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A number of problems arose when the principles of chemical reactor 
control were examined. For solving them it was necessary to form a mathe­
matical model and to carry out its theoretical study. In this paper those 
kinds of problems are treated that we met within our practical work on the 
automation of the chemical reactors for some polymerization processes. 

In the presence of the initiator, when the quasistationary proceeding 
of a reaction is assumed, the kinetics of the free-radical polymerization is 
described by two equations [1]: 

dI 

dt 

where lVI is the concentration of the monomer, 
I is the concentration of the initiator, 

(1) 

(2) 

ex, f3 are the orders of polymerization reaction carried out by the monomcr 
and the initiator, 

ai' az are the pre-exponential multiples, 
El is the total energy of activation, 
E2 is the activation energy of the initiator decomposition, 
R is the universal gas constant, 
T is the absolute temperature, and 
t is the time. 

The rate of consumption of the monomer is determined by Equ. (1), 
the decomposition rate of the initiator by Equ. (2). 

If the polymerization is carried out in a continuous stirred tank reactor, 
its behaviour is described by a set of differential equations of the material 
and heat balance in the following form. 

* Presented at the conference Jurema, Zagreb (Jugoslavia) 21 April, 1967. 
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The balance of the materials for the monomer: 

dNI 
-- = - a1 exp ( EjRT) M~ IP 

dt 
(3) 

the balance of the materials for the initiator: 

(I. - I) V I , 
(4) 

the heat balance for the reactor: 

(5) 

-'-~ (T - T) -'- L (T - T). 
I v- (i) I r- I 

QC V 

Here q is the volumetric rate of the reacting mixture motion through 
the reactor, -,-vI; the inlet concentration of the mono mer, I; the inlet con­
centration of the initiator, H the heat effect of polymerization, e and care 
the density and the specific heat of a reacting mixture correspondingly, 
assumed to be constant, S is the surface, through which the heat exchange 
occurs between the reactor and the environment, V is the volume of the 

l"eactor, h is the heat-transfer coefficient, TO) is the temperature of the wall 
of the reactor, T; is the temperature of the reacting mixture at the reactor inlet. 

The study of the mathematical model of the polymerization reactor aimed 
to determine the numher of the possihle steady-state positions and their 
topological types, to ascertain the possihle conditions,of the reactor operation, 
to determine the values of the parameters, at which the transition from OIle 

kind of conditions to another occurs and therehy to study the stability of 
the reactor "at large". 

The experiment 'was carried out with the aid of a new stahility-te;:.t 
method. 

First the mathematical model of the reactor of ethylene polymerization 
with fJ=lj2 was studied hy P. J. HOFTYZER and T. N. Z,YIETERING [1]. 
They proved, that the system may possess one to five steady-state positions. 
B. V. VOLJTER and his assistants continued this study [2] and ohtained by divi­
ding the plane of parameters )"0' Xo into regions which correspond to one, three, 
or five steady-state positions. The phase pictures of the system werc also 
plotted and it \\-as IJToved that the existence of limit cycles is impossible 
hy the autothermal process (w 0). There is one stahle position in case of 
one steady-state position, 2 stahle and 1 non-stable in case of three and 3 
stable and 2 non-stahle 'with five. 



DLVA.\IICS OF THE POL LHERIZATIO,Y PROCESSES 311 

Let us consider the case when the reaction rate does not depend on 
the mono mer concentration and therefore it is possible to assume 1\1/" from 
Equ. (1) to be constant and equal to lW}. The model of the studied system 
is reduced to the two equations (4) and (5). 

If dimensionless variables are used, the dimensionless concentration of 
the initiator: 

(6) 

the dimensionless temperature of the mixture 

RT 
(7) 

and the dimensionless timp: 
T = a~t (8) 

are introduced, then thc equations (4) and (5) will bear the following form: 

where 

dx 

aT xexp ! 1 --'-- II 1 . +v(x()-x)_P 
y 

dy 0 ) '1 -"- = x" eXI) ( - II V - L' \ aT .- w)(Yo - y) - Q 

S·h 
1I r= f')=---

E~ q'Q'c 

(9) 

(10) 

Let us consider no\\- the first quarter of phase plane x, y of equations (9) 
and (10), as the negative yalues of the yariable haye no physiea1 sense. 

Substituting the yaluci' 

fJ 0.5 u = 1.25 

into equations (9) and (10), the polymerization of ethylene can be examined. 
According to the method developed by us, the experiment consists of 

the following steps: 
1. determination of the 5teady-state positions, 
2. dctprmination of the directiyity-curves, which was introduced bv lb 

(it will be defined later), 
3. determination of tll(· direetiyity-Yeetors (they are also introduced 

In- us) on thc phase-plane. 
4. utilization of a sati5faetory condition of the absolute stability. 
1. The sYstem IS III steady-state position, if 

P Q = 0 
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that is, where 
O - .y Xp [ ') ') ::;/)'. ] - - .... \.·5 e_ - ........ u S (11) 

and 
(12) 

The equations for Xs and Ys can be solved only by approximating methods. 
2. The directivity-curves are those that satisfy the conditions: 

or 

y 

Fig. 

on the phase plane. Along these lines 

dx 
-=0 
dT 

(this means that the x coordinate does not change 'with time), or 

(this means that the y coordinate does not change with time). In our case 
the P-directivity sign (P = 0), bv arranging the equation (9) 

x = -----'---.-

The Q-directivity sign can be derived by arranging Equ. (10). If 

A = v(l (I)) 
then 

x = lA (y - Yo) exp [1.25/y]}~. 
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By differentiating according to y: 

Yo) exp [2.5jy]· {1-

If 
O<y< co 

then the differential quotient is finite. Extreme value can occur, where 

Y=YO=Y1 
or 

1.25 
Y~.3= 

.. ~--

.. ~ 

-----
Fig. :2 

The radix is real, if 

Yo < 5/16 
that i" 

>4 

and this is fulfilled. As x is ouly at the points 

'V-v 
,.I -",/) 

has zero value, at other point" it is positive, and 

lim x-+ + co 
y=O 

tim x-+ -:- co 
y-."" 

and, at the second and third extreme values 

and thus the curve ShO·W11 by Fig. 2 resulted. 

313 
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3. The directivity-vector can be defined by the fono'wing equation: 

w = sign(P) i + sign(Q)] 

(the function "sign" mcans the sign of the independent variable). The direc­
tivity-vector is characteristic of the direction of motion on the phase-plane. 
In course of the experiments first the signs of certain components of the 
directivity-vector on the phase-plane, then the resulting vector are deter­

mined. 

yl 

:\ 
I 

y 

x, x 

Fig . .3 Fig. 4 

Cl) The directiyity-vector has no component in the x-direction at the 

directivity sign P, as 

b) The directivity-vector has no component lIly-direction at the direc­

tivitv sIgn Q, as 
Q =0. 

c) Till' component bcing in thl' x-direction 1" positive, if 

that IS 

x < -.-----''---.. --
l.' +exp 

and negatiye, if 

d) Thc component being in y-directioll IS positive, if 
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that is 
X O.5 > A(y )"0) exp [1.25/y] > 0 

and from this 

and negative, if 

and thus the resultant is as shown bv Figs, 5-9. 

/ .... 

. i 

.... 

: '" 
\ I 

Figs -;--8 

4. In the cases shown by Figs 5 and 6 the system has two steady-state 
positions (a stable and a non-stable). A smaller conversion and a higher 
temperature, thus -worse operation belong to the stable point of operation 
sho-wn by Fig. 6, compared to that of Fig. 5. 

In the eases shown in Figs 7 and 8 the system has three steady-state 
positions (a stable, a non-stable and a semi-stahle). The semi-stable position 
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is stable against certain disturbing signals and non-stable against other ones. 
Here the stable operating point shown by Fig. 7 is more favourable. 

A system, having four steady-state positions (t·wo stable and two non­
stable) is shown in Fig. 9. More favourable of them is that one, which has 
higher rate of conversion although at higher temperature, this point heing 
stable also at even high overheating. 

Fig. 9 

By proper determination of the parameters (input concentration, input 

temperature, flow velocity) the equipment could be operated to the most 
advantageous operating point. 

Summary 

The dynamics of the free-radical polymerization was studied in a contill1l011'; ,;tirred 
tank reactor. The study of the mathematical model of the reactor aimed to determine the 
number of the possible steady-state positions and their stability. The experiment was carried 
out with the aid of a new stability-test method. By proper determination of the parameters 
(input concentration, temperature, flow velocity) the equipment could be operated at the 
most advantageous operating point. 
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