if an—1==nd then fo:=a[nn}/b[nd] else fo:=10
end;
nl:=n2:=0;
Jor i:==0 step 1 until nn do
if abs(a[nn—i])<;,—20 then nl:==nl--1;
for j:=0 step 1 until nd do
if abs(b[nd—j])<,,—20 then n2:=n2--1;
if nl<<n2 then fvi=0 else
begin
if nl-+1==n2 then fv:=a[nn—nl]/b{nd—n2] else fvi=—
end;
We have finished the determination the initial and final time value of time function c(t);
if ie==1 then goto CIM1 else
if ie==2 then goto CIM2:
eps:=;,—10;
comment Only the polinomials are known:
if nn=0 then goto CIM3::
if nn=1 then
begin

pz{l, 1]:=-—a[l1)/a[0]; pz[l, 2]:==0;: mu[l]:=1; iz:=1; goto CIM3;
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end;
comment Roots of numerator are calculated:
ROOT(a, nn, zr, zi, eps);
for i:==1 step 1 until iz do
begin
pz[i, 1}:=zr[i]: pz[i, 2]:==zi[i]
end;
CIM3: if nd==1 then:
begin
pzlizl, 1}:=—D>b[1}/b[0}; pzlizl, 2]:==03; mul[izl]:==1; ip:=1; goto CIM1
end;
comment Roots of denominator are calculated;
ROOT(b. nd, pr, pi. eps):
for i:=1 step | until zp do muli]:=1;
for ji==1 step 1 until ip do mul[i}:=1;
for i:==1 step 1 until nd do
if abs(pi{i])<delt then pili]:=
ipr=0;
comment It follows the determination of multiplicities of zeros of denominator;
for i:==1 step 1 until nd do
begin
1f mulfi]==0 then goto CIl1;
ip:==ip+1; zpi==iz+ip; ke: =0; rl: =izl +ip:
mulzpli—L: palzp,1}:—prlil; palzp, 2]:=pilil;
if i=nd then goto Cl11:
for ji=i--1 step 1 until nd do
begin
if mullj]="0 then goto CIl4;
i]; (abs(pr[il—pr[jl)<delt) A (abs(pi2i]—pi[j])<delt) then
egin
mul[j]:==0: mufzp]:=mu[zp]-+1:
pzlzp, 1]:=pzlzp, 11--pr[jl; pzlzp, 2]:=pz[zp, 2]-+pi[j]; gote CI14

end;
if (abs(priil—pr{jD)<delt) A (abs(pifi]-pilj])<delt) then
begin
mul[j]:=0; ke:=1: mufrl]:=mulzp]:
gz[rl, 1}:=pazlzp, 1}; pzlrl, 2]:=p—pzlzp, 2]
end;
CIl4:
end:
if ke=1 then ip:=ip-+-1;
CI11:
end;
comment The average of poles with multiplicities are calculated;
Sor ii==1 step 1 until ip do
begin
rli=i-+iz: pzrl.1}:=pz[rl.1)/mulrl];
pz[rl.2}:=pz[rl,2])/muirl}
end;
mmu: =mulizl]; k:==izl;
for 1:=2 step 1 until ip do
if mufi+iz]<<mul{k] then

begin
k:==iz-+1; mmu:=muli-iz]
end;
zp:=iz-ip; goto CIMI;

CIM2:
comment Only the zeros and peles are known;
for ii==1 step 1 until iz do
begin
znfi,1]i==pz[i,1]; zn[i,2]:=pe[i,2]
end;
comment The coefficiens of polynomials are calculated;
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ZEPO(zn, iz, a, rl);

nl:=0;
for i:==izl step 1 until zp do
begin
Jor 3:=1 step 1 until mu[i] do
begin
if pz[i,2]<0 then goto CIM:
nl:=nl--1: zdfnl, 1]:=pz{i. 1];: zd[nl. 2]:=pz[i, 2]:
CIM:
end
end;

comment The coefficient of denominator is calculated from the roots:
ZEPO(zd, nl, b, r2):
CIM1:
begin real al, a2, bl, b2, cl, ¢2, nev:

integer array fact[0:mmul;

real array p[0:mmu—1, 1:2], q[0:2 xmmu—1, 1:2];

Jor ir==1 step 1 until ip do

for ji==1 step 1 until mmu do

begin
corfi, jli=coifi, j]:==0
end;
for ji==1 step 1 until ip do
begin

xli=pz[j-+iz, 1]; x2:=pz[j+iz. 2}:
hp:=mu[j+iz]: hpl:=hp—1;
if hpl<unn then
begin np:=nn;
SJor i:==nn—-1 step 1 until hpl do
begin
pli. 1]:=0: p[i, 2]:=0
end
end else np:=hpl;
HORI(nn, a, np, p, x1, x2):
hq:=2xhp; hql:=hq—1:
if hql>nd then
begin np:=nd;
for i:=nd+1 step 1 until hql do
begin
qli, 1]:=0; g[i, 2]:=0
end
end else np:=hql:
HORI(nd, b. np. q. x1. x2):
KOMI(p[0. 1]. p[0, 2]. q[hp. 11. glhp. 2], corfj, 1], coi[j. 1], 4);
Sfor i:=2 siep 1 until hp do
begin
vli=y2:i==0;
Jor li:==2 step 1 until i do
begin
KOM1(q[li-+hpl, 1], q[li+hpl, 21, cor[j, i—li4-1], coi[j, i—Ii--1], sl, s2, 3);
KOMI(s1, s2, v1, v2. v1, v2, 1)
end;
KOMIi(p[i—1. 1], pli—1, 2], —v1, —v2, ¥v1, ¥v2, 1);
KOMI1(1. v2. qlhp. 1]. qfhp. 2]. cor[j. i}, coi[j. i]. 4)
end
end;
fact[0]:==1:
for ii=1 step 1 untili mmu do
fact[i]: =i x fact[i—1]:
i:=0;
for ti==ti step dt until te do
begin

fa=0; ir==141; fi[ij:=1:
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for ji==1 step 1 until ip do
begin :
hpr=mu[j+iz]; sl:=pz[j-+izl] xt; s2:=pz[j-+iz,2] xt;
yli=cos(s2); y2:==sin(s2); xl:=exp(sl); x1:=0;
for ki=1 step 1 until hp do
x2:=x2-1 } (hp—k) X (cor[j, k] xyl—-coilj, k] xy2)/fact[hp—k];
x2:=x1xx2; fa:=fa-+x2
end j:
fefil:=fa; tpr==i
end t;
end;
end of procedurei nverse Laplace;
comment After the declaration of the procedures follows the main program:
if ien==2 then goto POLU else
begin
input (array a): input (array b)
end;
if ien==1 then goto FOLY;
POLU: po:=kp-+ks:
for i:=1 step 1 until po do

begin

input (mulfi]): input (poz[i, 11); input (poz[i, 2])

end;
FOLY:
INVL(ien, m, n, a, b, ke, kp, poz, mult, mul, ti, dt, te, fo, fv, it, fi, ft, cor, coi, del);
text degree of numerator m =
output (m:3); line;
text number of distinct zeros kz =
output (kz:3): line;
text degree of denominator n =3
output (n:3); line;
text number of distinct poles kp =
output (kp:3); line;
text maximum multiplicity of denominator mul
output (mult:3); line:
text initial time value ti
output (ti:3:5): line;
text increment of time dt =
output (dt:3:3): line;
text final time te ==y
output (te:3:5); line;
text initial value of c(t) c(0)
if fo< 0 then text infinite else output (fo/5);
text final value of c(t) cos) =

if fv<0 then text infinite else output (fv/5); lines 3;
spaces 23: text coefficient of polynomials;
lines 3: spaces 18; text numerator; spaces 15;
text denominator: lines 2:
for i=0 step 1 until n do
begin
text s 41 output (i:2);
if i<<m then
begin
spaces T: output (a[m—i]:5:4): spaces 12:
output (b{n—i]:5:4): line

end else
begin
spaces 32; outpui (b[n—ij:5:4): line
end
endi:
lines 4: spaces 10: text zeros: spaces 30: text poles: lines 3;
text re im re im  mult:

lines 2;
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if kz<kp then
begin
kl:=kz; k2:=1; k3:=kp
end else
begin
kli=kp: k2:=2: k3:=kz
end;
for ii=1 step 1 until k1 do
begin
output (poz[i,1]:3:4); spaces 3; output (poz[i,2]:3:4): spaces 5:
output (poz[i--kz,1]:3:4); spaces 3:
output (poz[i-+kz.2]:3:4); spaces 3;
output (mulli-~kz]:2); line

end i
for ii==K1--1 step 1 until k3 do
begin
if k2==1 then
begin

spaces 30: output (poz[i--k1,1]:3:4): spaces 3;
output (poz[i-+k1,2]:3:4): spaces 3; o
output (mulli--k1]:1); line
end else if k2=2 then
begin
output (poz[i,1]:3:4); spaces 3; output (poz[i,2]:3:4); line
end
end i
lines 6;
text real parts of the residues:; lines 3:
output (array cor/5); lines 5:
text imaginary parts of residues:; lines 3;
output (array coif5): lines 3;
text points of the time finection:; lines 3;

j:=0:
for t==ti step dt until te do
begin

1r=1--1: output (i:3): spaces 5;
output (t:3:3); spaces T3
output (ft[i}/6); line
end t;
text The program was run on computer type RAZDAN-3 of University Computing Centre.;
lines 3
end end of program
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