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Relationship between Laplace and Z-transforms
and evaluation of Z[F(s)]

As it is known the sampled function f*(t) of f(t) can be written in the
form {1, 2, 3] '

£ =1 o0 - nT) =1*()f(1) .

Taking the Laplace transform of this equation we obtain

F(s)2 L[f*()] = \* L()f*(¢)eSdt = ﬁu 1¥(e)f(t)e*'dt.

Since C8[(t — kT)] = e we establish

F(s) 2 o[ f*(0)] = > f(nT)e T
that is e

5}(:) = F*(s) §S=T_I in ()
- Thus the connection between the Z-transform and the Laplace transform is
F(2) hoere = F*(5)2 2[f*(1)] = [1*(0)f(0)].

With the application of the convolution theorem for the Laplace transform,
(f(t) contains no impulses and initially zero)., we obtain

4=
Gl — f— 1 . ; i-,,v_.L_._q,_ ‘ Ts — .
() = Z[F(5)] _,[2].3 f F(p) —rmzr J o=
c—j=
where
F(p) = F(s) s—p = [ f(0)] ls=p
and
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ile——’l‘sgi<1

This integral can be evaluated by the residue theorem. That is, if

then F*(s) can be written in the following general form:

F*(s) = > Residues of [A(p) 1 A--]
Roots of B(p) B(p) 1 — eTe™sT
where B(p) = B(s) iszp
If F(s) is a rational fractional function with simple poles, then the expansion
theorem for the Z-transformation can be expressed in the following form

F*(s) — \,: A(P) . 1 i
= B'(p) 1—eTED

If F(s) is a rational fractional function with r multiple poles of multiplicity m
then the following formula can be applied for the expansion

. 1 demi=1)
gF(:) = F’(S) EZZL’TS — 5‘ lim 2
xf:; §—p (m — 1)‘ dsim=1

{[(3 — p)™ F(s)] *:“—:‘;T“J‘

- @ p=s

(It should be mentioned that the substitution z = ¢ 7 is also usual. It entails
no special difficulty to rewrite the velations in the suitable form.)

The general description of the program developed
for the evaluation of Z[F(s)]

It is supposed that the original transfer function F(s) is given in the

form:
;

Nl
=%
=
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where v; is a pole of multiplicity m; and equals v;; -+ jv;,.
The Z-transform of this equation can be written as:

m .
> A4
Z[F(s)] = =0

m N
L]
B

j=0

Our task is to give a general ALGOL program to calculate the coefficients
A and B based on the preceding general expansion formula.

To this aim we adapted the simpler notations and derived formulae of [2].

Let us now consider the following expression

N N

S

[T =)™

j=t

(s — 8)F(s) = (s ~ #)

From this the meaning of IN and D is clear. Denote by D', D" and N', N”
the first and the second derivatives of D and N, respectively.
With these notations the argument of the general expansion formula becomes

form=1 i L
D z—¢T
N'D — ND’ z N TesT
form =2 4o
Dz z— T D (z— Ty

and for m = 3

1 (N'D —ND")D —2(N'D -- ND)D* =
_:?:. - Do s ST
1 N T%"x(s4-¢T)  N'D--ND'  TeT

2D (z—eTP D2 (z -T2

From these equations the restriction m < 3 is seen for the multiplicity of the
poles. This relationship is valid almost in all practical cases. In our program
one more restriction exists in the degrees of the polynomials of the numerator
and the denominator of F(s): they cannot exceed 30. But to rewrite the parts
of the program connected with this limitation requires little effort.

Our program contains procedures for some complex arithmetic (nadd,
nmult, div) and procedures for operations with polynomials (mult, add, test).
For calculation of a polynomial and its derivative values, a complex Horner
scheme is used, developed by us for this special purpose (Horner).
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The program was designed for a computer MINSK-22 at the Computer
Center of the Automation Research Institute of the Hungarian Academy of Sci-
ences. The used algorithmic language was the representation of the ALGOL-60
relative to this computer.

The program was tested already succesfully in many problems, and it
deserves our full satisfaction.

The program

The complete program is given in the following.

begin

integer r, mmax, m, n;

input (r, mmax, m, n):

begin

integer jj.ii, kk, 21, 22, 1, j, k, 1, hi;

real pl, ql, p2, q2, p3. g3, p4. q4, 1. h:

real array pr, pi[l:r], szaml, neve [0:n, 1:2}, v[l:r, 1:2], aa[0:m, 1:2], denom,
segit, ab[0:n, 1:2], a{1:60, 0:30, 1:2], ¢[l:r l:mmax, 1:2];

integer array mull:r], d[1:60];

procedure nadd (al, a2, bl, b2, cl. ¢2):

value al, a2, bl, b2; real al, a2, bl. b2, cl. c2;

begin
cl: = al - bl; ¢2: = a2 4 b2;
end nadd;

procedure nmult (al, a2, bl, b2, ¢l, ¢2);

value al, a2, bl, b2; real al, a2, bl, b2. cl. ¢2;
begin

c¢l: = al xbl — a2 xb2;

c2: = a2xbl - al xb2:

end nmult; :

procedure div(al, a2, bl. b2, cl, ¢2);

value al, a2, bl, b2;

real al, a2, bl. b2, cl, c2;

begin real nev;

nev: = bl xbl L b2 xb2;

¢l: = (al x bl + a2 x b2)/nev;

e2: = (a2 X bl — al X b2)/nev;

end div;

procedure mult(numl, num2, num3);

value numl, num?2; integer numl, num?2, num3;
begin integer j. k,1, s, x, v;

real x1,x2;
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x: = d[numl]; y: = d[pum2}: s: = d[pum3]: = x 4 ¥;
begin array b[0:s, 1:2];

for k: = 0 step 1 until s do

begin

blk.1]: = bfk, 2]: = 0:

if x <k then 1: = x else 1: = k;

ji=k —¥; if j <0 then j: = 0;

for ji=17] step 1 until 1 do

begin

nmult(a[numl. j, 1]. a[puml. j, 2], a[pum?2, k -—j, 1], alnum2, k —j, 2].
x1, x2);

nadd(b[k, 1], b[k, 2], x1. x2, b[k, 1]. b[k. 2]);

end end;

for k: =0 step 1 until s do

for j: =1 step 1 until 2 do

a[num3, k, j]: = blk. j]:

end;

end mult;

procedure test(numl, num2, z1, 22);

value numl, num?2: integer numl, num?2, z1, z2;
begin if d[numl] > d[num2] then

begin zl: = numl; 2z2: = num?2; end else

begin z1l: = num?2; z2: = numl;

end end test;

procedure add(numl, num?2, num3);

value numl, num?2; integer numl. num?2, num3;
begin integer na, nb. nc, nd;

na: = d{num3]: = d[numl];

nb: = na — d[num2]; nd: = nb — 1;

for nec: = na step —1 until nb do
nadd(a[numl, ne, 1], a[numl, ne, 2], a[pnum?2, nc — nb, 1],
a[num2, nc — ub. 2], a[num3, ne, 1], a[num3. nc, 2]);
for. ne: = 0 step 1 until nd do

for na: =1 step 1 until 2 do

a[num3, ne, na]: = a[numl, ne, nal;

end add:

procedure horner(n. al, k, r. x1, x2);

value n, k, x1, x2;

integer n, k: real x1, x2; array al, r;

begin integer i, j,1;

array rr[l:2];

rr[l]: = al[0, 1]; rx[2]: = al[0, 2];
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for i: = 0 step 1 until k do

for j: =1 step 1 unuil 2 do

o[i, i]: = relj):

if k > n then begin

for it=mn-+1 step 1 until k do

for ji=1 step 1 until 2 do

r[i, j]: = 0; end;

for j: =1 step 1 until n do

begin

nmule(x[0, 1], £[0, 2], x1, x2, r[0, 1], [0, 2]);
nadd(r[0, 1], £[0, 2], al[j, 1], al[j, 2]. x[0, 1], ¢[0. 2]);
li=1if n —j >k then k else n —j;:

for it =1 step 1 until 1 do

begin

nmult(r[i, 1], o[i, 2], x1, x2, r[i, 1], r[i, 2]);
nadd(r[i, 1], o[, 2}, e[i — 1, 1]. o[i — 1, 2], e[, 1]. o[, 2]):
end end;

end horner;

input(aa, mu, v, t);

dlr +1}:=0; a[r + 1,0, 1}: = 1: afr + 1. 0. 2]: = 0:
for i: =1 step 1 until r do

begin

dfil: == 1; a[i, 0. 1]: = 1; afi. 0. 2]: = 0
ali, 1, 1] = —v[i, 1}: a[i, 1, 2]: = —~[i, 2]:
hi: = muli];

for j: =1 step 1 until hi do

mult(r -~ 1.1, r + 1);

end;

for 1: =1 step 1 unitl v do

begin '

¢t == mull] —1:

horner(m, aa, k, szaml, v[1, 1], v[1. 2]);

hi: = d[r = 1];

for i == 0 step 1 wuniil hi do

for j: =1 step 1 uniil 2 do

abli, j]: = a[r - 1.1, j];

hi: = mull];

kr=2xk -+ 1.

horner(n, ab, k, neve, v[1, 1], v[L. 2]):
div(szaml[0, 1], szaml[0. : ] nevelhi, 1],
nevelhi, 2], ¢[l, 1. 1], e[l. 1. 2]);

k:=0:
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if hi >> 1 then

begin

kezd: k: = k + 1;

div(szaml[k, 1], szaml[k, 2], szaml[0, 1],
szaml[0, 2], pl. ql); :
div(—neve[hi 4 k, 1}, —nevelhi -+ k. 2], neve[hi, 1}, nevel[hi, 2], p2, q2);
nadd{pl, ql. p2, q2. p3, q3);

nmult(c[l, 1. 1], e¢[l. 1, 2], p3, g3, ¢[1. k + 1,1}, ¢fL, k -+ 1, 2]);
if hi =3 Ak =1 then begin

nmult(e[l, 2, 1], ¢[l, 2, 2.]. p2. q2, p4, q4);
goto kezd;

end;

if bi = 3 then begin

cfl, 3, 1}: = cfl, 3, 1] + p4;

¢{l, 3. 2]: = ell, 3. 2] + q4;

end;

end hil;

end 1;

output(e);

:=n -+ 1;

for it = 0 step 1 uniil v do

begin

dlr - 1:=0: alr -+ 1,0, 1]: = 1: a[r + 1.0, 2]}: = 0;
for 1: = 1 step 1 until r do

begin

dl}: = 1: a[l,0.1]: = 1; afl, 0,2]: = O;
ql: = vil, 11Xt q2: = v[}, 2] xt;

pl: = exp{ql):

all, 1, 1]: = prl]: = —pl < cos(q2);

all, 1, 2]: = pifl]: = —plxsin(q2):

hi: = mufl]:

if i =1 then goto vege;

for j: =1 step 1 uniil hi do

mult(r + 1. 1Lt + 1);

if i=0A1=r then begin

for kk: == 0 step 1 uniil n do

for ji=1 step 1 until 2 do

denom[kk, j]: = a[r + 1, kk, j|;
output{denom);

end;

vege: end 1:

if 1= 0 then goto kt;

6+



238 T. KOVACS

hi: = muli];

z2: =i - 1;

for j: =1 step 1 until hi do

begin

fir=di-+1; i =d[z2 +hi —j]: = d[r -+ 1];

for jj: =10 step 1 until 1 do

Jor kk: =1 step 1 until 2 do

a[z2 -+ hi —j. jj, kk]: = a[r + 1. jj. kk];

if j = hi then goto kt;

mult(r + 1.1, ¢ -+ 1);

end j:

kt: end 1

zl: = n -+ 1;

for it =1 step 1 uniil n do

for jj: =0 step 1 until n do

for kk: =1 step 1 until 2 do

begin

dfij: = d[i + z1};

ali, jj. kk]: = a[zl 4 1, jj, kk];

end;

il: = 0

for I: =1 step 1 until v do

begin

ii: = ii -+ 1; hi: = mu[l];

if hi=1 then begin

dln 4 ii]: = 0; a[n -1, 0, 1]: = ¢[l, 1. 1]; a[n <4 i1, 0, 2]: = ¢{L. 1. 2];
goto ki

end hil;

if hi = 2 then begin

d[n + ii]: = 0;

aln - 1i, 0, 1]: = ¢[1, 2, 1];

a[n—i—ii,O,Z]::cl 2, 2]

ii: = i1+ 1; d[n 4+ ii]: = 0;

nmult(cfl. 1. 1], efl. 1, 2], —t < pr[l]. —t X pi[l]. a[n + ii. 0. 1], a[n - 1.0, 2]);
goto ki

end hi2;

if hi = 3 then

begin

dn +ii]: = 0; a[n +-1ii,0,1]: = ¢[L. 3, 1}; a[n + 11, 0, 2]: = ¢[1, 3. 2];
fir = ii 4 1:
nmult(efl, 2, 11, e[, 2, 2] 1.
—tx pifl], a[n -1, 0, 1], afn 4+ 11, 0, 2]);
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hi: = i 4+ 2;
d[n - hi]: = 1;
aln + hi, 0,1]: = 1; afn + hi, 1, 1]: = —pr[l};
aln -+ hi, 0. 2]: = 0; a[n + hi, 1, 2]: = —pifl];
il: =it + 1; d[n -+ i1]: = 0
pl: = 0.5:t42; p2: = plie[l, 1, 1]; q2: = plxe[l, 1,2];
p3: = —pr[l]; q3: = —pi[l];
nmult[p2, q2. p3, g3, a[n <+ ii, 0, 1}, a[n + i1, 0. 2]);
mult(n -+ ii, n-~ hi, n- ii);
end hi3:
ki: end 1;
ii: = 0:
for I: =1 step 1 unitil ¢ do
begin hi: = mull];
for j: =1 step 1 until hi do
begin
i o= il - 1;
mult(ii, n =+ ii, n -+ ii);
end j:
end 1;
a[60, 0, 1]: = 0; a[60, 0, 2]: = 0; d[60]: = 0;
for it=mn -1 step 1 until n + n do
begin
test(i, 60, 21, z2); add(zl, 22, 60);
end;
d[59]: = 1; a[59,0, 1]: = 1; a[59,0, 2]: = 0;
a[59,1,1]: = 0; a[59.2,2]: = 0;
mult(59, 60, 60);
hi: = d[60];
output(hi):
for i: =0 step 1 uniil hi do
for ji=1 step 1 until 2 do
output(a[60, i, j]);
end end;
For the application of this program we attach the parameter list of the
program. That is, the parameters are to be read in this order:

T the number of distinct roots of the denominator
mmasx maximal multiplicity of roots of the denominator
m degree of the numerator

n degree of the denominator

aa[0:m, 1:2] coefficients of the numerator
muli] multiplicity of the root
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v[i, 1] " real part of the root
vii, 2] imaginary part of the root

(i=12....7)

t  sampling period in secs
Summary

An ALGOL-program is presented for the evaluation of Z{F(s)] for the case of multiple
poles of 3 maximum multiplicity.
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