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1. Intreduction

One of the customary calculation methods for triphase linear networks
is based on its reduction to components.Thus, a usual method is the application
of symmetrical components and of the components «, §, 0. The idea of the
reduction to symmetrical components was originated by C. L. Forrescue [1].
Calculation methods that can be used in practice can be found in the book
by WacNeEr—Evans [2]. The formulation of the equations in the matrix form
was first applied by Horruan—Koca—PrycE [3] and RisSLEY— BURLINGTON
[4]. The works of BacH [5], SzExDY [6] have laid the foundations for the re-
duction to symmetrical components as a reduction with respect to the
eigenveetors of the impedance matrix characterizing the network. The
idea of the «, 8, 0 vectors originated by E. Crarxs [7]. Other authors [8, 9]
have used other reductions too.

The aim of the present paper is the clarification of the unified theoretical
foundations of the various methods of reduction. Generally reduction is made
with respect to the eigenvalues of the transfer matrix & characterizing the
network. In the case of symmetrical reciprocal networks the two eigenvalues
of G are identic, thus, various reductions satisfying the given conditions are
possible. These are, among others, the reduction to symmetrical components
and to the components «, 8, 0. In the case of symmetrical or reciprocal net-
works the reduction with respect to the eigenvectors leads to the reduction
to the symmetrical components, as has also been proved by Baca [5].

2. General correlations
2.1. Transfer matrix
At an arbitrary place in a triphase network the three voltages (Uja.
Uis, Uye), resp. the three intensities (114, I15, I;) pertaining to the three phases

are called primary voltages, resp. primary intensities, while the three voltages
(Usa, Ugs, Uye) or intensities (Iyq, I, Io ) arising at another place are denomi-
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nated as secondary quantities. In the case of alinear network a linear correlation

can be written between the primary and sccondary quantities. E.g. if the

primary quantities are voltages and the secondary quantities intensities,
then this linear correlation has the following form:

Lye=Y0u Ui, + YUy + Yy Uy,
Iy =Y Ui+ YUy + Yo Uy, (2.1
L =Yu Uy + Ya: Uy + Yy Uy,

The relationships given under (2.1) can be more compactly formulated

in the matrix form:

L=YU, (2.2)

where U, is the column vector of the primary voltage, and I, that of the sec-
ondary intensity:

Ula Iza-'
U, =|U,| and L=|I,|, (2.3)
Uy, Iy ‘

and Y is the quadratic admittance matrix:

lel }flﬁ Y~13
V=|Y, Y, Yyl (2.4)
y.31 Y—32 Y—33

The vectors of the primary intensity and of the secondary voltage, respectively,
can be defined similarly as in (2.3).

Ila lj?a
L, =|I,]| and U,=|Uy]|- (2.5)
Ilc LT'ZC

Between the varjous primary and secondary quantities relationships similar
to (2.2) can be written, such as

U,=21, U,=G,U, L=G1L, (2.6)

where Z, G, and G; designate the impedance, the voltage transfer and the
intensity transfer matrix, respectively. In the following the transfer matrix G
will be equally interpreted as the admittance matrix ¥, the impedance matrix
Z, the voltage transfer matrix (,;, or the intensity transfer matrix G,
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2.2. Reduction with respect to the eigenvalue

The calculation of the network becomes more simple if in & the elements
outside the main diagonal are equal to zero, then & is a diagonal matrix.

6,0 0
<GE>=]0 Gp0 |=<G6y6ynby> (2.7)
0 0 Gy

If (2.7) is satisfied, (2.1) assumes the following form:

I‘.!a - Gu Ui,
Iy =Gy Uy, (2.8)
I2c = Gas Ui

(2.8) means that (2.1) and (2.6), respectively, are decomposed to three
independent equations. Thus, the calculation is naturally more simple. Equa-
tions (2.1), (2.2), and (2.6) can be subjected to such a transformation that they
assume a form similar to that of equation (2.8). This task means the decom-
position of the matrix G with respect to the eigenvectors. The equation for
the determination of the eigenvalues J; pertaining to the eigenveetors is:

det[G — %, E] =0, (2.9)

where E is the unit matrix, having elements in the main diagonal with a value
of 1, while the others are zero. By writing (2.9) in the ordinates, we obtain
the following equation:

%Gn — 4 Gy Gas |
3;Gzl Goy — 4 Gog =0 (2.10)

G
%Gsl G32 G33 - ;'i

(2.10) is an equation of the third degree with respect to };, generally having
three different roots. In the knowledge of the eigenvalues the pertaining
matrix Lagrange polynomial L; can be determined.

— L E

Li(G) = k=1,2,3. (2.11)

i==1 -1, “f
ik

The decomposition of the column vectors U; or I can be made by utilizing the
matrix Lagrange polynomials.

3

s k=1
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In (2.12) the individual terms in the sums give the components in the direction
of the eigenvectors, i.e. with the aid of the Lagrange polynomials the coordi-
nate system is transformed in the directions of the eigenvectors.

2.3. Examination of the system of perpendicular eigenvectors

In the followings our attention will be concentrated on that case when
the eigenvectors are perpendicular to each other, A transformed system of this
kind is called an orthogonal system. The reduction of U, or I'in the new system
can also be written with the aid of the unit column vector T, of the new co-
ordinate system.

3 — 3 .
U=3T,(T{0) = (ST, TH U, (2.13)
k=1 k=1

&

where * indicates the transpose, the dash the conjugate, i.e. TZ is the row
vector. (Tj U) is the scalar product of T and of U, that is the projection of U
in the direction of Tp. '

T, T; is the dyadic product of T, with itself (dyad) and thus this is a
quadratic matrix.

By comparing (2.12) and (2.13), it is evident that

L,=T,T;. (2.14)

According to (2.14) Ly is a dyad, the column vector of which is just the
k-th eigenvector, while its row vector can be obtained by the transposing and
conjugating of Ty. Thus, we obtain Ty from L; by dividing the elements in the
first column by the square root of the first element in the first row.

In the new system of coordinates the individual components of U are
equal to the coefficients of Tyin (2.13). Let Ur designate the column vector
formed by these:

nU] [T Uri
U, =|THU0 | = |Ts | U=TU= U], (2.15)
TAU T Urs

where the T transformation matrix is

T =|Ts (2.16)
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Similarly as in (2.15), the transformed form of I can also be written:

I, =TL (2.17)
From equations (2.15) and (2.17):

U=7T"0U, I=T"'1,. (2.18)

(2.18) can also be written in terms of the unit vectors Ty:

Un
U=TUn+TUpn+TUs=[TTT]|Uyr|= [T, T, T]0r.  (2.19)
U,
By comparing (2.18) and (2.19) we find that
T = [T, T,T,] = T*, (2.20)
that is
TT* = E. (2.21)

(2.21) is the condition that the eigenvectors are to be perpendicular to
each other. The orthogonality supplies a condition also for the Lagrange poly-
nomials. Namely, in the case of perpendicularity

(L, U)*(L;U) = U*L4L, U = 0. (

bo
[
[

Equation (2.22) can be fulfilled independently of U only if
LiL;=0. (2.23)

Since U = ZI, by utilizing (2.15), (2.17), and (2.18) the relation between
Ur and I can be expressed:

Upy=TU0=TZ2I1=TZT1'1, =21, (2.24)
where
L. =TZLT. (2.25)

Similarly as in (2.25) the transformed transfer matrix G can also be

defined.
G, =TGT (2.26)

G and naturally also Zrand Y1 are diagonal matrixes in the main dia-
gonals of which just the eigenvalues can be found. A single transformed primary
component is the function of only a single transformed secondary component.

2 Periodica Polytechnica EL XI/1—2
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2.3.1. Power conditions of the orthogonal transformed system

For calculating the power at a prescribed place the connected U and I
values arising at that place should be taken into consideration, namely in such
a way, that the voltages Ug, Uy, U, should give physically real powers with the
intensities Iy, Ij, I, respectively. Then the expression for the complex power
is found to be:

PLjQ=I:U,+T;U,+ I: U, = I*U, (2.27)
where P is the effective and @ the reactive power. On the basis of (2.18) we have

I* = (T'I§) = B T*, (2.28)

From equations (2.18), (2.21), (2.27) and (2.28) the complex power can also
be expressed with the aid of the transformed voltages and intensities.

PrjQ=1T1T"1Uy=(T*T)*Up =
=FEU, =% U; = I$3,Un+T5,Upn+ I Uy (2.29)

Formula (2.29) means, that after the transformation the individual voltage
components produce a power only with the respective intensity components,
since transformed components not having identical indices are orthogonal to
each other, thus, no power can originate from them.

3. Symmeirical reciprocal triphase networks

In the case of symmetrical reciprocal networks the matrices G(Z, ¥)
are symmetrical and all the elements in the main diagonal (G,) are equal to
each other and the elements outside the main diagonal (Gy) are also identical.

Go Gk Gf{
G: G;_: GO GJ~ . (31)
Gk Gl{ Go

According to (3.1), formula (2.10) for the eigenvalues has now the following
form:

G, G,—iG,  =(G,— 26, — )G, — G, =0, (3.2)
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The solutions of (3.2) are

(3.3)

where A, is a double root. In the knowledge of the eigenvalues, on the basis
of (2.11) the respective Lagrange polynomials can be determined. Thus, the
Lagrange polynomial pertaining to 1, is:

L, = G. — ;H{BE = L X
Ao F1a G, + 26, — G, + G4
G, — G, + G, Gy Gy P11t (8.4)
x G  G—G,+6G, G =5 |t11
Gk Gk G’o - Ga “}“ G;; 1 1 1

In symmetrical networks the eigenvectors are denoted by S. The eigen-
vector S, pertaining to 4, can be obtained by dividing the elements in the
first column of L, by the square root of the first element in the first row:

1 [T
Sy =—=|1 3.5
0 Vg 1. (.D)

S, is a unit vector forming the same angle with all the three datum lines.

%15 is a double root of the characteristic equation. Accordingly L, ,U
is a vector in the plane perpendicular to §,. That is, the reduction with respect
to the eigenvectors means a reduction to a component in the direction §, and
to a component perpendicular to the former (Fig. 1). Z, similarly to L,
it can be calculated on the basis of (2.11) and (3.3), that

2%
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G-, 1| 2—1-1

L,=———=— 1 2 —1/{. 3.6
I — A 3 1 -1 9 (3.6)

It can be seen in formulae (3.4) and (3.6) that the values G, and G, characteriz-
ing the network are not figuring either in L; or in L;,. This means that in a
symmetrical reciprocal triphase network the matrixes characteristic for the
reduction with respect to the eigenvalues are independent of the actual net-
work and of the place in the network where the primary and secondary quan-
tities are chosen. The reduction is independent of the actual network, aceord-
ingly the transforms of the Kirchhoff equations written for the three phases
disintegrate to the equations with respect to the eigenvalues. In turn it follows
from this that the correlations which can be deduced from the Kirchhoff
equations are valid for each component separately. It is evident from this that
the advantages of the reduction with respect to the eigenvalues are especially
effective in the case of symmetrical networks.

The component L,U is perpendicular to S, independently of U, i.e.
equation 2.23 is fulfilled.

Li L,=0. (3.7)
The correctness of this relationship can easily be proved by susbtituting (3.5)
and (3.6). The component of U perpendicular to S, i.e. L;,U can be reduced
to two components. The directions of these should be identical with those of

the unit vectors S, and S,. According to the reduction, L,, can be written sim-
ilarly to (2.13), as the sum of two matrixes, L; and L,.

L,=L +L,=8,S~-8,8%. (3.8)

Let the ordinates of 5, be x, y, z, that is

Si=1v| (3.9)
S, is a unit vector, that is
¥ =xx+yy+zz=1. (3.10)

S, is perpendicular to S, i.e. by utilizing (3.5) and (3.9),

§g=51:.71:[11 1]

73 (3.11)

v ote r

l

|
£}
5
_fA

I

o=l
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The ordinates of vector S, should be chosen in such a way, that they should
satisfy equations (3.10) and (3.11). Under these conditions, however, they
can be chosen arbitrarily. L, can be determined from S, on the basis of (3.8):

ZX ZY 5%

By choosing 8,, we obtain L, from equations (3.6), (3.8), and (3.12).

i 2 - 1 - 1 B
——xx o |— 4+ — |— - xz
3 G+ -5+
1 2 — 1 =
Ly=Ly,— L, =] —|—+yx = —yy _,-————:—VE} =8, 8%
2 12 1 (3 Y } 3 Xy (3 J 293
2
—(i¢zx — }—41-35/) — —z3%
BRE 3 | (3.13)

From (3.13) S, can be calculated in the already described way:

o 2 T - 1’ 21
—_— — XX - | Xz
3 [3T
1 (1 _ 1 (1 —
Sy = — —[“—}—)x = = _ -——(—-:—yz . (3.14)
gNE= [
3 1 _ B 2 _
—_— etz — 5 X
_ (3 ._1 L 3 _

The second form of (3.14) could be more expediently used in such
cases when 2/3 — xx = 0.

According to the choice of S, several reductions are possible. From these
two are utilized in practice: Reduction with respect to the symmetrical com-
ponents and to the components «, §, 0. In the followings these two reductions
are examined.

3.1. Symmetrical components

The basic idea of the reduction to symmetrical components is that the
three ordinates of the component in the direction S, should form a symmetrical
triphase system, that is,

Sl = e a?, = S(‘:‘)’ (3.15)
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where
a=¢'3" (3.16)
The following correlations for a are known:
a*=gag=aqa"1
ad=1 (3.17)
1+a+a*=0

By selecting 8, according to (3.15) the equations (3.10) and (3.11) are
evidently satisfied.
The expression for L; = L) on the basis of (3.12) and (3.15) is

1 1 1 a a2
L&*’:Sﬁ)s({)*:— a2lflaa]l=—41 a | (3.18}
3 3 o
a a a*l

L, = I/7) can now be determined already by using (3.8) and (3.18).

R N L _
L0 =L = L0 = a1 ot | =7la |75 (leal =855 (319)

ata 1l a

S, = 8- can be calculated either on the basis of (3.14) or of (3.19).

111
S(‘): —17:?;- a |- (320}
a’
S¢-) is perpendicular to $‘7), namely
- 1 !
S§(=)* §(+) :—3—[1(120] a :g(l +at 4+ a?)=0. (3.21)
a

In the knowledge of S;, S(*), 8(-) that is on the basis of (3.5), (3.15)
and (3.20), the transformation matrix 7' = S of the reduction to symmetrical
components according to (2.16) can be written:

Sox 1111
S — |Gy | = 2], 3.22)
S { 1/3 la a ( )

ek lata
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and

111]
S—l:‘l?"_é‘ l1a?a :S*- (3.23)

la a2

It is conceivable on the basis of (3.22) and (3.23) that equation (2.21) is also
fulfilled for S.

The reduction of the voltage and intensity to symmetrical components
can be performed on the ground of (2.15) and (2.17):

Ug=S8U and I =S1. (3.24)
We may further write that

U=S-1U; and 1= 8§11, (3.25)

It should be mentioned that in the relevant literature on writing S,
frequently 1/3 figures in place of the factor 1/}/3 . In this case in the expression
of S~1in place of 1/J3 we should write 1. This mode of writing is identical
in principle with the equations also applied by us, but in this case S;, §,, S,
are not unit vectors.

On reducing to symmetrical components, the component in the direction
S, is called the positive order component, the one in the direction S, the nega-
tive order component, and the one in the direction S the zero order component.
As we have seen in the case of symmetrical networks, the Kirchhoff-equations
and all the relations to be deduced therefrom can be written separately for
the individual components and on calculating the power only the produects
of currents and voltages of the same order are to be taken into consideration.

We determine hereafter, by taking (2.24), (3.11), (3.22), and (3.23) into
consideration, the transformed transfer matrix as defined by (2.24):

GS = S GS_I —_ < GO_‘?‘G!{ GO — Gl{ GO — Gli >, (3.26}

In the main diagonal just the eigenvalues are figuring. If & = Z, then

on the basis of (3.26) and (2.6),
Uy = (Z,~2Z) I}
= (Z,— Z) I (3.27)
72_ = (Z«) —Zy) Ii'-) 2

where the zero, positive, and negative order components were designated by

upper indices 0, +, and — respectively. According to (3.27) the zero order
impedance is Z, - 2Z,, while the positive and negative impedance Z;, — Z,.
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3.2. The «, §, 0 components

The basic point of the reduction to components o, §, 0 is that the reduc-
tion should form a system in which the ordinates of the individual components
are in phase or in anti-phase with each other. Then a reduetion of L, to such
dyad sums is to be found, with which all the ordinates are real values. This is
not connected with any special difficulty, since L, is symmetrical and its ele-
ments are real, accordingly we may obtain S, also in such a way that the first
column of L, is divided by the square root of the first element. S, is now desig-
nated by 8,, S, by S;, L, by L., and L, by L;. Thus

S, = |_ I} : (3.28)

Further on the ground of (3.12),
T2 [ o2—1 =1
leszsf:_?;. — 1 [2~1———1]:~— —1 1/2 ]_/2 . (329)
—1 1 12 12

The conjugate designation has been omitted since all values are real.
L; can be determined on the basis of (3.13).

00 0

1 3 3
303

0 - 2 2

S; can be calculated from (3.14). Since now 2/3 — xx = 0, the second
expression for §; is used:

(3.31)

o]

S, and S; are perpendicular, since

525,=0. (3.32)
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The components in the direction 3., 83, and 8§, are called the alpha, beta

and zero components, respectively.
With the knowledge of S, S,, and S;, i.e. on the basis of (3.5), (3.28),
and (3.31), the transformation matrix T' = Sy corresponding to (2.16) can be

written.
5 1 1 1
&) 1 1 1
Sp= {gx} =73 V2 - T (3.33)
S¥ ,_:
& ‘ / 3
"2‘ 2 |
and thus
L V2 6
Sl =— 193 3.34
1 Iy
TR ‘"] £

Let us also determine on the basis of (2.24), (3.1), (3.33), and (3.34) the
transformed transfer matrix G:

Gs=SpGSpt =< G, — 26, G, — Gy, G, — G, > (3.35)

In the main diagonal, now again the eigenvalues are standing.

4. Symmetrical, non-reciprocal networks

Triphase electric machines form a symmetrical triphase non-reciprocal
network. The transfer matrix of such networks is cyclic, i.e. of the following

G, G, G,
G = G,G, G, | (4.1)

G, 6,6,

form:

Accordingly the characteristic equation (2.11) is

G,—2 G G,
G, G,—4 G |=0 (4.2)
G, G, G, — 4
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On adding the second and third row to the first one, then by deducing
the first column from the second and the third, we obtain

1Gy— Gy — 3 G, — Gy |
Co=C=26:=C, | _ (4.3)
G— G, Gy— Gy — A

[ i

(6o + Gy + Gy — 2)

On deducing the a-fold of the second row from the first row of the de-
terminant, then by adding the a-fold of the first column to the second, we ob-
tain the root factor form of the characteristic equation:

(G- Gy -+ Gy — (G, + 026, + aGy — )G, + a6, + a* Gy — ) = 0. (4.4)
From this the eigenvalues are:

by =Gy + Gy~ G,

3= G, + a6, + aG, (4.5)

Jy =G, + aG, - a%G,.

In the knowledge of the eigenvalues, on the ground of (2.11) we write

the Lagrange polynomials.

B B 111 1 B
Lu——G; /';Ecj /;Ez—;-111 2371-3;— 1%*[111}:5085-
o T 41 20 ) 1 1 1 ¥ 1J
G—1EG-7E 1[1@a] 1[1]1
L = P ; ; :‘3“ al a :_/7_3- a ﬁ‘[la’a]:slsl
! ’ 1 ata 1 7 a2
G—WE G—i»E 1|la@ 1111, _
L,= — : — =1 ¢ |=—=]a? [laa®]=35,8f. (4.0)
by — 2y hy— 7y 3 ., B V3
- a a*l a

It is obvious from (4.6) that the eigenvectors of the transfer matrix of
symmetrical non-reciprocal networks are the unit vectors of the symmetrical
components, i.e. the expressions written under (3.5), (3.15), and (3.20). The
transformation matrix S is given by equation (3.22), its reciprocal value by
(3.23).

It is thus evident that in the case of symmetrical non-reciprocal net-
works the reduction with respect to the eigenvalues of the transfer matrix
is identical with the reduction with that of the symmetrical components.
Thus, the symmetrical components are promoted from among the other com-
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ponent systems. Naturally the reduction is even now independent of the
actual network, thus the Kirchhoff equations can be written for the indi-
vidual components separately. Let us also write the transformed trans-
fer matrix on the basis of (2.24), (3.22), (3.23), and (4.1):

0 0
G, =SGS'= 0 G, + a2G, + a6, 0 . (4.7)
0 0 G, aG,+a2G,

Since the values figuring in the main diagonal represent the correlation
between the components of various orders, therefore (G, + G, + G,) is called
the transfer function of the zero order, (G, 4+ a? G, -+ aG,) the transfer func-
tion of the positive order, and (G, - aG; - @ G,) the transfer function of the
negative order. These are just equal to their eigenvalues.

Summary

One of the usual calculation methods of triphase linear networks is based on the reduc-
tion to components of various systems. The aim of the present paper is to clarify the unified
theoretical foundations of the various reductions. .

It is proved that reduction is made with respect to the eigenvalues of the transfer
matrix G characterizing the network. In this case, namely, to a component of a given order
of a primary quantity (intensity, voltage), a secondary quantity of the same order (intensity
or voltage) belongs. In the case of symmetrical reciprocal networks the two eigenvalues of
G are identical, therefore several reductions satisfying the given conditions are possible.
There are, among others the symmetrical components and the o, 8, 0 components. The redue-
tion of symmetrical non.reciprocal networks with respect to the eigenvalues leads to the
symmetrical components.
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