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Introduction 

The 'wayc theory of coupled transmission lines is known from the tech­
nical literature [1, 5]. According to this, as many modes with Jifferent pro­
pagation coefficients arise in general in the transmission line, as the number of 
over-grounJ wires. In three-phase transmission lines built with transposition 

the symmetrical components correspond to the modes [2, 3, 4]. Among the 
'wires the ground wire has a special rule, it is earthed at each pole. In the present 
paper it is examined how the illfluenc(' of the ground wire on the electro­
magnetic "W:lyes propagating in the transmis"ion line can be taken into con­
sideration. 

Theory of the coupled transmission line 

Our eon:;idera tions are based on the theory of the coupled transmission 

line. (For a concise summary see paper [4].) According to this, for a system 
consisting of n 'wires arranged ahoY(' the earth, parallel with thf' f'arth and 
with each other. t]1(' systpm of differential equations 

Si Y 11 
l.:...., (i) 

8z 

IS yalid, where z is the spot co-ordinate III the dircction of the transmission 
line, i the column vector formed of the currents in the 'wires, U that of the 
voltages hetween the wires and the earth surface, Yp the parallel admittance 
matrix related to unit length, and Zs the series impedance matrix related to 
unit lcngth. Yp and Zs are square matrices of the nth order. (The method of 
their determination is to he found in [1] and [4].) 
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The solution of the system of differential equations (1) is giyen hy 

11(:::) = e-r~ ty)+er~ q-I 
i(:::) = Yo [e-T~ q'I er: n)-)] 

(2) 

\,,-here U~ +) and U~ -) designate the colum \"ectors formed of the valucs assumed 

at the place z = 0 hy the voltages passing in directioIls -:-::: arId -:::, rcspee­

ti'vely, r is the propagation coefficient matrix the squarc of which i" 

(3) 

and the expression of tllf' wayt~ admittance matrix I" giyen a:" 

(4) 

Matrix functions figuring in (2) can be expressed by the matrix Lagrange poly­
nomials. The Lagrange polynomials of the nth order squart' matrix X can be 

written as follow,:, 

11 X i·I;E L/;(X) 11 (5) 
j=l ;.j i· l; 
j#k 

where E is the unit matrix of the nth order and 1.1; denotes (k = 1,2, ... 11) 
the eigenYalu{'" of matrix X which can be determined of tll(' equation 

i.E = O. (6) 

The matrix functiolls of X can he expre8sed by the Lagrallge polynomials 
as follows. 

n 

f(X) = 2 .((i.j;) LI;(X), (7) 
1;=1 

Accordingly the relatiuIlship" given under (2) can ht, written also 111 tht· fol­

lowing form. 

H(Z) 

(8) 

/" (1< = 1, 2, ... , n) denotes that square root of the characteristic values of 
r 2 which falls into the first quarter of the plane of complex numbers. These 

are the propagation coefficients pertaining to the individual modes. (For the 
physical interpretation of relationship:.; (5) see [4].) 
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Consideration of the influence of the ground ",ire 

The ground wires are short circuited at the individual transmission line 
poles 'with the earth. Consequently their potential is identical at these places 
with the potential of the earth surface. In the followings the ground wires 
are taken into consideration in such a 'I-ay that their potential is assumed 
to be identical in each cross section 'with that of the earth surface. This is an 
approximation which is honoured exactly only at the place of the transmission 
line poles. 

At the place of the ground 'wires the current of the phase wires produces 
a certain potential. The aforesaid condition on the potential of the ground 
wires necessitates that the current in the ground wires should be so high that 
the resultant potential at the place of the ground wires is zero. 

Let us number the 'wires in such a way that the ground wires receive 
the first order numbers, and the phase wires the further ones. Let us designate 
by Uj the column vector formed of the potential of the phase wires at the 
examined place z, by if the column vector formed of the current of the phase 

wires, by io the column vector formed of the current of the ground wires. 
Then the voltage and current column vectors of the system can be written 
in the following form. 

u(z) = (~j) and i(z) = ( !; ) , (9) 

where 0 is a column vector of similar order as io. 

Matrices Zs and Yp are partitioned in such a way that the separating 
lines are drawn behind the first rows and columns representing the ground 
wires. Thus e.g. the series impedance matrix of the system consisting of two 
ground and three phase wires can be written as follo-ws. 

r
zu Z12 Z13 Z11 Z15 

.. 
Z21 Z22 Z23 Z21 Z25 

Zso = Z Z32 Z33 Z31 Z35 
(10) 

31 

Zll Zl2 Z!3 Zll Z'15 1 

L Z51 Z52 Z53 Z5! Z5LJ 

In the sense of the foregoing the partitioned series impedance matrix of any 
transmission line system having ground wires is given by 

Z _[ZI! 
50 -

ZSI! 
(11) 

In (10) Zn and Zs arc square matrices of the second and third order, respectively. 
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The parallel admittance matrix of the transmission line system can be 
written ill the form of a hypermatrix similar to ZSIJ" 

¥ = [Yn YnpJ. 
po y ¥ 

pll P 
(12) 

Let us substitute (9), (11) and (12) ill Eqs (1). Thus we find that 

(13) 

S [io J [Yn 

S::; i
J 

= ¥pn 
(14) 

where in consequence of reciprocity Z;:s is the transposed of Zsn' and Y np 
that of Y pn • Of these we can 'write the following equations. 

() (15) 

(16) 

(17) 

(18) 

From (15) we obtain that 

(19) 

Upon substituting this into (16) we find that 

~ - (Z -Z Z-l'7, )"'. 8z uj -- S Sf! n E-l llS t; (20) 

(18) and (20) represent a system of differential equations, similar to (1), in 
'which only the currents and the voltages of th(' phase wires are figuring, 
further 

(21 ) 

corresponds to the parallel admittance matrix and 
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(22) 

The meaning of these results is that at the approximate calculation of the 
transmission line system having ground wires these are not to be taken into 
consideration at determining the parallel admittance matrix, while in the :;:eries 
impedance matrix the correction member 

.dZ s (23) 

is added to thc series impedance matrix Zs of thc system without ground wires. 
This can be interpreted in that manner that the current in the wires is not 
influenced by the potential of the ground 'wire, since it is zero, the potential 
of the "wires, however, is influenced by the current of the ground wires. 

It follows from the aforesaid that the numher of modes arising in the 
systcm is not influcnced by the ground wires, r 2 and Yo however are modified 
with respect to the system without ground wires, in consequence of the cor­
rection mcmlwr added to Zs' 

It can bc seen from the foregoing that the calculation of transmission 
"line systems containing ground 'wires too can he reduced to that of the system 
without ground ·wires. 

It should be noted that Eq. (17) has not been discussed. This equation 
is in general in contradiction with Eqs (15), (16) and (18). These are namelv 
satisfied jointly if 

(24) 

what is generally not valid. This contradiction originates from the fact that 
we calculated with an approximation. We have namely assumed that the 
ground wire is at zero potential and this makes the problem redundant. In fact 
the potential of the ground wires is zero only at the earthing places, i.e. at 
the transmission line poles. Since however the distance het'wcen two poles is 
very small in comparison with the waye length, the potential of thc ground 
wire can actually be regarded as zero. 

For a more exact description of conditions in the system " .. c should take 
into consideration that the number of wires is incrcased by the number of 

ground wires and thus also the number of modes is generally increasing. If the 
potcntial of the ground 'wires at a place with co-ordinate z is zero, then by 
force of (8) the potential' of the ground wire~ at a distance of Llz from the 
formcr place i5 in general different from zero. Accordingly such a reflection 
comes into existence at the further earthing places that the potential of the 
ground 'wires will he zero there. This means that at more exact calculations 
sections between two neighbouring transmission line poles should he handled 
separately. 
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Three-phase transmission line ~ith ground ~ires huilt 
with transposition 

By employing the theory of the coupled transmission line, conditions 
of transmission lines built 'with transposition can be discussed [4 J. In the 
followings the influence of the ground wires in a transmission line with trans­
position will be examined by employing the same theory. 

In the case of transposition the individual blocks of hypermatrices (ll) 
and (12) have a certain symmetry. In the case of an once three-phase system 

Zs' Y p, r 2, rand Yo are of the form 

(25 ) 

fJ 

,,,-hile in the case of twice three-phase matrices the build-up of the above men­
tioned matrices is the following. 

(X 
J 

r3 f' " " /) r r 
D 

X f3 f' (' Y IJ 
:J fJ X (' Y X2 
i) i (26 ) 
6 6 () E 

i-

() 6 6 i-
f '0 

6 () b .~ 

E-1 

An eigenvector and eigenvalue system of matrices Xl and Xz is described 
in the Appendix. 

The columns of matrices Zns and Y np are equal with each other, similarly 
the rows in matrices ZSf! and Y pn are equal. In consequence of reciprocity Zns 

is the transpose of Zsm and Y"p that of Y pn, i.e. 

Zns = [Z/i Z/i 

Y np [Y/i Y k 

Zd ZSIl 

Yd =Ynp 

(27) 

(28) 

(The asterisk * designates the transpose.) These matrices take the interaction 
of ground wires and phase wires into consideration. The elements of Z/i and 
Y k are supplied by the arithmetic means of the corresponding rows in matrices 
Zl1s and Y"p, respectively, calculated for the case 'without transposition. 

It should be noted that in the case of a single ground wire Zri and Y" 
consist of a single element. 

In the case of transposition the correction member of the series impe­
dance as written in (23) can be calculated relatively simply. In this case 
namely LlZs is a square matrix, all the elements of which are equal to each 
other and the order of which is identical with the number of phase wires. 
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This can he understood as follows. Let Yi, Y;, ... ,17 denote the 
individual rows of Z;l, where i is the numher of ground wires. 

(29) 

On the hasis of (23) and (27) 

(30} 

Thus the elements of .:::lZs are equal to each other and the value of such an 
element is 

(31 ) 

The expression of the propagation coefficient matrix on the basis of (3), 
(21) and (22) is found to he 

where 
(33) 

r is the propagation coefficient matrix of thc system without ground WHe. 
It -was seen that all thc elements of L1Zs were equal to each other. In the case 
of an once three-phase system Yp has the form (25), in that of a twice three­
phase system the form (26), and is symmetrical. It follows of this that the 
sum of the elements in a column of Y p is the same for all columns. An element 
of L1rz as written in (33) is equal to the product of L1Zs and of the sum of 
the elements in a column of Yp. Thus the elements of /lrz are equal to each 
other. Let us designate these hy L1r2. 

In the followings we shall first examine the once three-phase system. 
Then rz is an Xl-type matrix of the form (25). Thus 

P-L1P n-L1p 
r'~ r2-L1r2 = [rz JP r-;-JP 

n-JP n-Jr 
(34) 
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are also of type Xl" The eigenyalues on the basis of relationship (A3) ill the 
Appendix are found to be 

(35) 

(36 ) 

Upon comparing these results with the eigenYalu(,:3 of matrix r~ \ alid 
for the system without ground wire (see [4]) it is seen that the ground wire 
modifies only the propagation coefficient helonging to the zero phase-sequence 
component, those belonging to the positive and negatiye phase-sequence com­
ponents are not influenced hy it. 

In the case of a twice three-phase system the build-up of matrix 1'2 is 
identical with that of matrix X2 given under (26). Then 

r:;t>-.:::Jr~ f3 -,-lrz f3 -LlP y-Llr:! '-) .:::Jp y ilr2 --' 
I 

{J -- Llrz x-~.Jr2 {J~Llr2 y-.Jr2 y-LlP y-iJr2 

r':! =1'2 iJr~ j3-.:::JP j3--LlP 0'..-LlT2 y-.:::JT2 (--LlP y-LlP (37) 
6 ---LlP 6 _:JP 6 LlP l'-iJrz , LlP C ~ iJP 
6 -.:::JP 6-.::1P 6 -- .:::Jr2 (-.:::JP I' .:Jp C-Llr2 

L 6 -,,-Irz 6-.:JP 6 JP '- -Llr2 s iJr2 I' ,/lr2 .J 
" 

is similarly of type X2 what means that the ground wires are not influencing 
the system of eigenvectors. The eigenvalues belonging to the two 
zero phase-sequence components are, according to (A7) in the Appendix, 

where 

}'~2 = 3y--3LlP 

l.gI = 36 -3.:JP. 

The eigenvalue helonging to All and AI:! (see Appendix) is 

and the eigenvalue helonging to AI? and AZ2 is 

c--:,_ 

(38) 

(39) 

(40) 

(41) 
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This means that the eigenvalue belonging to the positive and negative phase­
sequence component is not influcneed by the ground wire (cf. [4]). 

\Ve can accordingly establish that the ground wire is influencing only 
the propagation coefficient of the zero phase-sequence component in the case 
of both once and twice three-phase transmission lines built with transposition. 
The values of wave admittances of various phase-sequence however are not 
independent of the presence of ground wires. 

In the foregoing the calculation of three-phase transmission lines built 
with ground wir(' wa~ r('duc('d to the theory of system5 without ground wire5. 

Appendix 

A possible system of eigenvectors for matrix Xl given under (25) is the 
following. 

So (AI) 

where 

(A2) 

The eigenvalues appertaining to this eigenveetor are 

Xi): i.~ =X p. (A3) 

For writing onc of the eigenvector systems of matrix X2 given under (26) let 
us partition X 2 as follows. 

Y J A12 

X,),) • 

(A4) 

where the matrix blocks are square matrices of the third order. Among these 
Xll and X22 are of identical build-up with Xl given under (25). Thus the eigen­

vectors of these are as given under (AI) and the eigenvalues can be determin­
ed on the basis of (A3). Be the signs of these eigenvalues ;'~l' iW, ;W and 
;.gz, ;·W, ;·h~), respectively. X 12 and X2l arc matrices (,Hch element of which is 
equal to that in the other. This can be regarded as a special case of matrix 
Xl given under (25). Among the eigenvalues of these only the one apper­
taining to eigenvectOT So is different from zero. Let us designate this with 

i'~2 and J.g1, respectively. 
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One of the eigenvector systems of matrix X2 given under (26) is given by 

[~ ] 

where 

Since Av'A2 may assume two values, AD designates two eigenvectors. 
The eigenvalues appertaining to the eigenvectors (A5) are 

r11 = ;W 
(!l~=;W 

f/:!l = 4P 
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Summary 

The wave theory of coupled transmission lines is known from the technical literature. 
as well as the application of this theory for the examination of once and twice three-phase 
systems built with transposition. The present paper gives a method for the consideration 
of the influence of ground wires, ,.imilarly on the basis of the wave theorv. Ground wires are 
influencing the propagation coefficients of waves arising in the transmission line system and 
the wave impedances, but not the number of arising modes. In three-phase lines built with 
transposition the ground wire affects only the condition of the zcro phase-sequence symmet­
rical component. 
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