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1. Introduction 

In most cases, power transmission lines and systems are horizontally 
conducted over the dissipative ground. 

The accepted calculation method for over-ground three-phase power 
transmission line systems is hased upon the resolution to reduce it to its sym
metrical components [l]. The method of symmetrical componcnts may he 
applied, in addition to three-phase lines, to systems of any optional numher of 
lines which, however, are considered theoretically accurate only within such 
symmetrical layout types - as demonstrated underneath, - where the ground 
effects are neglected. 

Fundamental work with respect to the theory of aerial power line sys
tems has heen conducted hy HAYASHI [2]. In his calculations, however, ground 
effects are incorrectly taken into account, thus necessitating the further devel
opment of this theory. This method applies, nevertheless, well enough to 
pO'wer transmission line systems consisting of lead pairs with the presence of 
the ground neglected. The theory could he developed, however, for application 
to po,rer transmission line systems other than those consisting of conductor 
pairs, such as three-phase power transmission lines. The results permit the cal
culation of reflection and input impedance as well. 

The solution thus ohtained appears to complete satisfactorily the approx
imate results rendered hy the electromagnetic theory of the power transmis
sion line [3] as the latter may he successfully employed 'with information con
cerning the electromagnetic field availahle failing, hO'wever, to permit reflection 
and input impedance calculations. 

The present paper deals 'with the ground effects hy making use of the 
well-known theory of ground return power transmission lines [4], [5], [6]. 

First the electromagnetic field of aerial power transmission line systems 
will he determined and then, hy comhining the two theories referred to above, 
the projected prohlem ,\ill be solved. 

5* 
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The generalized Kelvin equations of coupled Lecher wires 

Let us investigate a power transmission line system consisting of parallel 
located round wire pairs of -n number (Fig. 1), with the ground effects 
neglected. The current flowing in one of the leads of a conductor pair returns 
in the other one. 
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The magnetic flux, rpk' enclosed by the unit stretch of the k-th 'wire pair 
in a given system may be expressed by the i j current of each 'wire pair, and by 
means of the external induction coefficients per unit length. 

where 

Il 

rpJ;=~L/{jij k=I,2, ... , n 
j=l 

L kj IS a mutual induction coefficient, if j =f= k, and then 

If-LI·=djd., 
J • - ajl; = Vb l b~. 

If j = k, L kj represents the coefficient of self-induction. 

In 
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The meaning of the symhols b1, b~, d1, dz' akl" and l"kl' involved 11l (3) 
and (4) is explained hy Fig. 2. 

Fig. :2 
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Expressing (1) for each conductor pair, the equations obtained may be 
summarized ,vithin the following matrix equation: 

(5) 

where <I> and i are column vectors consisting of <1\ and i k elements, respec
tively, and lU is a quadratic symmetrical matrix as follows: 

In ... In 
au a1rz 

(6) 
In r 22 .,. In r 2rz 

u2Z a:zn 

In In rrz2 .,. ln~. 
U n '2. 

Let us apply the induction law to the surface extended hy the unit 
element of dz-length pertaining to the k-th conductor pair (Fig. 3). The cal-

_L. 
Fig. 3 

culations are restricted to phenomena sinusoidally varying in time. The usual 
complex method of expression is employed: 

dU k dZ]· -:
dz 

(7) 

Zbk is the internal impedance of one of the leads of the k-th wire pair per unit 
length as determined by the skin effect. In determining Zbk' it may be assumed 
that its value is affected by the electromagnetic fields of the adj acent leads 
only to a negligible degree. 
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Formulae (1) and (7) reveal that 

k = 1,2, ... , Tt 

·where 

The matrix equation obtained through (8) is: 

d 
--u Zi 

dz 

j k 

j=k 

where u is a column vector composed of U k potentials. 

( 8) 

(9) 

(10) 

The impedance matrix per unit length Z involved by (10) ma}' be ex
pressed by the sum of two matrices: 

(11) 

where the internal impedance matrix Zb is a diagonal matrix. 

(12) 

Expression (10) represents a differential equation system involving the com
ponents of u(z) and i(z) However, to define the solution, a further relation be
tween u and i is needed. For this purpose, the potential of the k-th conductor 
pair should be expressed by means of the charge qj per unit length of the con
ductor pairs 

n 

Z Pjlcqj 
J=! 

·where 
1 

In 

E;; is the complex permittivity of the dielectric between the leads: 

Clc =8rl-j~\ 
O)c i 

(13) 

(14) 

(15) 

where c is the permittivity, and (j the specific conductivity of the dielectric. 
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Using (13), and taking (14) as well as (6) into consideration, the following 
matrix equation may be written: 

(16) 

The elements of matrix P are the pjk figures involved by (14), and q is a column 
vector composed of the qk figures. 

On grounds of (16) 

The relation bet·ween q and i as based upon the equation of continuity is 

d. 0 
-1 . 

dz 

Substituting q from (17) to (18) reveals that 

where Y is the admittance matrix per unit length 

:F = jwck:TJI-l. 

(17) 

(18) 

(19) 

(20) 

Equation (19) and (10), together, represent a differential equation system with 
u(z) and i(z) being readily determined thereof. Using the derivative of the equa
tions corresponding to z, a differential equation for u and i, each, can be ob
tained. 

(21) 

These equations represent the Kelvin equations generalized to the given ho
mogeneous power transmission line system [7], [8], [9]. The relations concern
ing the transmission matrix r involved by the equations are: 

F= VZY r* = VYZ. (22) 

(The asterisk indicates the transform of the matrix.) 
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Solution of the equations and its interpretation 

The solution of the first equation under (22) is: 

u(z) = e-rzU-'- --, el'zU- (23 ) 

The explanation of the matrix functions e:::r(z) in (23) will be dealt with later. 

The figures U+ and U- are constants and, as it will be seen later, column 
vectors composed of potential values transmitted to directions +z and -z. 

By substituting (23) into (10), then differentiating in correspondence 
with z, and by multiplying the equation from the left side on by Z-l, the 
solution for i is obtained. 

(24) 

Zo is the natural impedance matrix 

(Z-I F)-I T-l Z . (25 ) 

The expression e,::.r7 in (23) and (24) may be determined on the basis of the 

general relations concerning matrix functions. First the characteristic values 
of the matrix p2 should be calculated. Let us indicate these by (2. The equation 
relating to (2 is: 

i T2 - ,,2 E 
, I 

o (26) 

where E is the unit matrix. Subsequently, the investigations will be restricted 
to that case where the minimum equation of T2 has only simplex root values. 
Generally, (26) has n root values. One mode pertains to each of the different 
roots. The modes should be indicated by Greek key-letters in the suffices (a, 
/3, ... v). 

Expression (26) may be re-'written, by using (11), (20), and (22), to the 

below form: 
£2 _ (,2 E = G2 _ g2 E = 0 (27) 

where 
(28) 

and 
(29) 

furthermore, 
(30) 

where k is the propagation coefficient of the plane ,\-aYe travelling in thc given 
dielectric. The g2 values are the characteristic values of matrix G2. Generally, 
the expression of G2 is much simpler than that of T2, its characteristic values 
are, therefore, more readily determined. 
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Kno'wing the y2 values, the Lagrangian polynomes of n-th order [9] 
can he obtained these heing the functions of y2 and of the following charac

teristics: 

(31) 

i) = a, /3, ... , l' 

The Lagrangian polynomes are expressed as follows: 

(32) 

In (32), let us now substitute y2 "ith the T2 matrix 

L. (T'!.) = T.T' r
2 

- E 
x 1.J..).) 

y;; - y~ 

(33) 

Matrix T2 may he hroken do'wn in accordance with the Lagrangiall polynomes 

defined by (33): 
" T2 = J: y;~ Lx (£2). (34) 

Similarly to (34), an f(r) function of matrix r may he obtained as well [9]: 

v 

f(T2) = J:f(y;')L,,(T'!.). (35) 

On the hasis of (35), the propagation matrix r can he determined: 

r 

r = J: y" Lx (r2). (36) 

By making use of (35), 'with (25) as a basis, the natural impedance matrix 
expression Zo is obtained. 

Furthermore, (35) reveals that 

" e=ro = ~' e=;'''o L" (T2). (37) 
%=(! 

Substituting (37) into (23), the function of u(z) and i(z), respectinly, may he 

determined: 
" u(z) = J: L%(£'2) [e-;'''zU-i- + e;'''zU-] (38) 

and 
" i(z) = Z;;I J: L,,(r) [e-;%ZU"" - e;%ZU-]. (39) 

%=a 
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On grounds of (38) and (39), the solution of the generalized Kelvin equations 
may be interpreted. The solution concerning either potential or current con
sists of two parts. One is composed of generally damped waves travelling 
to direction ,=, and the other of those to direction -z: the terms of the sum 
correspond to different modes. Each mode has one pertaining y2 and two y 
propagation coefficients different only by sign according to the wave travel
ling to direction +z or -z. Generally, the number of modes is in agreement 
·with that of the conductor pairs. If the characteristic equation of F2 (26) has 
coincident root figures, the number of modes "\\ill be lower than that of the 
·wire pairs. Both U+ and U- progressing to direction +z and -z, respectively, 
can be broken down to the sum of individual modes. Actually, (38) contains 
this resolution. The U,.,(z) potential column vector pertaining to the %-th mode 
is the %-th term of equation (38). 

Potential column vectors U; and U; are the eigenvectors of matrix T2. In 
other words, equation (39) presents the resolution of u(z) by eigenvectors 
mathematically, and by modes physically. 

If the number of modes is in agreement with that of the conductor 
pairs then, according to (40), the relation of the potential of individual ·wire 
pairs is of a given value for a given mode, that is, by assuming the potential 

of one conductor pair the potential of the rest of the wire pairs is determined. 
If a mode has coincident root figures pertaining, then the given mode can exist 
for optionally assumed values of as many potentials, as manifold the root is. 

On grounds of equation (39), i(z) can be broken down by modes identi
c al to u(=). and this might be commented in exactly the same way as the reso
lution of u(z) had been explained. 

Power transmission line system termination. Reflection calculations 

The values of U+ and U- can be determined from the limit conditions 

specified by the termination of the power transmission line system. 
Let us define the relations in case of the limit conditions referred to un

derneath. The wire pairs are of equal length. At the initial section of the power 
transmission line system, given Uo tension is switched onto each power trans
mission line pair and, at the end of the power transmission line system, each 

conductor pair is terminated by a giYen impedance Zt (Fig. 4). 
First the limit conditions specified by the terminations should be inves

tigated. For simplicity's sake, the initial point of co-ordinate z should be as
sumed at the point of the terminations (Fig. 4). By means of the termination 
impedance values, let us construct a diagonal matrix Zt having, along its main 
diagonal. the individual termination impedance values, Ztk located. 
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The Ohm law as expressed in a matrix equation form applying to the 
individual leads at the point of termination is: 

u = U(O) = Zt i(O) = Zt I (41) 

v, r ~ ll, 

u Vzl: ~ llZ Z, 

Vn 10-: ________ ...::10 lln 

Z=-/ o 

Fig. 4 

It should be taken into consideration that the sum of Lagrangian polynomes 
in the matrix defined by (33) represents the unit matrix E. 

v 

2: Lx (r2) = E. 

From (42) and (38), at the point of z = 0, it appears that 

u = u+ u-. 

Similarly to (43), on the hasis of (39) and (41) it is seen that 

1= Zol (U+- U-). 

Substituting (43) and (H) into (41) reveals that 

( 42) 

( 43) 

(44) 

(45) 

The relation hetween Uc- and U- is offered, in a definition-like manner, hy 
scattering matrix S applying to the tensions: 

U- SU+. ( 46) 

By transposition, (45) can be written in a form similar to (46) resulting in the 
value of S: 

(47) 

The scattering matrix relating to currents can be determined hy using (24) 
as a hasis. Current column vectors J+ and 1- are defined for the z = 0 point: 

J+ = Zol U+ 

1- = -Zr;l U-. (48) 
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By utilizing (46) and (48), a relation between J+ and 1- may be written: 

(49) 

The scattering matrix Si relating to current is expressed, with (47) being made 
use of, thus: 

(50) 

Kno·wing the scattering matrices, the reflected column vectors U- and 1-
existing at the termination of the conductor systems can be determined by 
using equations (46) and (48). 

Now the conditions existing at the initial part of the power transmission 
line system will be investigated. Assume the initial section of the power trans
mission line as the supply point at the location I = -.::; (Fig. 4). With respect 

to (23) and (46), the value of column vector Uo created hy the supply tensions 
is: 

(51) 

According to the previous assumption, Uo is a given value, thus (51) may be 
used to determine U+: 

(52) 

Knowing U+, (46) permits the determination of U-. By now, the value of each 
quantity included by the expressions of potential and current column vectors 
descrihed hy equations (23), (24), (38), and (39) could he determined. 

In addition, the possihle relationship between the potential column 
vector Uo and current column vector 10 existing at the supply point should he 
examined. The expression of 10 is obtained from equation (24): 

(53) 

Substituting (53) into (52), it ·will be seen that 

The input admittance matrix }Tbe, and the input impedance matrix Zbe are 
expressed from (54) thus: 

}Tbe = ZOl (er! - erl S) (er! ..L er! 8)-1 

(55) 

In case of a given Uu, and knowing the input impedance matrix, 10 can be de
termined. 
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The ideal power transmission line system 

Now the system consisting of ideal power transmission lines will be 
studied. The internal impedance Zb of all conductor pairs amounting to zero, 
the internal impedance matrix Zb as defined by equation (12) is similarly equal 
to zero. With respect to equation (28), i G2 I = 0 and, therefore, all charac

teristic values of 0 2 amount to zero: g~ = O. Thus, from (29) and (30), the nlues 
of T2 and y2 are: 

(56) 

that is, ['2 is proportional to E having only one characteristic value: k2• All 
U-vectors are eigenvectors. This means that only one mode will exist, and the 
pertinent propagation coefficient will agree ,\ith the propagation coefficient 
existing within the given medium in case of plane waves. In the line system, 
the ratio of tensions propagating to the same direction is independent of co
ordinate z. 

It follows from relation Zb = 0, on the basis of equations (11) and (20), 
that 

Z = 1'-1. (57) 

The characteristic impedance matrix of the power transmission line is expres
sed, with respect to (11), (25), and (56), thus: 

r- 1 Z = 1 Z = 1 1 ~ J1 . 
k :;-r c" 

(58 ) 

In case of a perfect dielectric, there is a real permittivity obtained: Ck = Fr 

Cu and, in this instance, Zo is similarly a real value: 

120 
ZIJ = M. (59) 

The scattering matrix S of the ideal power transmission line may also he cal
culated by utilizing (47). The expression of Zo included by the formula can he 
obtained from (58) and (59), respectively. 

The expression of the input admittance calculated by means of (55) is 
somewhat simplified if (54) is made use of: 

(60) 

In connection with the calculation of the ideal power transmission line system, 
it might be noted furthermore that certain authors failed to observe the fact 
according to which all roots of equation (26) coincide in this case and, therefore, 
only one y2 will exist [2], [7]. 
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Three-phase power transmission line ,,,ithout neutral wire 

The three-phase power transmission line does not consist of wire pairs 
may be, however, retraced to a system composed of such. Systems with or 
,vithout a neutral wire demand separate discussions. First the system without 
neutral wire will be studied (Fig. 5). 

Corresponding to practice, assume for simplicity's sake identical radii 
for all three conductors (calculations for different radii may also be made). 
Consider the wires as a system consisting of two wire pairs where one of the 

Fig. 5 

wires (No. 3 in this example) is common, that i5, wires 1-3 and 3-2, respec
tively, form two wire pairs. Tension lla(Z) is created between leads 1-3, and 
that of llb(Z) between wires 3-2. The propagation of only these two phase 

voltages must be studied, as the third one llc(Z) may be determined with them. 

U a(z) + Ub(Z) (61) 

In 'wires 1 and 2, currents I1 and I2 are, respecth-ely, flowing whereas lead 3 
has current I 2 - I1 flowing within. 

The yalue of the mutual inductance between the two wire pairs is: 

(62) 

With (6) and (62) taken into consideration, matrix J1 may be expressed thus 

I R 13 Iu 
VR12 a 

I 
u--

a \ R 13 R 23 _11 (63) 

In 
VR12 a 

In 
L VR13 R 23 a 

When determining Zb, it must be taken into account that currents I1 and I2 
are flo"ing through ,\ire 3 causing there a yoltage drop. Correspondingly, 
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equation (8) may be 'written in the following form: 

cl U a • (. L '') Z ) - -- = ~1 JW 11 T ~ b 
dz 

dUb • (. L 
- dz = 11 JW 12 (64) 

Based upon equation (64), the expression of matrix Zb is: 

Z/J = Zb -l 
') 

-1 
-lJ. 

2 
(65 ) 

Knowing matrices iYj and Zb as given by equations (63) and (65), respectively, 
the characteristics of the po'wer transmission line system (G2, T2, Zo' g~, and 

y:) can be determined by using equations (25), (27), (28), (29), and (30). 

~ 

2 
-fL 

3 
~ 
-I, 

Fig. 6 

The termination of three-phase lines without neutral may be represented 
by either star or delta connections. As the neutral points of the star connec
tion have no separate terminals, it may be converted to a delta connection. 
Thus, an investigation concerning only the delta connection appears to be 
quite sufficient (Fig. 6). 

In order to simplify calculations, terminations ,I-ill bc taken into consid
eration through admittance. The node equation for each hranch point may 
be written as follows: 

(66) 

Summarized in a matrix equation: 

(67) 

where 

Y ] 12 _ Z-l 
- - I . 

1'23 

(68) 
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Knowing matrix Zj, scattering matrix S can be obtained from (47), and thus 
all characteristic terms required for the calculation of a three-phase power 
transmission line "\\ithout neutral have been determined. 

With respect to the above statements, now the conditions existing with 
the three leads symmetrically arranged will be studied. The leads are equally 

spaced (Fig. 7). 

Fig. 7 

The expression of matrix 31, as based on (63), is 

r 
In T 

Jl = l ar _ 

In ~ : 

and the inverse of matrix lU is: 

.U-l = ~-l-ll 
3 ln T ~ 

a 2 

1 

2 

1 

(69) 

(70) 

As for matrix G~, with (28), (6), (65), and (70) taken into consideration, it 

"ill be seen that 
2Z;, . 

---jOJc,,;rE. 
In T 

a 

The two eigenvalues of G~ coincide: 

o g- = --'-=---'--

r 
In 

a 

(71) 

(72) 
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With respect to (30), likewise one yalue for y~ is obtained: 

., 
i -

2Z"jcoc l,-:r 

T 
In 

a 

81 

( 73) 

This means that only one mode will exist, and the amplitude ratio of the surge 
yoltages travelling in the lead to the same direction "ill not depend on the 
:: co-ordinate. V oltages may be arbitrarily broken down to the sum of two dif
ferent components as these trayel with identical propagation coefficients. 

The usual calculation method of three-phase power transmission lines is 
represented by the resolution to symmetrical components [1]. Mains "ithout 
neutral (without ground) have only positiye and negative sequence symmetri
cal components hut none of zero sequence. Consequently, if waye phenomena 
should also he taken into consideration, calculations with symmetrical com
ponents render, theoretically, correct results only in case of a symmetrical 
layout. With the presence of the ground taken also into account, however, the 
symmetrical component method does not ensure correct results, even in case 
of symmetrical arrangements. 

Three-phase pO'wer transmission line with nentral 

:N ow the three-phase power transmission line system with neutral will 
be discussed (Fig. 8). For simplicity's sake assume that the three outers have 
identical radii (a). The radius of the neutral is ao. The currents of the three out el'S 

Fig. 8 

(Il' 12, and 13 ) return in the neutral wire, that is, all three outers constitute 
wire pairs with the neutral, the latter being the common lead of the three wire 

pairs. 
Values T and a in matrix JI are transformed as follows: 

T13 = 1; RIO RJO 

T23 = r R20 R30 

6 Periodica Polytt'chnica El. IX, 1. 

a 12 = 

a 13 = 

a2:] = 

r---l R12 ao 

V R 13 ao 

V R23 ao 

V-an = a ao 

V-a22 = . a. a o 

a33 = Va. ao. 

(74) 
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The meaning of the symbols RI2, RI3, R 23 , RIO' R zo and R30 are understood 
through Fig. 8. Substituting (74) into (6), it will be seen that 

r 10 R,"- In VR10 R 20 
10 VR"R" 1 

Va.ao VR12 ao V R 13 ao 

M = In V~10 R 20 In Rzo In VRzo R30 . (75) 
1 R12 ao ]I a ao VR" a" j 

In VRlO R30 In VR20 R3U In~ 
VR13 aD VR23 au Va ao 

When expressing matrix Zb, it must be remembered that all phase currents 
flow through the neutral and cause there a yoltage drop. 

dUI • (. £ - -- = Ll J{)) 11 
dz 

du.) . (. £ Z) . (. £ - --- = Ll J{)) I') + bO -+- 10 J(O .,.) dz - - . --

<iU 3 • (. £ Z) . (. £ Z - -dz = 11 J{)) 13 + bO + l2 JOJ 23 -;- (0) --'-- i3 (j{)) £33 

'With respect to (76), matrix Zb may be expressed as follows: 

[ 

Zb+ZOO Zpo ZbO J 
Zb = Zoo ZO-ZbO Zoo . 

Zoo Zoo Zc-;-ZbO 

(77) 

ll- 120 'rio 
3 

ilia \30 ~JO jilo 

0 
l:+!!!JJ 

Fig. 9 

Knowing 31 and Zb as introduced by (75) and (77) respectively, the charac
teristics of the power transmission line system (G2, [2, Zo' g2, and .y2) can be 
now determined by using equations (25), (27), (28), (29), and (30) as bases. 

When calculating loading impedance, it must not be forgotten that the 
termination may be of star or delta connection as well. Hence, the general 
example 'will be studied when consumers of star as well as of delta connection 
jointly load the power transmission line system (Fig. 9). 
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The admittances of star connection will be indicated by YI0' Y 20, and 
Y30 while those of delta connection by Y13 , Y 23 , and Y 33 , respectively. 

On grounds of Fig. 9, the node equations may be written as follows: 

12 = 1 20 + I'};3 - 112 = - Dl Y 12 + D2 (Y20 + Y12 + Y 23 ) - D3 Y23 (78) 

13 = 130 + 131 - 123 = - U1 Y13 - U2 Y 23 + D3 (Y30 + Y13 + Y23 )· 

Equation (78) presents the expression of loading admittance matrix Y t : 

In case of star connection it reads: 

_ f Y 1CJ 0 

It = 0 Y20 

l 0 0 

(80) 

whereas in case of delta connection: 

- Y-13 j 
- Y-oo • 

Y13 -+- y 23 

(81) 

By this method, the calculation of the three-phase power transmission line 
with neutral has been traced back to the calculation of a po·wer transmission 
line system composed of three transmission line pairs. 

::.\"ow let us discuss the layout of a three-phase power trasnmission line 
with a symmetric neutral (Fig. ID). The phase leads are equally spaced. 

The outers are at equal distances also to the neutral: 

6* 
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The other quantities included by matrix Jl1 are: 

al~ = a 13 = a~:l = b = r R ao 

'where a" represents the radius of the outers, and a o that of the neutral. 

a 

Fig. 10 

Sub;:tituting the aforeasaid figures into (6), the expre5sion of matrix 

])1 is obtained: 

From equation (82) 

where 

and 

1 
ilJ-1 = 

L 

L 

In r 
a 

In .!:... 
b 

In.!:... 
b 

r 
In r~ 

a·b 

- In.!:... 
b 

L 

- In.!
b 

In 
r 

a 

p=q 

r 
In

b 

In .!:... 
a 

r 
Iu

b 

_ In r 

b 

r~ 
In-

a·b 

- In.!:... 
b 

In ~ I 
r 

In- . 
b 

In r 
a 

- In ~ 1 
-In.!:... I 

a j r2 
In-

a·b 

r~ 2r 
In-- - 21n-

a·b b 

1 1 1 

1 1 1 1 
1 1 1 

(82) 

(83 ) 

(84) 

(85) 
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Matrix Zi) may he expressed, on the basis of (70), by means of matrices E 
and P: 

By suhstituting (83) and (86) into (~8), the expres:3ion of G2 is arrived at: 

G~ --" -- Z In - - Zo In 3 P ZiJ In E, , jOJ8,.:T ['j a
2 

r r2 ] 
L 00 b2 . a 'ab2 

:::\ow T2 can he termed with (87) and (29) being made use of: 

where 

B 
A 
B ~l 

Z In .!.-j' - k 2 

ob' 

a2 r 
B = Zo() In - - Zh In - . 

b" ' - a 

(86) 

(87) 

(88) 

(89) 

The equation suitable to determine the eigenyalue of T2, 'with (81) and (26) 
taken into consideration, is: 

A B B 
F2_y2E B _4_;':2 B 

B B ' " ~q-"",-
- I 

(90) 

Equation (90) reveals that two of the three eigenvalues coincide, that is, only 
two different eigenvalues are obtained: 

y~ = A - B (91) 

i'~ = .. 4 2 B. 

Using (33), (88), and (91), the matrix Lagrangian polynomes are determined 
thus: 

L, (F2) = P - E = _ ~ r -2 
1 

-n c. ,)? 1 -2 
y- - y- 3 

a ,8 L 1 1 

r2 - y~E =-,-[~ 
1 n Lf3(T2) = 1 (92) 

y~ - y~ 3 1 1 
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Now the surge voltage u(z) travelling to the +z direction should be broken 
down to the two modes with (92) and (40) being made use of for this purpose: 

3 

and 

-2 
1 

1 

1 

-2 
1 

~ 1 [ ~~ 1 
-2 Ui 

(93) 

Studying the resolution of u(z) to u,,(z) and up(z), respectively, it may he 
stated that u/,(z) corresponds to the symmetrical component of zero sequence, 
whereas ua(z) represents the sum of the components of positiye and negative 
sequence types. In other words, the calculation using symmetrical components 
will result, in case of the symmetrical layout as illustrated by Fig. 10, in such 
a resolution where there is only one propagation coefficient pertaining to the 

components of positive and negatiye sequence, respectively. In addition, the 
calculation shows that the sum of the positiye and negative sequence compo
nents may he resolved in some other way as well (such as to components a 
and p). If the 'wave phenomena are also to he taken into account, that is, when 
the power transmission line is studied as a network of divided parameters, 
then the resolution to symmetrical components will, theoretically, not give 
correct results with an asymmetrical layout employed. The calculation correct 

also theoretically is performed by resolution to modes as referred to ahove. 
With the ground taken into consideration, asymmetrical components 

do not ensure a correct result for a symmetrical arrangement, either. 

Ground-return type power transmission line 

The scheme of a ground-return type power transmission line is illustrated 
hy Fig. 11. The loading impedance is cut in between a lead parallel to the 
ground and the ground proper. Thus, the conductor and the ground jointly 
represent the power transmission line. In calculations, ground is assumed as 
limited by a horizontal plane and heing homogeneous. Its characteristic parame

ters are: specific conductiyity uf' permittivity cf' and permeahility Po. 

Electric and magnetic fields must meet different limit conditions on the 
surface of the ground. More exactly, Ex, (u jOJF) Ey , Ez, Hx, Hy , and Hz 
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must be continuous values. The electromagnetic field may be defined as the 
sum of a field pertaining to a conductor located in an open space and of an 
additional field existing due to the presence of ground. The conductor field is 
represented by a Sommerfeld surface wave [10]. Limit conditions can be 
satisfied by expressing the additional field existing, due to the presence of 
ground, in the form of the Fourier integral [4], [5], [6]. 

Fig. 11 

With the limit condition" satisfied, for the component of the electric 
field conforming to the direction of propagation, at a point characterized by 
given co-ordinates x and)" the following expression as written in the F ourier 
integral form is obtained: 

2 j J V (a) --;-;====-- cos ax da 
::rJ 

(95) 

"where I is the current flowing in the lead, while H6l
) and Hil

) are the Hankel 
functions of zero and first order, respectively, and of the first kind, and 

a 

o 
. "I'j" _ (J'- ' -

t:: 
", a-

t:: 

j~ )f a~ - a:! ..L a:! )fj:! _ u'l 
5 I ~ ~ 

kJ = (aj ..L jWCj)jW,Ho 

r = y:! - kJ. 

(96) 

(97) 

It should be noted here that the results obtained by Carson (43) may be re
garded as approximating (95) and (96). 
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Retraction of the calculation of an aerial lead system to that of wire pairs 

Let us study the aerial network consisting of n conductors as illustrated 
by Fig. 12. One end of the conductors is supplied with a given voltage as com
pared to the ground. At the other end of the wire system the lines are terminat
ed hy given impedances. The termination impedances may he cut in hetween 
either t·wo conductors or one of the conductors and the ground. In order to 
solve the prohlem, the Ez value produced on the surface of the individual COIl

ductors must he determined. First the E:!'j value produced on the surface of 

Fig. 12 

the k-th lead by the I j current flowing in the j-th lead and by the current 
produced in the ground upon the effect of I j should he determined. Using the 
symhols of Fig. 12, (x = ;jk, I = lj' and X = Ik), its value is 

According to equation (95) and the literature 

where 

and 

') , -. J (V (a) - 1) . 
:TC] 

o 

e- (1};-i-1j)f a'-g' 

------- cos a ;jl; da. 
Va2 _ g2 

(98) 

(99) 

(100) 

As a definition, Zjk is the mutual impedance per unit length of the j-th and 
k-th conductors with an ideal ground assumed, that is, its value can be deter-
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mined by image formation [3] -whereas Zfjk is the correction due to the dissi
pative ground. The numerical determination of Zjjk will be dealt "ith in the 
next paragraph. The approximate value of Zjl' can be determined hy suh:;:ti
tllting into (99) the low argument approximate expression of the Hankel
functions. 

(101 ) 

On the hasis of (98) and making use of the superposition theorem, the E: 
value produced on the surface of the k-th lead may he expressed as the sum 
of Ezjk field intensities generated by the currents fIo-wing in the individual 
conductors and in the earth. By using (101), it will be seen that 

k = 1, 2, ... , 11 • (102) 

The value of Ezk may he expressed also by the internal field of the k-th lead. 
From this: 

(103 ) 

where Zbk is the internal impedance of the k-th lead as related to the lead unit 
length ,\ith the skin effect taken into account. By comhining (102) and (103), 
the folio-wing matrix equation is ohtained: 

(104 ) 

The 1.J of (104) is identical to the half matrix ill defined by (6), if each lead 
forms a wire pair with its image. 

f 
I !!11 n---

Ru 

1 Iln !!21 
J!I=-- R 2 21 

l l~~ Rnl 

In 

In !!n2 • 

Rn2 
1 !!nn n--

Rnl• 

(105) 



90 

Zb" included by (104) is a diagonal matrix 

o o 

o 
(106) 

o 

The Zbjk elements of matrix Zb,' included by (104) are defined by equation 
(100). The approximate value of the integral seen there will he determined in 
the next paragraph. Now matrices Zj and Zbr "Will be combined into a single 
matrix, Zb 

( 107) 

Substituting this into (104), and multiplying the equation from the right
hand side OU, hy .7WCk ;dI-l: 

o. (108) 

Equation (108) represents a homogeneous linear equation system for the I 
currents flowing in the individual wire pairs. This has a solution other than 

trivial, ouly in that case when the value of the determinant obtained from the 
coefficients of the equations is equal to zero. Thus 'with equation (28) taken 
into consideration, it will he ohtained that 

(109) 

The g~ figures rendered hy equation (109) represent the eigenyalues of G*2. 
Sinc!:' the eigenvalues of matrices G2 and G*2 are identical, equation (109) 
corresponds to (27). 

The calculations resulted in matrix G* instead of G as equation (108) 
has heen relating here to currents and not to voltages. 

The results ohtained so far has led hack the calculation of over-ground 
line systems to the discussion of power transmission line systems. Accordingly, 
the calculation of over ground line systems necessitates the formation of lead 
images. The follo'O\Ving calculations assume all conductors to form a 'wire pair 
with their own images. Thus matrix J1 of (185) may he calculated. Taking the 

dissipatiye ground into consideration is performed hy using the impedance 
matrix Zb which, due to Zj' will not represent a diagonal matrix now as in (12). 
With the matrices Zb and lU determined, matrices T2, G2, and Zo as well as 
the values g2 and )'2 can he calculated with the method used for ,vire pairs. 
Consequently, the number of modes will generally equal that of the conduc
tors. 
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Determination of the ground impedance matrix 

The elements of matrix Zj are determined by equation (100). Substitut
ing the low argument approximate term of the Hankel function in equation 
(100) will show 

cos a; jli da. (1l0) 

With the expression of V(a) as given by (96) taken into consideration, integral 
(llO) may be approximated giving the below result: 

Zfj/i= 9' -k--'>--'--'-~ {:~ j::rj [e-jGjkHI(gjjejGjk)-,-
-::r]OJcu 7 ko i":) 4g jk 

_k~_ll -'- _kg) 
kJ....L k5 g2 

( Ul) 

where 

(1l2) 

The meaning of gjk and Gp: can be seen in Fig. 12. N1(z) represents the ~eu
mann function of first order and HI (z) the Struve function offirst order defined 
by the folIo\\-ing sequence: 

( _1)T7l 

HI (z) = L -----~ ... -
m=O r(m + 3 

2 

.. -J- (U3) 

As shown by equation (Ill), Zjjk is the transcendental function of g and J. 
Since (g) and (f) are unknown and their determination is feasible only with 
Zjjk known, the determination of the numerical values appears, for a given task 
rather complex. Fortunately, however, with the displacement current in the 
ground (OJcr:£g uf) being negligible, expression (109) will be much simplified. 
For the ground parameters encountered in practice, this assumption is per
missible up to about 1 megacycle per second. In case of the above assumption, 
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the last (third) term of (1l1) 'will seem negligible as compared to the rest of 
the terms. The low argument Hankel functions may he substituted 'with approx
imate terms. The term containing function H~}} will change negligibly as 
compared to the term containing function Hil ). :\ ow introducing the ne'w 

yariable rjl': 
(1l4) 

,\7ith the ahoye statements in mind, the approximate yalue of Zjjk will appear 
as 

.(-. ',' '.' '.' COS26 1.] 
- e-),:Jj!,:"ii (1'"" eJGik) - e/:;ik IV (r'l.e-JGjk)) _ }'. 

1, I" 1 ). , 
rjk 

(l1S) 

The Struve (1l0) and ~eumann functions of (llS) can be approximated by 
means of their sequences. Through approximation the following formula will 
apply to ZJjk: 

(116) 

where 

p", 
1" 8 

1')" 6' 1']1' \(1 SI 6 ~,cos - ),--' nmr,;, -- cos2- '/.-
3\i2 ). 16 ,. -4 } .. 

Tjl; 6 "'6 ' rj~ - 6 riJc7T 6 rjl' 6 . 6 
- j'" "In 2 ',. - -, -_- co" 3 )/. - -- cos 4 - ,. - -' - ',. Slll 4 - 'L .'--
16 r. J' 4S)l2 "1536 J" 16 J' J" ' 

__ TJ~, cos S6 k ~ (In mr),. - 47) cos 66 n - 184.32 6.iI,sin66.u; - .. 
157S112 }. 18432, '28 ... 

1'/1, I S I' rA, ~ ,rj~7T -- In mT n· - - cos 46j'k - ---.:= cos ;)6}k -'- cos 66
J
,,, --:-

384 J" 3, lS75V2 73728 

m = 0.890536 . (1l7) 

As opposed to (1l2), equation (1l6) does not depend on (g) and, with (1l6) 
valid, f and Zjjk -will depend - at a given frequency, - only on the geometri
cal dimensions and material constants. Were the above approximation not 
applicable, the Zj and g2 values as calculated from (116) might be considered 
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as first approximate yalues. Substituting the obtained g and f values into (112), 
the Zj and g values can he corrected. This correction may he performed 
repeatedly if necessary. 

Determination of the cut-off impedance matrix 

In accordance 'with the aforesaid statements, the matrix form image pa
rameters of the aerial power transmission line system can he properly deter
mined. In order to promote the calculation of the produced reflections as 'welL 
the expression of the loading (cut-off) impedance must also be determined. 
In attempting to express the loading impedance matrix, such a situation should 
be inyestigated where, at a gn-en point, the power transmission line will he 

Fig. 13 

terminated in such a manner as to have each conductor connected to all other 
conductors by means of the "} j" admittance, and to the ground through the 
admittance Y ko (Fig. 13). 

(For easier understanding, the Figure has only three conductors entered.) 
The node law applying to the terminal of the k-th conductor reyeals that 

introducing the below notation: 

n 

Y kk = Y kO ;E Y jf' 
j=7 
jofo7 

and substituting (119) into (118), it will be seen that 

n 

I k = -;EYj"U". 
j=7 

(118) 

(119) 

(120) 
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Expressing (120) for the node points of each lead terminal, the following matrix 
equation is obtained: 

(121) 

where r: is the loading admittance matrix: 

... Ylnj 

... Y 2n 

Y nn 

(122) 

Y n2 

With the wires loaded also at points other than their terminals or if the indi
vidual wires terminate at different points, each homogeneous section must 
be discussed separately. 

Studying the layout illustrated by Fig. 14, it will be seen that a total of 
(n) aerial lines are run here in a length of [1. At this 11 length, similarly to the 
termination illustrated by Fig. 13, the wires are loaded with admittances char
acterized by matrix Y t1 • Subsequently to length 11, a number of k of the n 

i (I,-O) i {I,-O} 
1 ~--~==~----~== ____ ~--I 
20------1 

Yt2 -----
k o---------!'r/ 1 f-------L.J 

k + 1 ~--------l 
k + 2 ~--------l 

n C?-------l'--T.J 

11 12 

Fig. 14 

wires proceed to a length of 12 hcing, again similarly to the loading illustrated 
by Fig. 13, terminated at their ends with admittances characterized by matrix 
Y tz • First the homogeneous section 12 "will be studied. W-ith Y tz known, the 
¥be2 input admittance matrix expression of the section can he determined in 
accordance with formula (55). Knowing this, the helow equation as related to 

point;:; = 11 may be written: 

(123) 

Here i[kl(ll -,-- 0) is a column matrix composed of the values of currents flow
ing in the k proceeding wires as assumed at point;:; = [1' whereas the elements 
of vector U[k] (11) represent the voltages of these wires as compared to the 
ground. Matrix Yb~J is of dimension k. Matrix equation (123) is equivalent to k 
scalar equations. Now let us extend the dimension of rh;; to n hy making all 
elements in the rows under the k-th row and in the columns follo'\ing the k-th 
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column equal to zero. 

Y'"' - r 

0 0 
ylk] 

be:! 

0 0 

'" -r: 0 0 0 

O. 0 0 

(124) 

"\Vith this being made use of, equation (123) may be re-"written as an equation 
of n-dimension. 

(125 

where u [n] (11) is a column vector composed of the volt ages of n wires existing 
at point z = 11 the first k elements of which are identical to those of u

fk
] (11) 

while the rest of its elements equal to zero. Equation (125) consists of 
scalar equations of n number of which the first k equations are identical to 
those produced by (123) while the rest show that im (11 + 0) = 0, where 
k < m < n . Before point z = 11" the currents in the wires may be combined 
into the column vector i(11-0). This consists of two parts. One is the column 
vector irk] (11 + 0) symbolizing the proceeding currents as expressed by (125) 
whereas the other is represented by the column vector composed of the cur
rents flowing off for loading purposes. This part can be calculated with matrix 

l"/1 being made use of: 

(126) 

From (126), the admittance matrix 1'/ loading the power transmission line 
system of 11 length is obtained: 

(127) 

The calculation presented above includes the following two special situations 
as well: a) the first k wires are not shunted at point z 11 and, b) the wires 
are of identical length but loading is not only at the terminals. 

By no,Y, matrix ill (105), input impedance matrix Zb (107) and (116), 
and loading admittance matrixl"t (124) of the system have all been deter

mined to promote the calculation of aerial line systems. Thus the calculation of 
aerial line systems has completely been led back to the calculation of systems 
composed of conductor sections. The method discussed above is suitable for 
power transmission lines either with or without neutral as well as for those of 
either single or double three-phase type. Since these do not require any special 
design, their separate discussion is not necessary. 
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Summary 

Power transmission line systems are usuallv installed horizontally above ground level. 
The layout techniques of such systems reported ~n by the literature so" far may be objected 
for various reaSons. The present paper attempts to further develop the results published by 
the literature, and to render a more accurate theory as well as calculation method than those 
hitherto known. . 

In theory, first the generalized Kelvin equations concerning coupled power transmission 
lines and their solution are being dealt with. Then the reflection and input impedance calcula
tions are discussed. Finally, by making use of the electromagnetic field theory of power trans
mission lines as well as of the theory of ground-return power transmission lines the results are 
generalized to promote the calculation of power transmission line systems installed ahove 
ground leycL 
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