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Introduction

The requirements for electrical insulations of high current, high voltage
equipment are ever increasing. The load on the insulation materials has in-
creased considerably, therefore an enhanced load capacity is sought for. The
applicability of most insulation materials is limited by the maximum heating
up specifications (according to heat resistance classes [21]). From economy
aspects the insulation should operate at a temperature as near as possible to
the maximum specified temperature. But for meeting this requirement the
temperature distribution developing in the dielectric must be known, and se
must be the potential and field strength distribution. These are accurately
established by solving the KircarOFF—FoURIER differential equation of tem-
perature distribution (for given boundary conditions). There is no known gen-
eral solution of this equation for the three-dimensional case, it can only be solved
with simplifying assumptions [2]. In the plane one-dimensional case the tem-
perature distribution can be determined by a computer according to [25].
In spite of accurate by delivering the temperature distribution in the dielectric,
the disadvantage of this method is to require a computer, hence to be no fast
and easy estimation method of the temperature distribution.

The method described and partly proved in the following permits easy
estimation of the developing temperature distribution, while that of the
potential and field strength distribution is facilitated by tables calculated in
advance.

Notations
E  — electric field strength [V/m]
2U, — dielectric energizing voltage [V]
py, — dielectric losses per unit volume and per unit field strength at temperature
#o [W/mV?]
b — thermal coefficient of the temperature dependence of p(#) [1/°C]
#y, — reference temperature [°C]
#q — ambient temperature [°C]
#;, — boundary temperature hetween the dielectric and the electrode [°C]
#, — electrode outer surface temperature [°C]
#m — maximum temperature [°C]

— heat transfer surface [m?]
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h  — dielectric thickness [m]

m — electrode thickness [m]

— heat transfer coefficient [W/m? °C]

— dielectric thermal conductivity [W/m *C]
— electrode thermal conductivity [W/m °C]

oo R
o=

1. The differential equation of temperature distribution
The temperature distribution arising in solids is obtained by solsing the
KircaHOFF—FoURIER differential equation [4]. The general form of this
differential equation is:
8¢

div (4, grad 9) + g, = ¢; * y; - =

(1)

where ¢, is the heat quantity forming in unit volume of the tested material.
The analytical solution of the equation is very difficult even for o = 0. In
practice, several simplifying assumptions are generally permissible, e.g. that
of one-dimensional heat flow, a nearly infinite cylinder length, ete. Our inves-
tigations refers also to the one-dimensional case,assuming that the thermal con-
ductivity of the dielectric is independent of the temperature. Although this
condition is not perfectly true, this neglection is permissible for most insula-
tions in the temperature range of interest (20 to—120 [°C]) varying by little.
With the simplifying assumptions, our equation for the symmetrical plane
model shown in Fig. 1 is as follows:

The loss in dielectrics is generally an exponential function of temperature

[6, 8]:*

Fig. 1. Plane model: 1. dielectric; 2. electrode

* The more general temperature dependence is of the form e7/%, but this expression
is fairly approximated by ef(?-%) for a moderate range of temperature. For D.C. voltages
the losses may be expressed in a form similar to that of the temperature dependence of the
specific thermal conductivity [8, 11].
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qb(ﬁ) = P/(ﬁ) - E? = P(’) < E2. eb({}—f/u) (3}
where
. _fr(e-1g0) 9,
< 7 Y 4
Po™ Tigaom (4)
Introducing relative variables, this differential equation reduces to:
d? 4+ B-e® =0 5)
where
h A

The stationary temperature distribution developing in the dielectric determined
by solving differential equation (5). Requiring the following boundary condi-
tions [4, 10, 20]:

from the symmetry of the model it follows that

——d—ﬁ-} =0 and (dQ) = 0 )
dx Ji_o dz |._o

respectively.
From the outer surface of the electrodes heat is transferred to the con-
stant temperature surroundings:

dd

i F- ] — o F(S,— ) @)
% ) x=h+m—0
and
_ A F .(d@] L =T, ©)
b-h dz |z=1+-p -0 b

respectively.

2. Assumption of parabolic temperature distribution

The assumption of parabolic temperature distribution is frequent in
thermal engineering practice [17, 19]. Here — instead of exactly solving Eq.
(5) — the temperature is assumed to vary parabolically as a function of the

thickness:
Va2

ﬁp<x>=ﬂm—<ﬁm—ﬁl>-(,i“; 0<x<h (10)
h
or expressed in relative units:

Opz) =0 —Op, —0)-5*; 0<z2Z1 (11)

The function Op(z) satisfies automatically the boundary condition (7). Satis-
fying the boundary condition (8) as well, we have:

2 Periodica Polytechnica EL. 18/2.
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Opz) =0p-(1—v-3% (12)
where

¢ and ¢= L3 «h

P o= L2,
2+¢ AL arm+t A,

(13)

The individual boundary temperatures may also be expressed as:
O, =0n- (1 —7) (14)

O = Oyt (1 ) "2
A

2
o ~~ XML

(15)

The expression (12) is easy to handle and to solve, and suits analytical calcu-
lations as well. ;

The question arises, however, how close — or at what an error — 0O(z)
is approximated by O,(z), exact solution of the differential equation.

3. The proof of the parabolic temperature distribution

The merit of the approximation Op(z) can be proved in an indirect way.
In their thermal breakdown studies involving derivation of the thickness
dependence of the so-called thermal breakdown voltage GriNBere, KonTo-
RrovICH and LEBEDEV proved [11] a close agreement in a certain range of
¢ between the so-called Fok-function (p(c), [27]) derived by applying the exact
solution ©(z), and the approximate function g;(c) derived by applying O,(z).

This is an indirect proof of the validity of assuming parabolic tempera-
ture distribution; the question is, however, in what range of ¢, and by what
O(z) and Op(z) differ.

The differential equation may be solved on a computer by the method
givenin [25] and the results have been compared with those obtained by assum-
ing parabolic temperature distribution. The outputs are compiled in Table I,
showing the relative temperature maxima and minima of the dielectric for
various Z;, and k values, the heat quantities transferred into the surroundings
(Qx:), the parameter ¢ — expressing the geometrical and heat transfer conditions
— and the maximum temperature deviation percentages:

o K
b

Qi = : @min[WS] (16)

01) — 0,(1)

40[%71 = 100-
[/0] 0(1)

(17)

It is of importance that the developing temperature distribution depends only
on parameter ¢ (with present boundary conditions), so that identical ¢ values



POTENTIAL AND FIELD STRENGTH DISTRIBUTION 121

Table X

Omax Omin Qout ¢ 49(%) 4 [Wm=Cj
0.17042 0.07510 15.02 0.5 | —0.86231 0.04
0.27071 0.16550 33.10 1.25 —0.65865 0.08
0.40107 0.28150 56.30 |  0.8333 | —0.57194 S 0.12
0.59860 0.45353 90.71 0.625 —0.56005 0.16
0.77730 0.60463 120.93 0.5555 | —0.60952 0.18

x [W[m® °C]
0.93276 0.73199  124.44 0.5312 . —0.68354 8.5
0.75027 0.58209 104.78 0.5625 | —0.59960
0.59860 0.45353 90.71 0.625 —0.56005 10
0.35295 0.23889 71.67 0.9375  —0.59234 15
0.22790 0.12703 63.52 1.5625 | —0.72025 25
0.15273 0.05905 59.06 3.125 —0.93015 50
0.13013 0.03852 31.71 4.6875 | —1.0458 75
0.11922 0.02858 57.117 6.25 -—1.1182 100
h {m]

0.93276 0.73199 146.40 0.5313 | —0.68354 0.0085
0.59860 0.45353 90.71 0.625 —0.56005 0.01
0.27071 0.16550 33.10 1.25 —0.65865 0.02
0.20147 0.10318 20.64 1.875 —0.77427 0.03
0.17042 0.07510 15.02 2.500 -—0.86331 0.04
0.15273 | 0.05905 11.81 3.125 —0.93015 0.05

Qpo=0  B=0165

are associated with identical temperature distributions. Fig. 2 shows relative
temperature maxima and minima versus c. As the computer outputs refer
throughout to the constant value B = 0.165, of course, for lesser thicknesses
(lower ¢) the temperature increases considerably, and vice versa. Fig. 3 pres-
ents the maximum temperature deviations in percentages versus ¢, which is
of the highest interest for us. For B = const., the function is seen to have a
minimum and in the range of ¢ values met with in practice it hardly exceeds
19%,, i.e. the approximation is rather good. Be e.g. the dielectric data: 4, = 0.16
[W/m©°C], 7, =180 [W/m °C], « = 10 [W/m?°C], h = 0.02 [m], m = 0.002 [m],
then ¢ == 1.25 and this is associated with 40 = —0.66 [%]. The negative sign

2%

&
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Fig. 2. Relative temperature maxima and minima of the plane dielectric versus ¢, B = 0.165
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Fig. 3. Maximum percentage deviation between the temperature distribution developing in
the plane dielectric and the parabolic temperature distribution versus ¢

shows that at z = 1 (where the temperature difference is at its maximum),
the temperature @,(1) computed from the parabolic temperature distribution
is a little bit higher than the exact temperature O(1).

4. Calculation of the potential and field strength distribution

The potential and field strength distribution developing in the dielectric
at D.C. voltages are governed first of all by the specific thermal conductivity,
and at A.C. voltages by the permittivity. If a D.C. voltage is applied on the
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dielectric, then, neglecting the temperature distribution in the dielectric, the
developing potential distribution will be linear, and the electric field strength
homogeneous. The specific thermal conductivity is highly temperature-depend-
ent, therefore in reality the potential distribution is distorted by the temper-
ature distribution developing in the dielectric. By taking an exponential tem-
perature dependence of the specific thermal conductivity analogous to (3)
into account, the relative potential distribution, exclusively due to y(4) and
()(z) == const. can be derived to be of the form [27]:

z

) S e~ %@z
U lf_z) _ o1 (18)
0 f e~ %@ dy
]
and the relative field strength distribution:
E(z e 9@
) (19)
0 { e~ 0@ dz
0

These expressions are valid for the case of arbitrary general temperature distri-
bution @(z). Assuming a parabolic ©(z) distribution according to (12) and substi-
tuting it into (18) and (19) we have:

N Ll
U4 - 01 (20)
© [ eonds
0
and
- o VOt
E(Aw) _ € (21)
E,

1
f e?Pn?’dz
0
respeetively.

The value of the integral in the expressions can only be expressed by
expanding into series [28]:

F(», 0,2 = f eOnd’dz =

0

= (pE (. zCen+D)
iz (2n+1)-nl

The function F(», Op, z) is difficult to determine by the given series expansion,
but it is easy to obtain in a computer. As the relative potential distribution
developing in the dielectric depends only on » in the case of a given Op, so we



Table 1

O == 1

0.025
0.050
0.075
0.100
0.125
0.150
0.175
0.200
0.225
0,250
0.275
0.300
0.325
0.350
0.375
0.400
0.425
.450
0.475
0.500
0.525
(.550
0.575

0.09918
0.09835
0.09753
0.09671
0.09589
0.09507
0.09426
0.09344
0.09263
0.09182
0.09101
0.09021
0.08940
0.08860
0.08780
0.08700
0.08620
0.08541
0.08461
0.08382
0.08304
0.08225
0.08147

Relative potentinl distribution of plune dielectric

z= 0.2 2= 0.3 z== 0.4 rx= 0.5 z == (L6 FECR Y

0.19840 0.29773 0.39720 0.49687 0.59679 0.69702
0.19680 0.29545 0.39440 0.49374 0.59358 0.69402
0.19521 0.29318 0.39159 0.49060 0.59035 0.09100
0.19301 0.29091 0.38879 0.48745 0.58711 0.08797
0.19202 0.28804 0.38598 0.48430 0.585806 (G.68192
0.19043 0.28637 0.38317 048114 1.58059 0.08185
0.18885 0.28410 0.38036 0.47798 0.57732 0.07877
0.18726 0.28184 0.37755 0.47481 0.57404 0.67507
0.18568 0.27957 0.37474 0.47164 0.57074 0.67256
0.18410 0.27731 0.37193 0.46847 0.50744 0.60943
0.18253 0.27506 0.36912 0.46529 0.56413 0.66629
0.18096 0.27280 (.360631 0.46210 0.56081 (.00313
0.17939 0.27055 0.36351 0.45892 0.55748 0.05996
0.17782 0.26830 0.36070 0.45572 0.55414 0.050677
0.17626 0.20605 0.35789 0.45253 0.55079 0.65357
0.17470 0.20381 0.35509 0.44934 154743 0.65030
0.17314 0.20157 0.35228 044614 0.54407 0.04713
0.17159 0.25953 0.34948 0.44294 0.54070 0.61389
0.17004 0.25710 0.3:406068 043974 0.53732 0.610063
0.16849 0.25487 0.34388 0.43653 0.53394 0.03737
0.16695 0.25265 0.34109 0.43333 0.53054 0.63409
0.16541 0.25043 0.33830 0.43012 0.52714 0.63079
(.16388 0.24821 0.33551 ()."1-2692 0.52374 0.62749

B, Oy, 2)

] 5= 0.9 2= 1O
0.79759 0.89857 1.60000
0.79516 0.89712 1.00000
0.79271 0.89566 1.00000
0.79025 0.89418 1.00000
4787176 0.89269 1.00000
0 78526 0.89118 1.00000
0.78274 0.889606 1.00000
0.78020 0.88812 1.00000
0.77704 0.88657 1.00000
0.77506 0.88500 1.00000
€ 77246 0.88342 1.00000
0.76985 0.88182 1.00000
0.76722 0.88020 1.60000
0.76:457 0.87858 100000
0.76190 0.87693 1.00000
0.75922 0.87527 1.00000
0.75651 0.87360 1.00000
0.75379 0.87191 1.00000
0.75100 0.87021 1.00000
0.74830 0.86849 1.00000
0.74553 0.86675 1.00000
0.74274 0.86500 1.00000
0.73994 0.86324 1.00000
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0.600
0.625
0.650
0.675
0.700
0.725
0.750
0.775
0.800
0.825
0.850
0.875
0.900
0.925
0.950
0.975
1.000

0.080069
0.07991
0.07914
0.07836
0.07760
0.07683
0.07606
0.07530
0.07455
0.073179
0.07304
0.07229
0.07155
0.07080
0.07007
0.06933
0.06860

fo— I

0.16235
0.16083
0.15931
L5780
15629
15478
15328
A5179
5030
14881
14733
0.14580
0.144.39
0.14293
0.14148
0.14003
0.13858

- e e e
- @

{

0.24600
0.24380
0.24160
0.23940
0.23731
0.23503
0.23285
0.23068
0.22851
0.22635
0.22:420
0.22205
0.21992
0.21778
0.21566
0.21354
0.21143

0.33272
0.32994
0.32716
0.32439
.32162
0.31885
0.31609
0.31333
0.31058
0.30784
0.30510
0.30236
0.29903
1.29691
0.29420
0.29149
0.28879

0.42371
0.42050
0.41730
0.41409
0.41089
0.40768
0.40448
0.40128
0.39808
0.39489
0.39169
0.38850
0.38531
0.38213
0.37895
0.37577
0.37260

0.52033
0.51691
0.51349

0.51007 .

0.506064
0.50320
0.49977
0.49632
0.49288
0.48943
0.48598
0.48253
0.47907
0.47562
0.47216

0.46870

0.46525

0.62417
0.62084
0.61750
0.61415
0.61079
0.60742
0.60403
0.60064
0.59724
0.59383
0.59041
0.58698
0.58355
0.58010
0.57665
0.57319
0.56972

0.73712
0.73428
0.73143
0.72856
0.72508
0.72278
0.71986
0.71693
0.71399
0.71103
0.708006
0.70507
0.70207
0.69905
0.69602
0.69298
0.68993

0.86140
0.85967
0.85786
0.85604
0.85420
0.85235
0.85048
0.84860
0.84670
0.84479
0.84287
0.84093
0.83898
0.83701
0.83503
0.83303
0.83102

1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
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Table II (cont.)

=2 Relative potential distribution of plane dielectric F(o,0,v)
v z=0.1 =02 5= 0s3 2= 0.4 =05 2= 0.6 5= 0.7 =08 2= 0.9 z=1.0
0.025 0.09835 0.19680 0.29545 0.39440 0.49374 0.59358 0.69402 0.79516 0.89712 1.60000
0.050 0.09671 0.19361 0.29091 0.38879 0.48745 0.58711 0.68797 0.79025 0.89418 1.00000
0.075 0.09507 0.19043 0.28637 0.38317 0.48114 0.58059 0.68185 0.78526 0.89118 1.00000
0.100 0.09344 0.187206 0.28184. 0.37755 0.47481 0.57404 0.67567 0.78020 0.88812 1.00000
0.125 0.09182 0.18410 0.27731 0.37193 0.46847 0.56744 0.66943 0.775006 0.88500 1.00000
0.150 0.09021 0.18096 0.27280 0.36631 0.46210 0.56081 0.66313 0.76985 0.88182 1.00000
0.175 0.08860 0.17782 0.26830 0.36070 0.45572 0.55414 0.65677 0.76457 0.87858 1.00000
0.200 0.08700 0.17470 0.26381 0.35509 0.44934 0.54743 0.65036 0.75922 0.87527 1.00000
0.225 0.08541 0.17159 0.25933 0.34948 9.44294 0.5407v 0.64389 0.75379 0.87191 1.00000
0.250 0.08382 0.16849 0.25487 0.34388 0.43653 0.53394. 0.63737 0.74830 0.86849 1.00000
0.275 0.08225 0.16541 0.25043 0.33630 0.43012 0.52714 0.63079 0.74274 0.86500 1.06000
0.300 0.08069 - 0.16235 0.24600 0.33272 0.42371 0.52033 0.62417 0.73712 0.86146 1.00000
0.325 0.07914 0.15931 0.24160 0.32716 0.41730 0.51349 0.61750 0.73143 0.85786 1.60000
0.350 0.07760 0.15629 0.23721 0.32162 0.41089 0.50664 0.61079 0.72568 0.85420 1.00000
0.375 0.07606 0.15328 0.23285 0.31609 0.40448 0.49977 - 0.60403 0.71986 0.85048 1.00000
0.400 0.07455 0.15030 0.22851 0.31058 0.39808 0.49288 0.59724 0.71399 0.84670 1.00000
0.425 0.07304 0.14733 0.22420 (.30510 0.39169 0.48598 0.59041 0.70806 0.84287 1.00000
0.450 0.07155 0.14439 0.21992 0.29963 0.38531 0.47907 0.58355 0.70207 0.83898 1.00000
0.475 0.07007 0.14148 0.215606 0.29420 0.37895 0.47216 0.57665 0.69602 0.83503 1.60000
0.500 0.06860 0.13858 0.21143 0.28879 0.37260 0.40525 0.56972 0.68993 0.83102 1.00000
0.525 0.06714 0.13571 0.20723 0.28341 0.36627 0.45833 0.56277 0.68378 0.82097 1.00000
0.550 0.06570 0.13287 0.20307 0.27806 0.35997 0.45141 0.55579 0.67758 0.82285 1.00000
0.575 0.06428 0.13006 0.19894 0.27215 0.35368 0.44451 0.54879 0.67134 0.81869 1.00000
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0.600
0.625
0.650
0.075
0.700
0.725
0.750
0.775
0.800
0.825
0.850
0.875
0.900
0.925
0.950
0.975
1.000

0.06287
0.06147
0.06009
0.05873
0.05738
0.05605
0.05474
0.05344
0.05216
0.05090
0.04966
0.04843
0.04722
0.04603
0.04486
0.04371
0.04258

0.12727
0.12451
0.12178
0.11907
0.11640
0.11376
0.11115
0.10857
0.10603
0.10351
0.10104.
0.09859
0.09618
0.09381
0.09147
0.08916
0.08690

0.19484
0.19078
0.18676
0.18277
0.17882
0.17492
0.17106
0.16724
0.16346
0.15973
0.15604
0.15240
0.14881
0.14526
0.14177
0.13832
0.13492

0.26747
0.26222
0.25702
0.25185
0-24673
0.24105
0.23662
0.23163
0.22669
0.22181
0.21697
0.21218
0.20745
0.20278
0.19816
0.19359
0.18909

0.34743
0.34120
0.33500
0.32884
0.32271
0.31662
0.31056
0.30450
0.29859
0.29267
0.28680
0.28098
0.27521
0.26950
0.26384
0.25823
0.25269

0.43700
0.43071
0.42383
0.41097
0.41013
0.40331
0.39651
0.38974
0.38300
0.37629
0.36961
0.36297
0.35638
0.34982
0.34331
0.33084
0.33043

0.54178
0.53474
0.52770
0.52064
0.51358
0.50652
0.49945
0.49238
0.48532
0.41827
0.47122
0.46419
0.45718
0.45018
0.44320
0.43625
0.42933

0.66505
0.65872
0.65235
0.64594
0.63950
0.63302
0.62051
0.61998
0.61341
0.60683
0.60022
0.59360
0.58696
0.58031
0.57365
0.56698
0.56031

0.81447
0.81020
0.80589
0.80152
0.79710
0.79264
0.78814
0.78358
0.77899
0774306
0.76968
0.76497
0.76022
0.75543
0.75061
074576
0.74088

100000
100000
1.00000
1.00000
1.00000
£.00000
1.00000
1.00000
1.00000
1.00000
100000
1.00000
1.00000
100000
1.00000
100000
1.00000
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Table II (cont.)

€y == 3

"

Relntive potential distribution of plane dieleetrie

0.025
0.050
0.075
0.100
0.125
0.150
0.175
0.200
0.225
0.250
0.275
0.300
0.325
1.350
0.375
0.400
0.425
0.450
0.475
0.500
0.525
0.550

0.575

2 == 0. 3= 0.2 5= 0.3 PR 5= 0.5 2= 0.6 2= 0.7 2= 0.8

0.09753 0.19521 0.29318 0.39159 0.490060 0.59035 0.69100 0.79271
0.09507 0.19043 0.28637 0.38317 0.48114 0.58059 0.68185 0.78520
0.09263 0.18508 0.27957 0.37474 0.47164 0.57074 0.67256 0.77764
0.09021 0.18090 0.27280 0.36631 0.46210 0.56081 0.66313 0.76985
0.08780 0.17626 0.26605 0.35789 0.45253 0.55079 0.05357 0.76190
0.08541 0.17159 0.25933 0.34948 0.44294. 0.54070 0.64389 0.75379
0.08304 0.16695 0.25265 0.34109 0.43333 0.53054. 0.63409 0.74553
0.08069 0.16235 0.24600 0.33272 0.42371 0.52033 0.62417 0.73712
0.07836 0.15780 0.23940 0.32439 0.41409 0.51007 0.61415 0.72856
0.076006 0.15328 0.23285 0.31609 0.40448 0.49977 0.60403 0.71986
0.07379 0.14881 0.22635 0.30784 0.39489 0.4894.3 0.59383 0.71103
0.07155 0.14439 0.21992 0.29963 0.38531 0.47907 0.58355 0.70207
0.06933 0.14003 0.21354 0.29149 0.37577 0.46870 0.57319 0.69298
0.06714 0.13571 0.20723 0.28341 0.36627 0.45833 0.50277 0.68378
0.006499 0.13146 0.20100 0.27540 0.35682 044796 0.55229 0.67446
0.06287 0.12727 4.19484 0.26747 0.34743 0.43760 0.54178 0.66505
0.06078 0.12314 0.18870 0.25962 0.33810 0.42727 0.53122 0.65554
0.05873 0.11907 6.18277 0.25185 0.32884 0.41697 0.52004 0.64594
0.05672 0.11508 0.17687 0.24419 0.31966 0.40671 0.51005 0.63626
0.05474. 0.11115 0.17106 0.23662 0.31056 0.39651 0.49945 0.62651
0.05280 0.10729 0.16534 0.22916 0.30157 0.38636 0.48885 0.61670
0.05090 0.10351 0.15973 0.22181 0.29267 0.37629 0.47821 0.60683
0.04904 0.09981 0.15421 0.21457 0.28388 0.36629 0.46771 0.59692

z = (L9

0.89560
0.89118
0.88657
0.88182
0.87693
0.87191
0.86675
0.86146
0.85604
0.85048
0.84479
0.83898
0.83303
0.82697
0.82078
0.81447
0.80805
0.80152
0.79488
0.78814
0.78129
0.77436
0.76733

I'(p, 0y, 1)

z== 1.0

1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.006000
1.00000
1.00000
1.00000
1.00000
1.00000
1.060000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
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0.600
0.625
0.650
0.675
0.700
0.725
0.750
0.775
0.800
0.825
0.850
0.875
0.900
0.925
0.950
0.975
1.000

0.04722
0.04545
0.04371
0.04202
0.04037
0.03876
0.03720
0.03568
0.03420
0.032717
0.03137
0.03003
0.02872
0.02746
0.02624
0.02506
0.02392

0.09618
0.09263
0.08916
0.08578
0.08247
0.07925
0.07611
0.07306
0.07009
0.06720
0.06:440
0.06168
0.05905
0.05649
0.05403
0.05104
0.04933

0.14881
0.14351
0.13832
0.13324
0.12828
0.12343
0.11871
0.11410
0.10960
0.1052¢

0.10098
0.09685
0.09284
0.08895
0.08519
0.08153
0.07800

0.20745
0.20040
0.19359
0.18686
0.18020
0.17380
0.16748
0.16130
0.15527
0.14938
0.14365
0.13806
0.13262
0.12733
0.12218
0.11719
0.11235

0.27521
0.266606
0.25823
0.24994.
0.24179
0.23378
0.22591
0.21820
0.21064
0.20324
0.19601
0.18893
0.18202
0.17528
0.16871
0.16231
0.15607

0.35638
0.34056
0.33084
0.32724
0.311775
0.30839
0.29915
0.29000
0.28111
0.27230
0.26365
0.25516
0.24682
0.23866
0.230006
0.22283

0.21518

0.45718
0.44669
0.430625
0.42588
0.41557
0.40534
0.39519
0.38514
0.37519
0.36535
0.35563
0.34603
0.33655
0.32721
0.31801
0.30896
0.30005

0.58696
0.57698
0.56698
0.55697
0.54695
0.53694
0.52695
0.51697
0.59703
0.49713
0.48727
0.47746
0.46772
0.45805
0.44845
0.43893
0.42950

0.76022
0.75303
0.74576
0.73842
0.73102
0.72356
0.71605
0.70849
0.70088
0.69324
0.68557
0.67788
0.67010
0.66243
0.65469
0.64694
0.63919

1.00000
1.00000
1000600
1.06000
1.00000
1.00000
1.60000
1.00000
1.00000
1.00000
100060
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
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Table IT (cont.)

Gy = 4 Relative potentiul distribution of plane dieleotric (o, @, v)
v 3= 0.1 2= 0.2 s 0.3 zem 0.4 5= 0.5 5= 0.6 2= 0.7 5 == 0.8 5= 0.9 r= 1.0
0.025 0.09671 0.19361 0.29091 0.38879 0.48745 0.58711 0.68797 0.79025 0.89418 1.00000
0.050 0.09344 0.18726 0.28184 0.37755 0.47481 0.57404 0.67567 0.78020 0.88812 1.00000
0.075 0.09021 0.18096 0.27280 0.30631 0.46210 0.56081 0.66313 0.76985 0.88182 1.00000
0.100 0.08700 0.17470 0.26381 0.35509 0.44934. 0.54743 0.65036 0.75922 0.87527 1.00000
0.125 0.08382 0.16849 0.25487 0.34388 0.43653 0.53394 0.63737 0.74830 0.86849 1.00000
0.150 0.08069 0.16235 0.24600 0.33272 0.42371 0.52033 0.62417 0.73712 0.86146 1.00000
0.175 0.07760 0.15629 0.23721 0.321062 0.41089 0.50064 0.61079 0.72568 0.85420 100000
0.200 0.07455 0.15030 0.22851 0.31058 0.39808 0.49288 0.59724 0.71399 0.84670 L.00000
0.225 0.07155 0.14439 0.21992 0.299063 0.38531 0.47907 0.58355 0.70207 0.83898 1.00000
0.250 0.06860 0.13858 0.21143 0.28879 0.37260 0.46525 0.56972 0.68993 0.83102 1.00000
0.275 0.06570 0.13287 0.20307 0.27806 0.35997 0.45141 0.55579 0.67758 0.82285 1.00000
0.300 0.06287 0.12727 0.19484 0.26747 0.34743 0.43760 0.54178 0.66505 0.81447 L.00000
0.325 0.06009 0.12178 0.180676 0.25702 0.33500 0.42383 0.52770 0.65235 0.80589 1.00000
0.350 0.05738 0.11640 0.17882 0.24673 0.32271 0.41013 0.51358 0.63950 0.79710 1.00000
0.375 0.05474 0.11115 0.17106 0.23662 0.31056 0.39651 0.49945 0.62651 0.78814 1.00000
0.400 0.05215 0.10603 0.16346 0.22669 0.29859 0.38300 0.48532 0.61341 0.77899 1.00000
0.425 0.04966 0.10104 0.15604 0.21697 0.28680 0.36961 0.47122 0.60022 0.76968 1.00000
0.450 0.04722 0.09618 0.14881 0.20745 0.27521 0.35638 0.45718 0.58696 0.76022 1.00000
0.475 0.04486 0.09147 0.14177 0.19816 0.26384 0.34331 0.44320 0.57365 0.75001 1.60000
0.500 0.04258 0.08690 0.13492 0.18909 0.25269 0.33043 0.42933 0.56031 0.74088 1.00000
0.525 0.04037 0.08247 0.12828 0.18026 0.24179 0.31775 0.41557 0.54695 0.73102 1.00000
0.550 0.03823 0.07819 0.12184 0.17168 0.23114 0.30529 0.40195 0.53361 0.72106 1.00000
0.575 0.03618 0.07407 0.11562 0.16335 0.22076 0.29308 0.38848 0.52030 0.71101 1.00000
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0.600
0.625
0.050
0.675
0.700
0.725
0.750
0.775
0.800
0.825
0.850
0.875
0.900
0.925
0.950
0.975
1.000

0.03420
0.03220
0.03047
0.02872
0.02705
0.02545
0.02392
0.02247
0.02108
0.01977
0.01852
0.01734
0.01622
0.01516
0.01416
0.01321
0.01232

0.07009
0.066206
0.06258
0.05905
0.05566
0.05243
0.04933
0.04638
0.04357
0.04090
0.03835
0.03594
0.03365
0.03148
0.02944
0.02750
0.02507

0.10960
0.10380
0.09822
0.09284
0.08769
0.08274
0.07800
0.07347
0.06915
0.06502
0.06109
0.05735
0.05380
0.05043
0.04724
0.04422
0.04136

0.15527
0.14745
0.13990
0.13262
0.12559
0.11884
0.11235
0.10613
0.10016
0.09446
0.08901
0.08381
0.07885
0.07413
0.06964
0.06538
0.06133

0.21064
0.20081
0.19127
0.18202
0.17307
0.16442
0.15607
0.14803
0.14029
0.13285
0.12571
0.11880
0.11231
0.10604
0.10005
0.09434
0.08890

0.28111
0.26940
0.25797
0.24682
0.23597
0.22542
0.21518
0.20525
0.19564
0.18634
0.17737
0.16871
0.16037
0.15235
0.14463
0.13723
0.13013

0.37519
0.36210
0.34921
0.33655
0.32413
0.31196
0.30005
0.28842
0.27707
0.26600
0.25523
0.24476
0.23459
0.22473
0.21518
0.20593
0.19698

0.50703
0.49384
0.48073
0.46772
0.45484
0.44209
0.42950
0.41707
0.40482
0.39276
0.38091
0.36926
0.35783
0.34663
0.33567
0.32494
0.31445

0.70088
0.69009
0.68044
0.67016
0.65985
0.64952
0.63919
0.62888
0.61858
0.60832
0.59809
0.58793
0.57782
0.56778
0.55783
0.54795
0.53818

1.60000
1.00000
100000
1.00000
1.60000
100000
1.00000
1.60000
1.60000
1.00000
1.00000
1.00000
1.00000
1.00000
1.60000
1.00000
1.00000
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Table IT (cont.)

Op=5 Relative potential distribution of plane dielectric F(y, Oy, v)
v 2= 0.1 7= 0.2 zu= 0.3 z == 0.t 2= 0.5 2= 0.6 5= 0.7 z= 0.8 2= 0.9 = 1.0
0.025 0.09589 0.19202 0.28864 0.38598 0.48430 0.58386 0.68492 0.78776 0.89269 1.00000
0.050 0.09182 0.18410 0.27731 0.37193 0,46847 0.56744 0.66943 0.77506 0.88500 1.00000
0.075 0.08780 0.17626 0.26605 0.35789 0.45253 0.55079 0.65357 0.76190 0.87693 1.00000
0.100 0.08382 0.16849 0.25487 0.34388 0.143653 0.53394 0.63737 0.74830 0.86849 1.00000
0.125 0.07991 0.16083 0.24380 0.32994 0.42050 0.51691 10.62084 0.73428 0.85967 1.00000
0.150 0.07606 0.15328 0.23285 0.31609 0.40448 0.49977 0.60403 0.71986 0.85048 1.00000
0.175 0.07229 0.14586 0.22205 0.30236 0.38850 0.48253 0.58698 0.70507 0.84093 1.00000
0.200 0.06860 0.13858 0.21143 0.28879 0.37260 0.46525 0.56972 0.68993 0.83102 1.60000
0.225 0.06499 0.13146 0.20100 0.27540 0.35682 0.44796 0.55229 0.67446 0.82078 1.00000
0.250 0.06147 0.12451 0.19078 0.26222 0.34120 0.43071 0.53474 0.65872 0.81020 1.00000
0.275 0.05800 0.11773 0.18079 0.24929 0.32577 0.41355 0.51711 0.64272 0.79932 1.00000
0.300 0.05474 0.11115 0.17106 0.23662 0.310506 0.39651 0.49945 0.62651 0.78814 1.00000
0.325 0.05153 0.10477 0.16159 0.22424 0.29562 0.37964 0.48179 0.61012 0.77668 1.00000
0.350 0.04843 0.09859 0.15240 0.21218 0.28098 0.36297 0.46419 0.59360 0.76497 1.00000
0.375 0.04545 0.09263 0.14351 0.20046 0.266006 0.346506 0.44669 0.57698 0.75303 1.00000
0.400 0.04258 0.08690 0.13492 0.18909 0.25209 0.33043 0.42933 0.56031 0.74088 1.00009
0.425 0.03983 0.08139 0.12665 0.17809 0.23910 0.31462 0.41215 0.54362 0.72854 1.00000
0.450 0.03720 0.97611 0.11871 0.16748 0.22591 0.29915 0.39519 0.52695 0.71605 1.00000
0.475 0.03409 0.07107 0.11109 0.15726 0.21315 0.28407 0.37850 0.51034 0.70342 1.00000
0.500 0.03230 0.06626 0.10380 0.14745 0.20081 0.26940 0.36210 0.49384 0.69069 1.00000
0.525 0.03003 0.06168 0.09685 0.13800 0.18893 0.25516 0.34603 0.47746 0.67788 1.00000
0.550 0.02788 0.05734 0.09024. 0.12907 0.17751 0.24136 0.33031 0.46126 0.66501 1.00000
0.575 0.02584 0.05322 0.08395 0.12050 0.16659 0.22803 0.31498 0.44527 0.65210 1.00000
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0.600
0.625
0.050
0.675
0.700
0.725
0.750
0.775
0.800
0.825
0.850
0.875
0.900
0.925
0.950
0.975
1.000

0.02392
0.02212
0.02042
0.01883
0.01734
0.01595
0.01465
0.01344
0.01232
0.01128
0.01032
0.00943
0.00861
0.00785
0.00715
0.00651
0.00592

0.04933
0.04567
0.04222
0.03898
0.03594
0.03310
0.03045

- 0.02797

0.02567
0.02354
0.02156
0.01972
0.01803
0.01646
0.01502
0.01309
0.01247

0.07800
0.07237
0.06700
0.06206
0.05735
0.05294
0.04882
0.04496
0.04136
0.03801
0.03489
0.03200
0.02932
0.02684
0.02455
0.02244
0.02049

0.11235
0.10461
0.09728
0.09035
0.08381
0.07764
0.07185
0.06642
0.06133
0.05658
0.05214
0.04800
0.044.15
0.01057
0.03725
0.03428
0.03133

0.15607
0.14667
0.13653
0.12746
0.11886
0.11071
0.10301
0.09575
0.08890
0.08246
0.07642
0.07076
0.06546
0.06051
0.05588
0.05157
0.04756

0.21518
0.20282
0.19095
0.17958
0.16871
0.15833
0.14845
0.13905
0.13013
0.12168
0.11368
0.10612
0.09899
0.09227
0.08595
0.08001
0.07444

0.30005
0.28556
0.27150
0.25790
0.24476
0.23210
0.21992
0.20821
0.19698
0.18623
0.17595
0.16613
0.15677
0.14785
0.13937
0.13130
0.12365

0.42950
0.41399
0.39877
0.38385
0.36926
0.35501
0.34112
0.32760
0.31445
0.30169
0.28932
0.27734
0.26576
0.25457
0.24377
0.23336
0.22333

0.63919
0.62630
0.61344
0.60065
0.58793
0.57530
0.56279
0.55041
0.53818
0.52609
0.51418
0.50244
0.49088
0.47952
0.46836
0.45740
0.44664

1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
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Table II (cont.)

F(r, O, v)

Gy b Relative potential distribution of plune dieleetric
v 2= 0.1 5= 0.2 2= 0.3 2= 0.4 3= 0.5 2= 0.6 2= 0.7 2208 2= 0.9 z =10
0.025 ().()‘)5()7. 0.19043 0.28637 0.38317 0.48114 0.58059 0.68185 0.78526 0.89118 1.60000
0.050 0.09021 0.18096 0.27280 0.36631 0.46210 0.56081 0.66313 0.76985 0.88182 1.00000
0.075 0.08541 0.17159 0.25933 0.34948 0.44294 0.54070 0.64389 0.75379 ().87],91 1.00000
0.100 ©0.08069 0.16235 0.24600 0.33272 0.42371 0.52033 0.624.17 0.73712 0.86146 1.00000
0.125 0.07600 0.15328 0.23285 0.31609 0.40448 0.49977 0.60403 0.71986 0.85048 1.00000
0.150 0.07155 0.14439 0.21992 0.29963 0.38531 0.47907 0.58355 0.70207 0.83898 1.00000
0.175 0.06714 0.13571 0.20723 0.2834.1 0.36627 0.45833 0.56277 0.68378 0.82697 1.00000
0.200 0.06287 0.12727 0.19484. 0.26747 0.34743 0.43760 0.54178 0.66505 0.81447 1.00000
0.225 0.05873 0.11907 0.18277 0.25185 0.32884 0.41697 0.52064 0.64594. 0.80152 1.00000
0.250 0.05474 0.11115 0.17106 0.23662 0.31056 0.39651 0.49945 0.62651 0.78814 1.00000
0.275 0.05090 0.10351 0.15973 0.22181 0.29267 0.37629 0.47827 0.60683 0.77436 1,.00000
0.300 0.04722 0.09618 0.14881 0.20745 0.27521 0.35638 0.45718 0.58696 0.76022 1.00000
0.325 0.04371 0.08916 0.13832 0.19359 0.25823 0,33684 0.43625 0.56698 0.74576 1.00000
0.350 0.04037 0.08247 0.12828 0.18026 0.24179 0.317175 0.41557 0.54695 0.73102 1.00000
0.375 - 0.03720 0.07611 0.11871 0.16748 0.22591 0.29915 0.39519 0.520695 0.71605 1.00000
0.400 0.03420 0.07009 0.10960 0.15521 0.21064 0.28111 0.37519 0.50703 0.70088 1.00000
0.425 0.03137 0.06440 0.10098 0.14365 0.19601 0.26365 0.35563 0.48727 0.08557 1.00000
0.450 0.02872 0.05905 2.09284 0.13262 0.18202 0.24682 0.33655 0.46772 0.67016 1.00000
0.475 0.02624 0.05403 0.08519 0.12218 ' 0.16871 0.23066 0.31801 0.44845 0.65469 1.60000
0.500 0.02392 0.04933 0.07800 0.11235 0.15607 0.21518 0.30005 0.42950 0.63919 1.00000
0.525 0.02177 0.04496 0.07128 0.10311 0.14412 0.2004.1 0.28271 0.41092 0.62372 1.00000
0.550 0.01977 0.04090 0.06502 0.09446 0.13285 0.18634 0.26600 0.39276 0.60832 1.00000
0.575 0.01792 0.05920 0.08638 0.12225 0.17300 0.249906 0.375006 0.59300 1.00000

0.03713
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"z/g1 "1 eommaifjog eorportsd €

0.600
0.025
0.650
0.675
0.700
0.725
0.750
0.775
0.800
0.825
0.850
0.875
0.900
0.925
0.950
0.975
1.000

0.01622
0.01465
0.01321
0.01189
0.01069
0.00960
0.00861
0.00770
0.00689
0.00615
0.00549
0.00489
0.00435
0.00387
0.00344
0.00305
0.00270

0.03365
0.03045
0.02750
0.02480
0.02233
0.02008
0.01803
0.01616
0.01448
0.01295
0.01157
0.01032
0.00920
0.00820
0.00729
0.00048
0.00570

0.05380
0.04882
0.04422
0.03999
0.03611
0.03250
0.02932
0.02637
0.02368
0.02125
0.01904
0.01704
0.01524
0.01361
0.01215
0.01083
0.00965

0.07885
0.07185
0.06538
0.05939
0.05388
0.04880
0.04415
0.03989
0.03599
0.03244
0.02921
0.02627
0.02360
0.02119
0.01900
0.01703
0.01524

0.11231
0.10301
0.09434.
0.08628
0.07879
0.07186
0.06540
0.05956
0.05412
0.04913
0.04450
0.04037
0.03654
0.03305
0.02986
0.02697
0.02433

0.16037
0.14845
0.13723
0.12670
0.11683
0.10760
0.09899
0.09098
0.08353
0.07662
0.07023
0.00431
0.05885
0.05381
0.04918
0.04491
0.04099

0.23459
0.21992
0.20593
0.19263
0.18001
0.16800
0.15677
0.14612
0.13609
0.12660
0.11781
0.10952
0.10175
0.09448
0.08770
0.08136
0.07546

0.35783
0.34112
0.32494
0.30930
0.29422
0.27971
0.26576
0.25238
0.23950
0.22730
0.21558
0.20439
0.19373
0.18357
0.17390
0.16471
0.15597

0.57782
0.56279
0.54795
0.53332
0.51892
0.50477
0.49088
0.47727
0.46395
0.45092
0.43819
0.42577
0.41365
0.40184
0.39034
0.37914
0.36824

1.00000
1.00000
1.00000
1.00000
1.00000
1.60000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.06000
1.00000
1.00000
1.00000
1.00000
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Table 11 (cont.)

@m =7

P

0.025
0.050
0.075
0.100
0.125
0.150
0.175
0.200
0.225
0.250
0.275
1.300
0.325
0.350
0.375
0.400
0.425
0.450
0.475
0.500

Relative potentinl distribution of plane dielectric

|
T 0.1 ; 7o 0.2 2 0.3 5 0.4 z e 05 2w 0.6 5 e 0.7 z e 0.8
0.09426 0.18885 0.28410 0.38036 0.47798 0.57732 0.67877 0.78274
0.08860 0.17782 0.26830 0.36070 0.45572 0.55414 0.65677 0.76457
0.08304 0.16695 0.25265 0.34109 0.43333 0.53054 0.63409 0.74553

0.07760
0.07229
0.06714
0.06217
0.05738
0.05280
0.04843
0.04428
0.04037
0.03668
0.03324
0.03003
0.02705
0.02430
0.02177
0.01945
0.01734
0.01542
0.01368
0.01211

0.15629
0.14586
0.13571
0.12588
0.11640
0.10729
0.09859
0.09031
0.08247
0.07508
0.00815
0.06168
0.05560
0.05009
0.04496
0.04025
0.03594
0.03201
0.02845
0.02523

0.23721
0.22205
0.20723
0.19280
0.17882
0.16534
0.15240
0.140044
(.12828
0.11716
0.10608
0.09685
0.08769
0.07917
0.07128
0.06402
0.05735
0.05126
0.04571
0.04067

0.321062
0.30236
0.28341
0.26484
0.24673
0.22916
0.21218
0.19587
0.18026
0.16541
0.15133
0.138006
< 0.12559
0.11395
0.10311
0.09307
0.08381
0.07529
0.06748
0.06036

0.41089
0.38850
0.36627
0.34431
0.32271
0.30157
0.28098
0.26103
0.24179
0.22333
0.20569
0.18893
0.17307
0.15813
0.14412
0.13103
0.11886
0.10758
0.097106
0.08758

0.50664
0.48253
(0.45833
0.43416
0.41013
0.38636
0.36297
0.34007
0.31775
0.29611
0.27522
0.25510
0.23597
0.21771
0.20041
0.18407
0.16871
0.15432
0.14090
0.12841

0.61079
0.580698
0.56277
0.53820
0.51358
0.48885
0.46419
0.43973
0.41557
0.39183
0.36862
0.34603
0.32413
0.30301
0.28271
0.26328
0.24476
0.22717
0.21051
0.19480

0.72568
0.70507
0.68378
0.66189
0.63950
0.61670
0.59360
0.57032
0.54695
0.52362
0.50042
0.47746
0.45484
0.43263
0.41092
0.38978
0.36920
0.34941
0.33027
0.31187

5 = 0.9

Fir, O, v)

x = Lo

0.88960
0.87858
0.86675
0.85420
0.84093
0.82697
0.81234
0.79710
0.78129
0.76497
0.74819
0.73102
0.71353
0.69580
0.67788
0.05985
0.64178
0.62372
0.60576
0.58793
0.57028
0.55288
0.53575

1.00000
1.00000
L.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
£.00000
1.00000
1.00000
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0.600
0.625
0.650
0.675
0.700
0.725
0.750
0.775
0.800
0.825
0.850
0.875
0.900
0.925
0.950
0.975
1.000

0.010069
0.00943
0.00830
0.00729
0.00639
0.00559
0.00489
0.00427
0.00372

©0.00324

0.00282
0.00245
0.00212
0.00184
0.00159
0.00138
0.00119

0.02233
0.01972
0.01739
0.01530
0.01344
0.01179
0.01032
0.00903
0.00788
0.00088
0.00599
0.00521
0.00453
0.00393
0.00341
0.00296
0.00256

0.03611
0.03200
0.02831
0.02500
0.02203
0.01939
0.01704
0.01495
0.01310
0.01147
0.01003
0.00876
0.00764
0.00666
0.00580
0.00504
0.00438

0.05388
0.04800
0.04269
0.03790
0.03359
0.02973
0.02027
0.02318
0.02043
0.01799
0.01582
0.01389
0.01219
0.01069
0.00936
0.00819
0.00717

0.07879
0.07076
0.06344.
0.05678
0.05075
0.04529
0.04037
0.03594
0.03195
0.02838
0.02518
0.02232
0.01977
0.01750
0.01547
0.01367
0.01207

0.11683
0.10012
0.09626
0.08719
0.07887
0.07126
0.006431
0.05798
0.05222
0.04700
0.04226
0.03797
0.03409
0.03059
0.02743
0.02459
0.02203

0.18001
0.16613
0.15315
0.14103
0.12974
0.11925
0.10952
0.10050
0.09217
0.08447
0.07738
0.07085
0.00484
0.05931
0.05424.
0.04959
0.04533

0.29422
0.27734
0.20124
0.24590
0.23132
0.21749
0.20439
0.19200
0.18029
0.16924
0.15883
0.14902
0.13979
0.13111
0.12296
0.11529
0.10810

0.51892
0.50244
0.480632
0.47058
0.45523
0.44029
0.42577
041166
0.39797
0.38470
0.37184
0.35939
0.34734
0.33568
0.3244.1
0.31352
0.30299

1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
1.00000
100000
1.00000
1.00000
L.00000
1.00000
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Table IiI
z=1 Values of the integral J‘I eve"’ d=2 F(r, Op, 1)
v Q=1 G,=2 Gy =3 @ == 4 Op=>53 Oy = 6 Op =1
0.025 1.00840 1.01692 1.02557 1.03436 1.04328 1.05233 1.06153
0.050 1.01692 1.03436 1.05233 1.07086 1.08997 1.10968 1.13001
0.075 1.02557 1.05233 1.08035 1.10968 1.14042 1.17262 1.20639
0.100 1.03436 1.07086 1.10968 = 1.15098 1.19496 1.24181 1.29175
0.125 1.04328 1.08997 1.14042 1.19496 1.25399 1.31796 1.38734
0.150 1.05233 1.10968 1.17262 1.24181 1.31796 1.40191 1.49457
0.175 1.06153 1.13001 1.20639 1.29175 1.38734 1.49457 1.61510
0.200 1.07086 1.15098 1.24181 1.34503 1.46265 1.59700 1.75083
0.225 1.08035 1.17262 ! 1.27896 ' 1.40191 1.54450 1.71038 1.90393
0.250 1.08997 1.19496 | 1.31796 1.46265 = 1.63351 1.83603 2.07693
0.275 1.09975 1.21801 1.35890 1.52757  1.73043 1.97548 2.27274
0.300 1.10968 1.24181 1.40191 1.59700  1.83603 2.13041 2.49472
0.325 1.11977 1.26638 1.44709 1.67129  1.95121 2.30276 2.74675
0.350 1.13001 1.29175 1.49457 1.75083 2.07693 2.49472 3.03334
0.375 1.14042 1.31796 1.54450 1.83603 2.21428 2.70874 3.35969
0.400 1.15098 1.343503 1.59700 1.92736 2.36445 2.94764 3.73183
0.425 1.16172 1.37300 1.65224 2.02531 2.52878 3.21459 4.15674
0.450 1.17262 1.40191 1.71038 2.13041 2.70874 3.51318 4.64255
0.475 1.18370 1.43178 1.77158 2.24325 2.90597 3.84751 5.19865
0.500 1.19496 1.46265 1.83603 2.36445 3.12228 4.22221 5.83596
0.525 1.20639 1.49457 1.90393 2.49472 3.35969  4.64255 6.56717
0.550 1.21801 = 1.52757 1.97548 2.63478 3.62044 | 5.11450 7.40703
0.575 1.22981 1.56170 2.05089 2.78546 3.90703 5.64488 8.37269
0.600 1.24181 1.59700 2.13041 2.94764 4.22221 6.24140 9.48409
0.625 1.25399 1.63351 2.21428 3.12228 4.56908 6.91287 | 10.76445
0.650 1.26638 1.67129 2.30276 3.31041 4.95105 7.66928 |°12.24082
0.675 1.27896 1.71038 2.39614 | 3.51318 5.37193 8.52203 | 13.94467
0.700 1.29175 1.75083 249472 3.73183 5.83596 9.48409 | 15.91274
0.723 1.30475 1.79270 2.59880 3.96768  6.34785  10.57022 | 18.18780
0.750 1.31796 1.83603 2.70874 4.22221 6.91287  11.79725 | 20.81980
0.775 1.33139 1.88090 2.82489 4.49701 7.53685 | 13.18437 | 23.86696
0.800  1.34503 1.92736 294764 | 4.79381  8.22631  14.75343  27.39728
0.825 © 1.35890 1.97548 3.07740 | 5.11450 8.98852 | 16.52939 . 31.49017
0.850 1.37300 2.02531 3.21459 5.46114 0.83156  18.54059 @ 36.23834
0.875 1.38734 2.07693 3.35969 5.83596 © 10.76445 = 20.81980 = 41.75017
0.900 1.40191 2.13041 3.51318 6.24140 | 11.79725 | 23.40377 48.15233
0.925 1.41672 2.18582 3.675601 6.68013 1294117 | 26.33492  55.59290
0.950 1.43178 2.24325 3.84751 7.15503  14.20872 | 29.66157 @ 64.24510
0.975 1.44709 2.30276 | 4.02950 7.66928 | 15.61386  33.43893 = 74.31160
1.000 1.46265 2.36445 4.22221 8.22631  17.17216 & 37.73006 . 86.02957
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have determined the relative potential distribution for various @, values and
tabulated in the Appendix, permitting to establish the potential distribution
in the given temperature range for dielectrics, of arbitrary thickness. A separate
table contains the function values F(v, O, 1) for the determination of the field
strength distribution.

As an illustration, the developing potential and field strength distribu-
tions have been plotted in Figs 4 and 5 for ¢ = 0.625, and in Figs 6 and 7 for

100
Y
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Fig. 4. Relative potential distribution developing in the plane dielectric, the maximum relative
temperature (). as parameter ¢ = 0.625

¢ = 1.25 respectively. It is very interesting to observe that — because of the
potential distortion, — the load in the dielectric is shifted towards the colder
regions. The maximum local field strength may appear at the outer edge of the
dielectric, that may be as high as the 3 to 5-fold. This is a very remarkable
fact with regard to possibility of local discharge, with resulting partial break-
down, Figs 8 and 9 present the potential and field strength distributions, re-
spectively, versus, the thickness ¢ ~ &, of the dielectric. Of course there is no
dielectric of infinite thickness, but the rate of the potential distortion with
increasing ¢ is very remarkable.
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Fig. 5. Relative field strength distribution developing in the plane dielectrie, parameter the
maximum relative temperature (@). ¢ = 0.625
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Fig. 7. Relative field strength distribution developing in the plane dielectric, parameter the
maximum relative temperature (O,,). ¢ = 1.25
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Fig. 8. Relative potential distribution developing in the plane dielectric, parameter the
constant maximum relative temperature (@, = 5)
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Summary

Differential equation for the thermal conduction of sulid dielectries has been written.
Instead of its exact solution, the parabolic temperature distributicn has been expressed. The
parabolic temperature distribution has been proved indirectly, partly by the Fok-function
known from the thermal breakdown theories and partly by comparing it with the computer-
ized numerical solution of the differential equation. The outputs permit to express the potential
and field strength distributions in the dielectric due to the temperature dependence of specific
conductivity. As the relative potential distribution depends only on the dielectric data (c)
and the maximum relative temperature (@), the resulis could be tabulated permitting to
establish the potential and field strength distortions for any thickness of the dielectric. Remind
however, that our results obtained by applying parabolic temperature distribution are the
most accurate in the range 0.5 < ¢ <C 10, as we have proved.

Appendix

For the expression (20) given in item 4 a program has been prepared in ALGOL-60
language, run on a computer RAZDAN-3 of the University Computing Centre. The outputs
were compiled in tables.

References

1. BecgexBACH, E. F.: Modern Mathematics for Engineers. (Modern matematika mérnd-
koknek). Miszaki Kiadé. Budapest. (1960).

2. Beriman, R.: On the Existence and Boundedness of Solutions of Nonlinear Partial
Differential Equations of Parabolic Type. Trans. American Mathematic Society 64,
pp. 21— 44 (1948).




(92

-3

11.

Dr.

POTENTIAL AND FIELD STRENGTH DISTRIBUTION 143

. Brazier, L. G.: The Breakdown of Cables by Thermal Instability. J.I.E.E. 77, pp. 104—

115 (1935).

. Camstaw, H. S.—Jaecer, J. C.: Conduction of Heat in Solids. Clarendon Presss. Oxford

(1959).

. CorrETT, P. N.—TINSLEY, J. D.: Practical Programming. University Press, Cambridge

(1968).

. Cser~vitHonY, H. A.—Horvirtg, T.: High Voltage Technique. (Nagyfesziiltségii technika.)

Tankon}xklado Budapest (1968).

. Epwarp, A.—Beriwuan, R.: Dynamic Programming and Partial Differential Equations,

Academic Press, New York (1972).

. E1sLER, J.: Introduction to the High Voltage Technique. (Bevezetés a nagyfesziiltségil

technikdba.) Akadémiai Kiadd, Budapest (1966).

. Frourice, H.: Theory of Dielectrics. Clarendon Press, Oxford (1950).
. GROBER, G.—~EREK, 5z.: Fundamental Theory of Heat Transfer. (A h8csere elméleti alap-

jai,) Tankényvkiadé, Budapest (1936).

. GrinBERG, G. M.—Kox~rtorovicH, M. .—LEBEDEV, N. N.: The Development of Thermal

Breakdown with Time. Journal t. Physies 10, pp. 199—216 (1940).

. Handbook of Mathematical Functions. NBS Applied Mathematics Series, No. 55, U.S.

G.P.0O. Washington. 1956.

. Jaecer, J. C.: A Schmidt Mechanism for Approximate Solution of the Equation of Linear

Flow of Heat in a Medium whose Thermal Properties Depend on the Temperature.
Austr. J. Phys. 27, pp. 226227 (1950).

. Jarcer, J. C.: Conduction of Heat in an Infinite Region Bounded Internally by a Circular

Cylinder of a Perfect Conductor. Austr. J. Phys. 9, pp. 167—179 (1932).

. Karrov, V. P.: Miiszaki h&étan. Tankényvkiadé. Budapest (1951).
. Korx, G. A.—Korx, T. M.: Mathematical Handbook for Scientists and Engineers. Mec,

GrawHill, New York (1961).
Lixov, A. V.: A szarftds elmélete. Nehézipari Kiad6. Budapest (1952).

. Lécs, Gy.: ALGOL-60. Mfiszaki Kiadé. Budapest (1970).
. Luikov

A. V.—Migmajrov, Yu. A.: Theory of Energy and Mass Transfer. Pergamon
New York (1965).

Press

20. MimeJgev, M. A.: A héatadss gvakorlati szdmitdsanak alapjai. Tankonyvkiadé, Budapest

(1963).

21. Patké6, J.—Vagra, M. Jr.: Thermal Breakdown Theory Part I. Calculation of the Thermal

Breakdown Voltage at D.C. and A.C. Voltages. (Hovillamos atiités 1. Labilitasi fesziilt-
ség szédmitdsa egyen- és valtakoz6 fesziiltségre.) Elektrotechnika 65, pp. 353—362
(1972).

29, Standard Handbook for Electrical Engineers. Edited by Knowlton, A. E. Mc. Graw-Hill,

New York (1941).

. TranTER, C. J.: Note on a Problem in the Conduction of Heat. Philosophical Magazine.

28, pp. 579—583 (1939).

. Vaspa, Gy.: Degradation and Testing of Insulations. (Szigetelések romldsa és romldsuk

vizsgdlata.) Akadémiai Kiadé. Budapest (1964).

. Vajra, M. Jr.: Calculation of Temperature, Potential and Field Strength Distribution

in Plane Dielectric by Digital Computer. (Sik dielektrikumok stacioner hifok-, poten-
cigl- és teremssége]oszlésénak szamitdsa digitdlis szdmitégépen.) Szdmolégép 2, pp.
48—60 (1972).

. Vagra, M. Jr.: Digital Computer Analysis of Thermal Breakdown Voltage in Solid Dielec-

trics. Periodica Polytechnica (Electrical Engineering). 16, pp. 281—300 (1972).

7. Vagra, M. Jr.: Doctor's Thesis. (Mfiszaki Egyetemi Doktori Ertekezés.) Budapesti Mi-

szaki Egyetem (1973).

. Végtelen sorozatok, sorok és szorzatok, fszerk.: Fazekas, F. Mfiszaki Matematikai Gya-

korlatok B-VI. Tankoényvkiadé. Budape=t (1965).

. WorBEReG. J. R.: Application of Computcb to Engineering Analysis. Mec. Graw-Hill, New

York (1971).

. WooLey. H. W.: Note on a Problem in Heat Conduction, Philosophical Magazine 27,

pp. 06— 708 (1939).

Miklés Varra Jr. H-1521 Budapest



