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Introduction 

The Thomas-Fermi model is one of the quasiclassicd approximations 
of the quantum mechanics which in good approximation describes the ground 
states ef central symmetric atoms, molecules, ions, and in general those sys
tems which consist of a number of particles obeying the Fermi-Dirac sta
tistics (electrons, neutrons, protons, etc.). 

Within the frames of this model the systems consisting of electrons 
may be characterized either by the density function n(x, y, z) which gives 
the number of electrons in unit volume, i.e., 

n dNjdV, (1) 

or by the electric potential U(x, y, z), whose source is the electric charge 
density q = Zen, where e is the elementary electric charge and in the case 
of electrons Z = -l. 

The basic equations of the model are the relation between nand U, i.e., 

U U o (5KI2e) n2i3 , (2) 

where Uo and K are two constants, as well as the potential equation 

Co div grad (U (3) 

where Co is the dielectricity of the vacuum. 
Eqs (2) and (3) may be amalgamated into the single Thomas-Fermi 

equation 
Co div grad (U (4) 

This equation is ultimately the basic equation of the model. 
In the case where external electric fields are present, their potential 

Uext may be amalgamated into U because 

div grad Uext = O. (5) 

The equations (2), (3), and (-1.) are not altered by this procedure. 
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2. The Lagrangian 

In the present note we show that both Eqs (2) and (3) may he derived 
as Eulerian equations from the following Lagrangian 

e n U - ~ arad U· arad U 2 be" 

i.e., from the following variational prineiple 

which is supplemented hy the restriction 

N = JJJ n ax ay az = const, 
i.e., 

bN= 0, 

where N is the number of electrons of the system in question. 

(6) 

(7) 

(8) 

(9) 

Proof. By the Lagrangian multiplier U 0 Eqs (7) and (9) may be con
tracted into one equation. This single equation reads 

b JjoJ Lax ay dz = 0, (10 ) 

enUo =J(n5 :J- en(U . ) 
grad(U U 0)' grade U U 0) . 

(11) 

Yarying nand U as independent field variables one gets from (1,0) thf~ 

following t,\'O Euleriall equations 

and 

3L 

au 
a 'OL 

ax 'OU a-ax 

'OL ;:; 'C Q'3 -.l\..n-: e(U 
an 3 

a ° aL 
av au 
~ a 

a aL 
8.:; au a-

8z 

coincident 'rith (2) and (3), by which our statement is proved. 

(13) 
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3. The physical meaning of the Lagrangian 

::Xow we sho'w that the Lagrangian (6) is equivalent to the total 
energy density of the system 

8(X, y, z) = Kn5i3 
1 E 15, 
') 

(14 ) 

1 -
where Kn5 }:l is the kinetie energy density of the electron gas and - ED IS 

'1 
"-' 

the energy density of the electric field produced by the electron gas as source. 
The Lagrangian of Eqs (2) and (3) is 

2 
grad (U -- Uo). grad (U 

According to Eq. (3) 

en = 8 0 cliv gracl (U - Uo)' (3) 

and so (15) becomes 

L = Kn 53 -- 8 0( U - Uo) cliv grad (U -. U 0) - gracl( U 2 ~ 
Uo) grad(U .- Uo)' 

(16) 
i.e., 

') 
grad (U Uo) grad (U Uo). 

(17) 

Since the Eulerian of diy (f gracl fJ vanishes, the LE' grangian (17) ls~qui

yalent to: 

and 

grad (U -. [-0) grad (U 
2 

Taking into account that 

-grad (U 

15 = -co grad (U - U o) 

(18) 

(19) 

one sees that (18) and (14) are identical. Thus we sce that the Lagrangian (11) 
is equivalent to the energy density of system (14). 
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If the potential U - Uo or grad (U - Uo) vanishes either in the spatial 
infinity, or at the edge of the system, the Lagrangian and the energy density 
are not only equivalent but identical. 

4. The second Lagrangian 

The unified Thomas-Fermi equation (4) also may be derived from a 
Lagrangian. It reads 

L2 = 2e (~)3/2 (U _ Uo)5/2 + ~ gmd (U - Uo) grad (U - Uo). (20) 
5 5K 2 

L2 is also equivalent to (14). 

Summary 

It is shown that the Thomas-Fermi equation of the statistical theory of atoms and 
molecules may be derived from a Lagrangian. The concrete form of the Lagrangian is given. 
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