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1. Conditions of optimization

A generally accepted principle of the synthesis of linear control systems
is the following. The given data are: (1) The correlation functions g (7),
@sn (7) and @nn () of the input r = s - n of the system, which is regarded as
being stationary and ergodic, or the Laplace transforms of these, the power
spectra Qg (s), Dsn (s), and Py, (s), respectively, (2) the ideal weighting func-
tion ¥(t), which orders the ideal output signal i(¢) to the input signal s(z). This
physically realizable and stable system is regarded as the optimum which en-
sures a minimum of the mean square error. The problem is the determination
of the weighting function w(t) of this system.

As was shown in a paper published earlier [22], in the case of a linear
sampled-data system two sorts of mean square errors may be defined: the dis-
crete mean square error (> and the continuous mean square error %
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where e(z) = c(t) — i(t) is the error signal, ¢(¢) the actual output signal, and
T the sampling period. The ideal output signal can be ordered in three different
ways to the input signal: (Problem 1:) to the sampled control input s* (7)
by a continuously operating ideal system, (Problem II:) to the continuous input
signal s(t) by a continuously operating ideal system, (Problem III:) to the
continuous input signal s(t) by a discretely operating ideal system. The ex-
pressions of {® and & are given for each of the three problems.

It is obvious that the system ensuring the minimum of the discrete
mean square error can be more simply calculated, and in general it results in
compensators which are more simple to realize. The system ensuring the
minimum of the continuous mean square error, in turn, is regarded as having
a better operation.
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Instead of demanding the physical realizability, in practice it is generally
sufficient to demand the causality of the system, the condition of which is
known to be

w(t) = 0, t < 0. (3)

Both the causality and the stability of the sampled-data system are en-
sured, if all the poles of the discrete transfer function of W(Z) are outside

the unit circle |Z| = |e=*T| = 1, (i.e. inside the unit circle [3] =

= |¢*7| = 1). If W(Z) is rational this condition can be written in the form
1 1

- 0, 1Z|>1, (4)

WZ) = W(Z.m)

since the poles of W(Z, m) and W(Z) are identical.

2. Minimization of the discrete mean square error

The expression for the discrete mean square error, according to [22 (64),
(66)] is

L dpz—l!{fee(Z)aZ, rzi=1, (5)
J J

ey
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Y, (Z) = ¥, (Z) — W(2) ¥, (Z) — W(Z~) ¥ (2) +
LW(EZ WD) Y, (2).

(6)

where ¥(Z)represents the discrete transform of the simple correlation sequences.
Let us determine the discrete transfer function Wp:(Z) which satisfies (4) and
ensures the minimum of ;2 in the structure shown in Fig. 1, where G(Z) and
G(Z, m) are the given transfer functions of the controlled plant, while D(Z)
and B(Z) are the transfer functions of the impulsc compensators which may
be chosen.

It is known [1, 10] that the stability of the system can be ensured in a
practically satisfactory manner only if W/(Z) contains all the zeros of G(Z)
which are inside the unit circle. Let

G(2) = P(Z)Go(Z)- ()

where the polynomial P(Z) contains all the zeros of G(Z) which are inside the
unit circle, thus all the zeros of G, (Z) are already outside the unit circle.
A typical case of this kind is when G(s) = e ™" Gy(s), thus P(Z) = Z" (delayed
controlled plant). '
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Accordingly the transfer function of the closed system should have the
form

W(zZ) = P2) (2), (®)

where V(Z) is the auxiliary function which is to be determined. This may have,
by force of (4), only poles outside the unit circle.

Let us employ on determining V(Z) the simplified method of Csixr [14,
20]. Let us introduce the auxiliary functions

Wi, (2) = P(2) ¥, (2), ¥} (Z) = P(Z~Y) B (2),
¥, (2) = P(Z) P(Z~) ¥, (2) ; | ©)

A

, A(Z——l): }p;‘z (Z—l) — gj;r(z)
¥, (2)

A Wz ¥L(2)

(10)

determined by the data. By eliminating the functions ¥,;(Z) and ¥, (Z),
relationship (6) can be written in the following form:

¥, (2) = ¥,(2) — AZ) A(Z) ¥}, (2) +

_ (11)
+[42) = V@) [4Z) - V(EZ)] ¥, (2).

The first two terms cannot be influenced by the choice of ¥(Z). The last
term is net negative on the unit circle (Z = €'¥), thus we obtain the minimum
value of (% if the last term is zero, i.e. if

Vi(Z) = A(Z) = _E_U_;__.‘(Z_)

Y. (Z) .

This 17, (£), however, also contains poles which are inside the unit circle. Write
(12) in the form

Y (Z) V(Z) — ¥ (Z) = 0. (13)

If we write in place of V), (Z) the function Vyp;: (Z) which has no poles inside

the unit circle, then zero canmot figure at the right side. Csix1 implicitly

assumes that by substituting Vop, (Z) we should write at the right side a func-
tion F_{Z) having poles only inside the unit circle.

1, (Z) Ve (3) — s (Z) = F_(2). (14)

Let us factorize the function @(Z) to the product of two functions

D(Z) =D (Z) D (7) (15)
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where all the poles and zeros of @+ (Z) are outside the unit circle, consequently

all the poles and zeros of @~ (Z) are inside the unit circle. Thus (14) may be
written in the form

, Ly Y5z F_(Z

[, (2)]* Vipe (2) = —mE)_ T @)

¥, @] @)

(16)

The left side has poles only outside the unit circle, while the second term of the
right side only inside it. Decompose an arbitrary function @(Z) to a sum:

D(Z) =[P(D)]+ + [2(2)]-= 2. (2)+ 2_(2), (7
where all the poles of part | ], are outside ‘the unit cirele, and those of
part | 1. inside the unit circle (there is no restriction for the zeros). Ac-

cordingly the left side of (16) is equal to part [ ] of the first term at the
right side.

. W (Z
(25 @] Vo 2= || (18)

Let p designate the degree of the polynomial P(Z) having poles only inside the
unit circle, then evidently
P(Z-Y=Z""P,(2); P,(Z)=Z" P(Z~Y), (19)

where all the zeros of the polynomial P, (Z) are outside the unit circle. Accord-

ingly
(¥, (2)]* = [P2) 277 P,(2) ¥, (2)]* = Py(2)¥;.(2).
[¥,.(2)] = 277 P(Z) ¥7(2). (20)

As a final result, the expression for the physically realizable, stable and
optimum transfer function is found to be

Vo (2) = P Vo) = 200 [EAZL)

R@)¥:(2) | P(2)¥5(2)

The correlation sequences can be expressed by the correlation functions
and the ideal transfer function [22].

¥

ri

(Z) = Y(Z)D,,(Z), (Problem I, and IIT); (23)

¥, (Z) = B, (Z) =5 [Y(5) Prs(5)] » (Problem 1II). (24)
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We wish to remark the following on these results. If the occurring func-
tions are rational, as it is in most cases, then the operation [ 1+ simply de-
notes the formation of the sum of partial fractions pertaining to the poles
outside the unit circle. This is the consequence of the application of the variable
Z, since the situation is more complicated in the case when using an expression
in terms of the variable z = Z~! [21]. It can further be shown, e. g. by the
variation method as employed by Tou [6], that the assumption of Csig1 is
not restricting the function eclass, thus the solution (21) is really optimum.
This verification is also necessary because without the introduction of the
notations (9) we obtain such an expression in place of (21) which differs from
relationships (21) only in the fact that 1 is to be written in place of both P, (Z)
values. This W(Z) is physically realizable but the system is not optimized
thereby. If P(Z) = 1, then P,(Z) = 1, thus there is no difference between
the two results.

3. Minimization of the continuous mean square error

The expression for the continuous mean square error, in view of
[22(70), (72)] is found to be

gt

Q‘g)z—l Y. (Z)dZ, (25)

r

1 1

¥, (Z) = [ P (Zs m)dm = [ ¥, (Z; m) — Z=2 (2, m) ¥, (Z; m, 0) —
— ZW(Zm) ¥ (Z; 0, m) + W(Z-, m)W(Z,m) ¥, (Z)]dZ.  (26)

Since the closed system (Fig. 1.) contains only impulse compensators, thus
as is known,

_ 6z,m

W(Z,m) = o W(Z). (27)

e e T e I
T -

CFig. 1

By substituting this into (26), the expression can be written as follows
Voo {Z) = ¥y (2) = W(2) P, (2) = W(Z7) ¥, (2) +

A (28)
+W(EZYW2) P, (2),
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fw))

where the functions with a dash above, depend only on the given quantities:

1

Vi(Z)= ¥y (Zsm)dm, (29)
_ 71
T, (Z) = G(Z,m) ¥, (Z; m,0) dm, 30
A)G@J( )%, (Z: m, 0) (30)
174 Z g -1 7. 0.1m
T (Z) = G(Z“l)a‘ G(Z-t, m)¥, (Z; 0, m) dm, (31)
¥ (7) =2 | 6(2.m) 6(Z1,m) am. (32)

C2)6(Z™)

We note that ¥, (Z) = ¥, (Z7Y).

By comparing the relations (25) and (5), and (28) and (6), respectively,
it is evident that the expressions for &2 and {? are completely identical, only in
place of the functions ¥(Z) we should write 7(Z) with identical indices. Thus we
may take over also the final result (21).

(33)

W, (2= PO Pm%ml

R(2)7:(2) | P(2)¥;(2)

Of this Wopt (Z, m) may be expressed, on the basis of (27).
For purposes of practical calculations the correlation sequences may be
expressed by the correlation functions [22]:

X N O .

?&wpnq@qﬁ”!a&>az,>d, (34)

srv,,.<z>:%;%f G(z,m) Y (Z,m) dm, (35)
’ (Problem I)

' 1 i -1 st 1Y (s s)ldm

¥n42>=:(xz_guj<xz 1) 510 [Y () @y (5)] dm, (36)

0

(Problem II)
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~1

Y(Z -
G(Z7%).

0

¥ (Z)= G(Z-1,m)D,,(Z,m)dm , 37

(Problem ITI).

In this way the optimum transfer function for all the six problems is
expressed with the aid of the correlation functions, of the transfer function of
the controlled plant, and of the ideal transfer function, i.e. of the given
quantities.

4. Calculation of the optimum compensators

With the knowledge of the optimum transfer function we can determine
the transfer function of the impulse compensator(s) of the given structure.

Examine the arrangement illustrated in Fig. 1, the transfer function
of which is known to be

D(Z) G(2Z)
1 - B(Z) D(Z) G(Z).

W(Z) = (38)

If we choose one of the transfer functions B(Z) or D(Z) then the other is
unequivocally determined.

W(Z) 1

DA =% 182 W(Z)

; (39)

1 1
CW(Z) D(Z)G(Z)

B(2) (40)
If here W(Z) = Wypt (Z), then D(Z) and B(Z), respectively, are the transfer
furictions ensuring the optimum transfer function of the closed system.

The condition of the physical realizability of impulse compensators is
that they should realize only delays. To this end D(Z) and B(Z) should be
rational and bounded at the place Z = 0.

D(0) < ==, B(0) < co. (41)

Consider relation (7) and (8), where the conditions G, (0) = 0 and 7(0) = 0
are fulfilled:

_ V2 1
" G,(Z2) 1 — B(Z)P(Z)V(Z)

D(z) (12)
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Take a physically realizable transfer function B(Z) into consideration,
then B(0) is bounded and thus

py="2O L (43)
G,(0) 1 — B(0) P(0)¥(0) ’

is in any case bounded, if

1 1

B(0) #+ =
PO)V(0)  W(0)

(44)

Theoretically the stability of D(Z) can easily be ensured, under the con-
dition that it should have no poles inside the unit circle. Since ¥(Z) has no such
pole and G, (Z) has no such zero, the condition of this is found to be, in view
of (42), that

B(Z)W(Z) =1, |Z] > 1. (45)
Frequently a rigid feedback, i. e. the application of B(Z) = 1, is sufficient.
This may be allowed in case of
W) = 1; W(Z,) =1, |Z] >1. (46)
Then

w(Z) 1 _V(2) 1
G(Z) 1—W(Z) G,(2) 1—PZ)V(Z) ~

D(Z) = B(Z)=1. (47)

If (46) is not satisfied the choice of B(Z) = B, may still be suitable.

The reversed way, i. e. the choice of D(Z) and the calculation of B(Z)
on the basis of (40) is less advisable since both the realization and the ensuring
of stability are difficult.

5. Some critical remarks

In the course of the examination of the analysis problem [22] the con-
cepts of results published in the literature were discussed. We have seen that
different authors give the same result for the calculation of {? (at least for
Problem I), while the expression for £2 is only given correctly by Kuvzix [8].
The result of Zyprin [15] is correct formally, though the theoretical foun-
dations are controversial.

As regards the problem of synthesis, Tou [6, 9] determined for Problem I
the transfer function ensuring the optimum of (. His starting point is the re-
lation W(Z) = K(Z) G(Z) in which he determines the optimum of K(Z). It can
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be proved that this final result is actually identical with (21), though formally
more complicated. It deserves attention that W(Z) does not actually contain
all the zeros of G(Z), only those inside the unit circle. Since the expression for
£? as given by TouU is incorrect, the result for the optimization is also incorrect.
Nevertheless his method was used here in Section 3.

Zypkix [15] and Kuvzin [8] solved only the minimization of {2, but did
not consider restriction (8), comsequently the stability of systems designed
with the aid of their method is practically insufficient.

6. Illustrative example

Let the problem be the designing of a follow-up system with minimum
discrete mean square error, if the data are

e~ 5T s—b

1 —
Cls) = s (s+1)(s+2)

: T=0.2;

|37

2
gD.ss (s) = 1 = 2 3 @nn (s)=4; @sn (S) - ans (S) =0.

By decomposing into partial fractions and employing the corresponding

tables [19],

G(Z)=KZ 1—kZ —— ,p=¢"%2=1(.81873,
(1—-pZ)(1—-p*2)
- ’ ~ o 2 + (1 "‘p) b
2p—(1—p)b
The two cases should be examined separately.
o 4p -
a) B <l:; b<0,b>———=099.667,
1 —py
- ip -
by lkl>1;: 0<b<<—" =199.667.

(1—pp
Accordingly
a) P(Z) = Z, Py(Z) = 1;
5y P(Z) = Z(1 — kZ), Py(Z) = Z — E.
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The discrete transforms of the correlation functions are found to be
(1—p)z
(1—pZ)(Z—p)

P, (2) = Dyy(2) + By (2) = 22 L8 E9)
g (1 —pZ)(Z—p)

Ap 1=z gz = £

q l—pt’ Z—p

@55 (Z) = : (*Dlm (Z) =4, @ns (Z) = (‘Dsn (Z) =0,

D5(Z) =

where g denotes the root, being inside the unit circle, of the following second
degree equation

1Lp | 1—pt .
q‘l—( ’p—~{— p)g+1=07éq'<1.
p Ap

The optimum transfer function, on the basis of (21), in the case of |k| <C 1,

by substituting P(Z)=Z and P,(Z)=1, is found to be

. D — — p?
W/onc(z): 4 [ rS(Z) ] :LZ ! PZ l: 1 p ] .
| 0,2) | 20;(2) ). Ap  1—qZ |1 —p2)(Z—9))-
The operation | 1. denotes that we should take the partial fraction having
the denumerator (Z — ¢), thus
VA
W (Z)=(p— ,
pe(Z) = (p ml_ﬁz
‘:?]'n - 1 — Pq -
' P—q

If, in turn, k| > 1. then P(Z) = Z(1 — k) and P, (Z) = Z — k, thus

W (2= P00 kp) Z(1 — kZ)

" Bh—p)  (1—qZ)(1—k'2)’
p,:lwﬁ[L%z_ L%ﬂp*@~_Pﬂ—ﬁHP—®]'
hin = 7 S|P TR TR T h— pP

The discrete mean square error {2 is a continuous function of the param-
eter b. It is interesting to note that (%, has a maximum if b = 2p(1 -+ p?) =
= 0.97971 and then %, = 1.

If [k} — 1 < 1, the transfer function Wopt (Z) cannot be accepted, since
then |k~ A~ 1 and thus the stability margin is very small.
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Summary

Two kinds of the mean square error can be defined in the case of a stationary stochastie
input signal in a sampled-data system, and the ideal output signal can be ordered in three
ways to the input signal. For all the six problems a method is given for the calculation of such
a system which is physically realizable, stable and ensures the minimum of the mean square
error. For the calculation of the impulse compensators to be arranged in the forward and
feedback path a method is given which ensures the possibility of their physical realization
and stability, further the independence of the stability of the system of the accuracy of pa-
rameters.
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