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1. The neutron amplifier

The neutron amplifier is a subcritical nuelear reactor containing a neu-
tron source. Neutrons emitted from this source are partially absorbed in the
amplifier, and partially escape from the svstem through the boundary surfaces.
A part of the neutrons absorbed in fissionable material causes fissions. thereby
new neutirons arc released. Some of these again cause new {issions, 1. e. a chain
reaction is brought about. As the svstem is suberitical (i.e. kg << 1). this
chain reaction is not divergent, not even self-sustaining. In the stationary
condition, therefore, neutrons can only be in the amplifier, if they are uni-
formly emitted by the source.

The svstem may be suberitical because its dimensions are smaller than
the critical value pertaining to the given material composition. In this case
the multiplication factor of a system with infinite dimensions is greater than
one (k >1). The effective multiplication factor is less than one because of
escaping neutrons. If the material composition is such that even the ““infinite”
multiplication factor is less than one, than the system cannot be critical at
any dimensions. (This happens e. g.in case of a homogenous mixture of natural
uranium and of graphite or of common water.) Such a svstem mayv be called
definitely suberitical, but such types of amplifiers are not customary because
of very great dimensions.

Basically, neutron amplifiers can be used for two purposes. On the one
hand, it can serve as a reactor model and can be used for the experimental
determination of critical dimensions., of various material characteristics. ete.
(Lately. the application of impulse-operation neutron amplifiers has arizen.
In this place however only amplifiers with a stationary neutron source are
discussed.) On the other hand, the neutron amplifier may serve as neutron
source, that means it may supply neutrons for neutron-technical experiments,
for isotope production, etc. It may even function. at least in theory. as an
energy source in case of satisfactory neutron flux and volume.

The concept of the amplification factor may come to the fore, especially
in connection with the above-mentioned second field of application. The

definition of the amplification {actor, however, is by no means unequivocal,



i .. FODUR

Therefore our aim will be to make a survey on some fundamental questions in
connection with the definition of the amplification factor. These are:

a) What is the practical definition of the amplification factor?

b) How can various amplifiers be compared?

¢) How the expression of the amplification factor is influenced by the
applied calculation method?

2. Processes in the neutron amplifier

Our following tests will be limited to thexmal neutron amplitiers. in which
a great part of fast neutron, both those emitted by the source and those
released by nuclear fission, are slowed down to thermal energy. This also means
that the amplifier contains bevond the fissionable material. some moderator,
too. In a thermal neutron amplifier of this kind the same processes take
place as in a thermal reactor. The freed fast neutrons are slowed down: a part
of the slowed down neutrons escape from the svstem. others are absorbed,
while a third part of neutrons becomes thermal. Diffusing neutrons with
thermal energy, partially escape from the system and are partially absorbed.
A part of the absorbed neutrons causes fission, consequently fast fission
neutrons are also produced bevond source neutrons.

For the sake of simplifving caleulations some approximate suppositions
are made. First of all let us suppose that slowing-down neutrons are not
absorbed by the moderator. which is a very good approximation. Let us
further suppose that the U isotope alone is responsible for the absorption of
slowing-down neutrons., consequently the probability of slowing down is
equal to resonance escape probability. This assumption means that the neutron
absorptivn of'the U3 isotope in the range of slowing-down neutrons is neglected.
consequently fissions caused by slowing-down neutrons are also neglected.
In other words, we apply the usual approximation. that only thermal neutrons
cause nuelear fission in a thermal reactor. Finally our examinations are limited
to the first period of amplifier operation. this means that neither changes in
fissionable material quantity (burn-up and breeding), nor the accumulation
of fission products (poisoning and contaminating isotopes) are taken into
account during the operation of the amplifier.

It should be noted from the point of view of calculation technique,
that there is an essential difference between neutron amplifiers and reactors
in critical conditions. In the neutron amplifier, namely. fast neutrons are
produced not only by fission. but fast neutrons are emitted by the source,
too. In the near surrounding of the scurce this latter effect is ¢verwhelming.
As fission neutron density is proportional to thermal neutron density. these

two density values can be regarded proportional at any peint of the reactors.
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Thiz supposition iz not valid for neutron amplifiers. consequently this faet
should also be taken inte account during calculations.

In the course of our calculations only the mean value of the neutron flux
stahilized in time is taken into acecount. This means, on one hand. the suppo-
sition that neutrons are emitted unifermly by the scurce. and on the other
hand. the statistic fluctuation of neutron density is not taken into account,
i. e. the variation of values is neglected beside the average. This fact is worth
mentioning hecause relative scatter is small in generally used critical reactors,
in suberitical svstems, however, it may reach considerable values. This is.
however. of no greater importance. except when the neutron amplifier is
used. not as a neutron source. but as a measuring instrument. In the latter case
natural scatter should be taken into account when evaluating the results.

3. Definition of the amplification factor

Suberitical reactors used as neutron amplifiers can be characterized by
various data. One of the data groups comprises specifications of the material
composition, and nuclear characteristics of the amplifier. Another group of
data specifies the form and dimensions of the system, as well as the critical
dimensions pertaining to the given material composition and form. Costs of
the amplifier also belong under this heading, as being determined by the used
fissionable material and moderator, consequently caleulatable {from previous
data. The third group of data furnishes information on neutron distribution
as brought about by the source, consequently neutron distribution should
be described in function of position and of energy.

After all, from the point of view of application three data are essential.
The first is the necessary investment cost. The second is the degree of criti-
cality according to definition, which gives information to the extent to which
the amplifier approximates the critical condition. The third essential data is
a suitably defined amplification factor, by which the basic reservation is made,
that it should be a dimensionless number, in accordance with general usage.
The amplification factor should be defined in such a way that the quantity
essential from the point of view of application could. by its aid. be easily
calculated. (This point will be discussed later.) Bevond this, amplification
factor is to be defined in such a way, that both its calculation and the checking
of calculation results by measurement, should be as simple as possible.

As neutron amplifiers can be used for various purposes, no such defini-
tion of the amplification factor can be set up, which would unequivocally
characterize the situation in every case. If radioactive isotopes are to be
produced in the amplifier. the evident aim is to absorb as many neutrons
in the material to be activated, as possible. By presuming. in accordance with
practice. that the quantity of the material to be activated is much less than
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the quantity of the fertile medium, then conditions are not greatly influenced
by its presence. Hence the number of thermal neutrons absorbed in the material
to be activated during the unit of time is proportional to the number of thermal
neutrons absorbed in the amplifier in the unit of time. This latter value,
however, can be expressed in the following form:

Or = ‘.ﬁ‘ Ty (r) D) AV (1)

where X is the thermal absorption cross section. @ is the thermal neutron

a
flux and V is the volume in which the material to be activated is arranged.
In the followings, for the sake of simplicity, the supposition is that T is the
total volume of the active zone (core) of the amplifier.

Now, an obvious definition of the amplification factor is the following:
The quotient of thermal neutrons absorbed in the system in the unit of time
(Qp) and of the number of fast neutrons emitted by the source in the unit
of time is the amplification factor. which will be named thermal amplification
factor in the following:

It should be noted that Q; would be equal to the number of neutrons
becoming thermal during the unit of time only in that case if the system
should be infinite. (This condition can be approximated by a definite sub-
critical system.) Namely a part of the neutrons which become thermal escape
through the boundary surfaces. From the points of view of practical appli-
cation, of calculation and of measurement, the Q; value as written in expres-
sion (1) is more important and more accessible.

Hence the number of thermal neutrons absorbed in the unit of time
can easily be calculated by the equation

0r— K10 (3)

if the thermal amplification factor K, as defined under (2). is known. It
should be noted. that although the concept of the thermal amplification
factor was arrived at by way of isotope production, nevertheless, the factor
K supplies some information on the thermal neutron distribution of the
amplifier in general. Consequently this is a general characteristic of neutron
amplifiers.

For whickever purpose thermal neutrons are needed. they can be
produced by a source of fast neutrons without fissionable material, that is.
in a more simple way. Let us surround the neutron source with a zone con-
sisting of pure moderator containing no fissionable material. Be @ the thermal
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neutron flux in a system which only differs from the examined amplifier by
not containing fissionable material (distribution of moderator and dimensions
being equal). The number of thermal neutrons absorbed in the unit of time is,
in this case:

Oty = | Zap(r) Dy (x) AV, ()
v

Evidenily the ratio (J;/Q1o also characterizes the effectiveness of the ampli-
fier, therefore. the following definition of the amplification factor iz also

generally used:

Oy

J I @adr (
\ Yup Dy AV ‘ ‘

} = ap

Kpy =K, =

1
S
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The amplification factor so defined supplies information about the **worthi-
ness” of putting fissionable material into the system, but the number of
neutrons becoming thermal cannot be directly caleulated by its aid.

If the suberitical system is used to infer from measurements, carried
out in it. on a critical system of similar material composition and dimensions,
then first of all the value of the neutron flux should be known. Neutron flux
in anv place of the sysem is proportional to the count as recorded in the unit
of time by the neutron counter arranged at that place. Neutron flux, 7. e.
the count proportional to it. depends, bevond the material composition and
geometry of the system. also on the intensity and position of the source,
Source intensity can be eliminated if the neutron count is divided by the
number of neutrons emitted by the source in the unit of time. In this way
the following definition of the amplification factor is obtained:

Ky = . (6)

where C is the count measured in the unit of time. In practice, it is more con-
venient not to divide by source intensity, but by a measured value proportio-
nal to it. Let C, be the counting rate measured at a given distance from the
source arranged in the moderator, free of fissionable material. In this case
the amplification factor can also be defined in the form

Kf = ——. (7)

If measurements were carried out by the same counter, or if the two counters

3 Periodien Polyvtechnica EL IV/3.
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are calibrated to each other, then K3y is simultaneously equal to the proportion
of neutron fluxes as measured at the suitable place:

K, =Kj— 0 (8)

where @(r;) is the flux in the system also containing fissionable material, at
the point determined by position vector r;. @y(r,) the flux inthe system
containing no fissionable material, at point r, taken arbitrarily. (Source is
naturally supposed as being fixed e. g. in point r = 0.) As a final result this
amplification factor determines neutron flux in a selected point of the sub-
eritical system.

Dy(r) “base level” is sometimes not regarded as a universal value relat-
ed to the whole system, but the flux @/(r) of the system free of fissionable
material is measured at every point, one after the other. In this way, the
following amplification factor can be defined i point r;:

Ky K7 — P (9)

) (15”(1‘1)

where @(r;) and @y(r;) is the neutron flux (or the count proportional to it)
at the same points of the systems containing and not containing fissionable
material, respectively. This factor. however, is greatly influenced by the
relative position of the source. consequently it does not characterize flux
@(r,) as unequivocally as does factor K, as defined under (8). The amplifi-
cation factor can also be formulated for fast neutrons originating in the
unit of time. Let X} be the cross section of fission and r, the neutron produced
by fission (the average number of neutrons released by one fission). In this
case the number of fast (fission) neutrons released in the unit of time in the
amplifier is:

Qr = | 1, Ze{x) D(x) dV . (10)

Vv

Consequently another definition of the amplification factor is:

Kr =K, =25 — 1 | 3 5ie) B(r) V. 11
F = 0 ‘j (r) D(r) (11)

If v, Xy and X, are independent of position. then
v

Ky = S0 Ky 12

o 1
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Amplification factor Ky simultaneocusly characterizes the produced heat
power. too. The number of fissions occurring in the unit of time in the amplifier
is Q;/vy. If By is the average energy released at every fission then the thermal
power output of the amplifier is:

o~

- . oW '
P = L——F»/ W}: == I\F ("“I"' . (13)

Yy "

If the fissionable material is U%5 than »r, = 2,46 and W. = 194 MeV =—
1) g ¥

= 31 - 10712 Ws. Source intensity @ is generally measured. in place of neutron/

<ee, in curie values. A Po-Be neutron source of 1 curie intensitv supplies ahout

2.1 - 10% neutrons in a second. Hence

Prwatt o 2.65 . 10-6 [{}7 Q(qxri(.‘ (1_1)

As areasonable imit of source intensitv is around 10 curie. to produce outputs
in the order of magnitude of one watt, amplification factors of K, == 105
are necessary. As will be shown later by numerical data, this is practically
impossible.

Neutron amplifiers can finally be regarded as a neutron source of large
extension. The only important thing is the number of neutrons flowing out
across the surface. If J is the neutron current densitv on the surface, so the
total neutron current is:

I = TJdA. ‘ (15)
A

Along the previous lines the following new possibilities of defining the ampli-
fication facter arise:

K = -, (16)

or for the svstem free of fissionable material:
B 1 -
K, = e (17)

Amplification factors K and K can he interpreted both for thermal neutron
and for neutrons, the energy of which falls within a determined energy interval.

If the reactor is in a critical condition, there are neutrons in the svstem
even without extrancous source (1. e. in case of Q = 0). If the reactor contains
an extraneous source too. o the neutron level becomes infinitely high. con-
sequently any one of the amplification factors. as defined above, also become
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infinite. The critical dimensions of the amplificr can just be determined from
this condition. The dimensions of the system (e. g edge length of a prism)
be H,, H,, H; ... The value of the amplification factor evidently depends
on these dimensions. We have therefore to determine those H, . Hy,. Hy,
dimensions for which

I'm K(H,.H,. H,...) = oo (18)

Hi—~H;,

These Hi, dimensions will just be the critical dimensions of the amplifier.

4. Caleulation methods

Several methods for technical reactor calculations are known. Or these
only two methods can be carried out without a large caleculating machine
equipment. One method is the model of continuous slowing-down (caleulation
by the Fermi age). the other is the group method. However.in any case these
methods only lead to mathematical problems analvtically solvable in case
of simple arrangements. The application of the group method should also
be limited to a small number of groups. ctherwise caleulation work will he
excessively great and results will become confused.

According to the model of continuous slowing-down. thermal flux P
and slowing-down density ¢ in the stationary condition can be obtained by

solving the following equations:

Ad — fl o ]1; o) — 0, (1)
g = ;9 _ (2)
T

where L is the diffusion length, p the slowing-down probability, D the diffusion
coefficient, 7 and 7y the age and its value taken at thermal energy, respec-
tively, and 1 = div grad is the Laplace operator. On the extrapolated bound-
ary surface of the reactor, functions @ and ¢ should have a value of zero
and source density should fulfil the following “*initial™ condition:

q(r.0) = —~ T, D(r) — g,(r). (3)

where g, is the density of extraneous sources. Let it be supposed here that

the energy and age of neutrons emitted by the sources corresponds to the
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energy of fission neutrons and to age v ==0, respectively. This method is diffi-
cult to apply in a case when material characteristies are only within part
volume constant (e. g. when using a reflector), because on the boundary
surface of two mediums the boundaryv conditions for slowing-down density
are difficult to fulfil. ’

When using the group method, the supposition is made that neutrons,
the energy of which falls within a determined interval. can be characterized
by asingle position function (neutron density or neutron flux), further, that
processes within single groups take place according to the elementary diffusion
theory. This means that the tlux of every group fulfils a diffusion equation.
For informative calculations in reactor techuics, the simplest method. the
one-group approximation Is often used. The corrected one-group diffusion

equation for the flux is:

E—1 P
- T poe Ay 4
AR p® W

The applied correction consists, on one hand, of calculating, in place of the
formula DY = L2 bv the formula

R ¥ R R ‘ (3)

where M is the migration distance and 7 = 7, is the age pertaining to the
thermal energy. The correction. on the other hand. consists of multiplyving
the source member by the p slowing-down probability. taking, thereby, the
absorption of slowing-down neutrons approximately into account.

The lawfulness of the application of one-group approximation should
be separately examined in the case of neutron amplifiers. In neutron amplifiers,
namely, the correlation between thermal and fast flux is not so exact as in
criticalreactors because of the presence of the extraneous fast source, as mention-
ed above. The two-group equations for the thermal neutron flux @ and
the fast neutron flux ¥ are the followings:

b

l(p . ,,;Lf [/ p 'D_E_ 4:—[7 Yo 0. (6)
12 D T
1

AW

—
-1
—

Here Dy and Dy is the diffusion coefficient in the range of fast (fission) and
thermal neutrons, respectively.
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By increasing the number of groups. the accuracy of computation also
increases, but simultaneously the necessary labor also increases and the
perspicuity of results steadily decreases. Boundary conditions to he fulfilled
are the following: Every neutron flux should disappear at the (extrapolated)
boundary surface of the svstem: on the boundary surface of two mediums
every neutron flux and the normal components of evervy neutron current
density should be continuous.

The solution of the equation system (9—10) is generally looked for in
the following form:

AD — 2D =0. A¥Y —+— 2V =0, (8)
When resubstituting into homogeneous equations, a biquadratic equation
for y originates. The roots of the equation are y, = =— p and y, = - j»
where

(9)

i

(10)

If ( — 1) < 1. or if values L* and 7 differ greatly, then the following approxi-
mative equations can be arrived at by series of development:

E—1 L2t E—1 ,
12 e T ] e (B~ 1) s P - 11}
e T Ve (
e e )
L2t L2r

The correction member in the expression for #* is the highest in the case of

L? = 7, having a value of (k — 1)/4, i.e.in respect to p the correction member
mayv be (k — 1)/8 at the maximum. It is worth-while noting, that

b — 1

G e

22

1?2 L:

These inequations supply information regarding the order of magnitude of
the error caused by a one-group approximation in respect to a two-group
approximation. According to equation (4) namely. the parameter of the one-
group approximation iz (k — 1)/ that is just equal to the roughest approxi-
mation of parameter p® under (11).
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Functions @ and ¥ pertaining to parameters y and » respectively are
not independent of ecach other, because

S PR (11)
P :

R . 7170» P = Dr (15)
P : D

The method of solution is not discussed in detail here. The aim of the

above discussion was 1o clarifyv used svmbols.

5. The degree of criticality

The neutron amplitier has to perform a given task. E. g. a determined
number of fast neutrons should be released in the svstem. according to the
definition of the amplification factor under (3.8). This task can be solved in
various ways. as at present we may freelv choose the following parameters:

geometrical form of the amplifier,

dimensions of the amplifier (it should, however. he smaller than the
critical one).

source intensitiv.

degree of concentration of the uranium used,

material of the moderator used.

ratio of the fissionable material and of the moderator and their respective
position.

Basically, various svsterns can only be compared if they are equally far
from the critical condition. It is evident, namely, that the nearer the ecritical
condition is approximated. the greater is the danger of the amplifier becoming
critical. Mavbe the only advantage of the neutron amplifier in comparison
to reactors is, that just because of the system being suberitical. one has not
to fear its runaway — consequently no complicated protection devices are
necessary and the whole equipment is completely safe as regards the danger
ot explosion. If dimensions of the amplifier approximate the critical ones very
much, so the danger exists. that in consequence of some fluctuation (e. g.
temperature change), the svstem becomes critical, or even supercritical, 1. e.
runs away and explodes.

The previous note on the non-criticality of the system is evident. never-
theless it is very difficult to find a simple mathematical value characterizing
the degree of criticality of the system. In principle the following procedure
would be necessary. All the possible effects able to make the amplifier critical
should be examined. Such as e. g. Because of evaporation or leakage of the
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moderator fluid, the proportion of fissionable material iz increased; fuel
solute is diluted e. g. because of moderator medium getting into the active
zone from the reflector (of these two effects only one is dangerous by a given
material composition); temperature is rapidly increased or decreased, depending
on the sign of the temperature coefficient of the amplifier, ete. Now, those
systems can be similarly named non-critical. by whieh an extraneous effect
occurring with identical probability just makes the svstem critical. Non-
critical to a higher degree is that system. by which the probability of its
growing critical is smaller (roughly speaking: which needs a more violent
extraneous effect to grow critical).

Such an examination lasts very long, it contains several complicated
parameters and it produces such a complicated result that comparison cannot
be carried out in practice. Therefore, it is practical to search for a new criterion.
not so general but more simple, or for a new definition for the degree of crit-
icalitv.

The following reasoning referred to below is self evident. Though the
neutron amplifier has no protective devices, neutron flux, however, is conti-
nuously checked. Now if the svstem grows supercritical, neutron flux starts
growing. If this growth is slow enough, the operator has time to intervene
and to make the amplifier suberitical in some way (by draining fuel, by insert-
ing a control rod or other absorbent, etc.). The approximate expression of
the so-called reactor period is known from reactor technies:

a2
T LZ0 (1)

0, /.

where 3 and / are given values (the vield of delaved neutrons and the avarage
decay constant, respectively), while p is the reactivity, which depends on the
effective multiplication factor according to the following expression:

Iiefrt' —1 1

==l (2)

l"cff ]feff

)

The longer the reactor period is, i. e. the slower the processes are, the smaller
reactivity p, is. In subecritical state k. << 1. comsequently g, << 0. In case
of a given o change of reactivity, the expression for the reactivity g, coming
into being is:

o =Jo =9y =do—(—2) . (3/

Accordingly, reactor period is the longer, the greater (— p,) is, 7. e. the initial
negative reactivity.

Hence, negative reactivity can be taken as a simple measure of nou-
criticality. Those systems are said to be of similar non-eriticality which have
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identical negative veactivity. The greater negative reactivity is, the less crit-
ical is the amplifier, because the greater change in reactivity is necessary
to make the amplifier eritical, and in the supercritical condition variations
will be correspondingly slower.

Against this method of comparison the objection may be raised that reactiv-
ity change 2lp cannot be regarded as a given value for different arrangements.
Effects acting with similar probability may cause different changes of reactiv-
ity in various amplifiers. If the temperature factor of the amplifier is negative,
the system is selfregulating, in a manner known from reactor technics, con-
sequently running away should be feared only in cases of extreme and practi-
cally negligible temperature changes. The first cause of growing critical. there-
fore, is a change in material composition of the amplifier. Naturally it is
difficult to find a general characteristic for this case. Nevertheless. it can
be roughly said that the ratio of fissionable material in the amplifier and of
the critical fissionable material quantity pertaining to the given material
composition is characteristic of how near the amplifier has approximated the
critical condition. If the quotient of fissionable material and of moderator
is changed, namely, the ecritical quantity of fissionable material changes, too,
and thereby (in an unfavourable case) the quotient gets nearer to one.

The quantity of fissionable material is proportional to the volume of
the active zone in case of a given material composition. Therefore this same
quantity, that will be denominated the degree of criticality in the following,
can also be written as the quotient of the T7 actual volume of the active zone,
and of the 17, critical velume:

§ = (4)

Quotient I 17, has the notation s* (in place of simply s), because in this way
linear dimensions can be expressed by its aid. E. g. in case of a sphere s = R/R,.

Summarizing, it can be stated that basically only such amplifiers can
be compared for which the degree of criticality s, as defined under (4)is the same.

Naturally the question may arise as to how great a negative reactivity
iz meant by the prescription of the degree of criticality. If the B geometrical
buckling is known (e. g. for a bare sphere B = 71'R). then the expression of

the effective multiplication factor e. g. in two-group approximation:

k
l“'(*ﬁ' = ’ T K . T (.
(1 + B2L?) (1 -+ B21)

i
S

By substituting k., = 1 for the buckling B, ensuring critical condition:

(1+=B3LY) (1+ Bi7)=1F. (6)
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The expression for negative reactivity on the basis of (2) is:

g MBI =BT (B B M

) k k

. . 2. i .
By the given geometry. values (B2 — By) and (B* — By) can be determined.
For the sake of information. the member of the fourth order should be
ueglected (which corresponds tv a corrected one-group approximation) and
let us supposed that B = B s. what is evidently true in case of a bare sphere.

In this case:
—0 = (8)

§2

B M? ( 1 1" _ E—1 1-—s?
k )

1. 2
A 5
where the effective multiplication factor in the one-group approximation is:

k I ,
1.'(.“' = — - 1 == I (9)
1 2B 1~ M2 B

Hence. reactivity is not unequivocally defined by the degree of eriticality
even in case of simple geometrical forms, because it is also influenced by the
expression of the infinite multiplication factor.

In the followings svstems with an identical degree of criticality, will be
regarded as equivalent from the point of view of subcriticality. Nevertheless,
in single cases, the consequences of the prescription of negative reactivity
will also be examined. It should be noted that the practical advantage of
comparison on the basis of the degree of criticality lies in the fact that actual
dimensions pertaining to a given degree of criticality can be determined from
the critical dimension. At the same time the effective multiplication factor
or reactor parameter, necessary for computing reactivity. can only be deter-
mined for simple geometric arrangements. Thus e. g. for svstems with reflector.
their exact calculation is not known, consequently the correlation between
negative reactivity and actual dimensions cannot be expressed exactly, not
even theoretically.

6. Optimum arrangement

As mentioned at the beginning of the previous chapter. tasks connected
with the amplifier can be solved in various ways, as various parameters can
be chosen. Nevertheless, a restriction is that the degree of criticality as defined
previously is regarded as prescribed. In practice there are further restrictions.
The degree of enrichment of the used uranium and the material of the modera-

tor is determined by given circumstances, consequently in the course of design-
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ing these data can generally be regarded as given values. The arrangement
of the amplifier is generally determined by technological aspects. e. g. the

optimum spherical form is applicable in the case of a homogeneous system.

however in the case of heterogeneous arrangement not. Source intensity has a
reasonable upper limit. this is about 10 curie in case of a Po-Be source, or
0.5 curie for a Ra-Be source. After all. only the ratio of fuel and of moderator
can freely be determined. and eventually some geometric characteristics (e. g.
ratio of the radius and of height of the cylinder).

From the amplifiers fulfilling the given task evidently that one can be
regarded as optimum, which costs the least. Costs consist of the following
components: costs of fissionable material. of moderator and of the source,
and various other costs (tank. sheathing, auxiliary equipment). These last
named various costs are on the one hand smaller than the former ones, and on
the other hand theyv can be regarded as nearly constants, consequently thev
can be neglected in the course of comparison. Our task is to determine that
arrangement which produces a determined number of neutrons by prescribed
degree of criticality and the costs of which are the smallest. This principle is a
natural guide in choosing uranium enrichment. moderator and geometry.

It appears from the detailed examination that costs of the source are
much less than costs of fissionable material and of moderator. Our task is
therefore simplified. a minimum is to be found for costs

Z:Zf_ Zm (1)

where Z; is cost of the fuel and Z,, that of the moderator. In a general case,
cost of the source Zg can also be taken into account. that is roughly propor-
tional to source Intensitv:

Zy = a—+ b() . (2)
It the amplification factor is defined in the form
Qn = 1\0 (3)

where ), is the number of neutrons (fast or thermal) to be released in the
unit of time. then total costs are:

0
Z(; —_ Zf - Zm - a b- S

N

. (4)

The minimuom of this function iz to be found if «. 0. and 0, are given values.
while Z,. Z

If the changing parameter is e. g. material composition, so the extreme
value cannot be analyvtically determined in practice. consequently, in general,

and K are functions of any parameter.

m
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graphic metheds are to be relied on. In the case of some tasks, however,

Z, may be a simple function of the changing parameter, hence the minimum
can be determined by conventional extreme value calculation.

7. Bare homeoegeneous spherical

Our above results are applicd to a single system. Fuel and moderator
form a homogenous mixture. the amplifier is spherical and bare, i. e. there is
no retlector. The point-like neutron source is in the middle of the sphere.
Material composition is characterized by two data. The first one is the dilution:

g = . 1
e= (1)

while the second is the degree of enrvichment

where N is the number of molecules in 1 cubic centimeter of the moderator
(V). of the wranium (/Ny) and of its two isotopes (Nyys. Noge). respectively.
In the function of these parameters the infinite multiplication factor, the
diffusion length. the cross sections ete. can be calculated by making use of
equations well-known from literature.

Neutron flux distribution can be determined the must simply by the
one-group approximation, 7. ¢ by solving equation (4.4). Taking into account

the boundary condition too, the following formula is arrived at:

B(r) — p?  sinz(R—r) L e E—1 ' (3)
da, M rsinz R M2

It should be noted that R means. both in this equation and it the following
ones, not the effective radius but the so-called extrapolated radius which
is an actual radius R* plus d extrapolation distance:

R¥=R—d, d~0717, (4}

where 7, iz the transport mean free path. Critical dimension are reached at
the R = R, minimum radius, by which case flux becomes infinite. 7, e. the
denominator of @ is zero. From equation (3) we obtain:

3 -
*Ry=1a, R, = ,I - (3)

Ik —1

This is a well-known formula in elementary reactor technies.
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A more exaet formula for {lux distribution can be arrived at by the
two-group method. i. e. by solving equation systems (4.6 —7). With the symbols
of chapter 4. the following equations are obtained for thermal flux @ and

fast flux ¥ respectivelv:

B(r) — ) pY . sim ‘u.(h —r)  shy(R—r) } 6)
4 L2t (p2—1?) rsinu R rsh vR
P(r) = , Q (we? Li;l),. : sin ! (,]_{_" r),,

da Dy L2 (2 —3) rsinu R ()
’ wrr—1 shv(R—7r) | /

o url?41 rsh v R ‘

The equation determining eritical rvadins is:

MR, =7, Ry=-_ . (8)

1

Taking into account the approximate expressions for 2 and »* under (4.18—19)
the following approximate equations for the thermal flux, which is of first
importance. and for the obtained critical radius are:

by = PO | rinp(B=r) she(R—n)) ©
’ 47X, M2 rsin # R rshv R ’

: (10

Comparing these with equations (3) and (5) arrived at by the vne-group
approximation, the following observations can be made. From the point of
view of the critical radius. the two-group approximation onlv means a small
correction. According to chapter 4. the correction is [1 -+ (k — 1)/4] at the
maximum. If the moderator is common water (Li = 8,3 cm? 7= 33 cm?)
then correction is [1 — 0,08 (k — 1)] at the maximum. Regarding flux distri-
bution the situation is somewhat different. While in the one-group approxi-
mation thermal flux is infinitely great at the point of the source, in the two-
group approXimation, however. the following expression is obtained by limit
value formation:
po ‘ u v

‘ - | (11)

Dlr=0)= - . S e e ]
4oy, M tgu R thr R}

(If R »= Ry, tg u R is negative.) As generally » R » 1. so hvperbolic functions
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can be substituted in equation (9) by exponential functions for places being
far enough from the socurce:
pe sin gt (R—r) e”r

:..\I’ rsin g R r

D(r) = (12)

The second member in brackets is much smaller than the first one, consequently
just a distribution (3) obtained by one-group approximation is obtained after
having carried out approximations.

When calculating neutron flux distribution with the aid of the model
of continuous slowing-down. the following result is produced:

» ¢ : 3 81 .
Y R
2TR S (M= L) e

A, == N e, T =Ty (11)

The equation determining eritical dimensions is:

(I+=a3ler —k=0: = ]; . (15)

)

By substituting the exponential function with its Tavlor’s polynome of
second order and by neglecting the fourth and higher powers of «,, the trans-
cendent equation can be solved approximately:

N B2 L2+ 1. T ]) _
=l = el e e 22 ] 00

By substituting the square root with its Tavlor's polynome of the first order
(or by already previously neglecting the member of the fourth order) the
eritical radius will be:

Ry==

e, M )

Therefore by this approximation. the same critical radius is the result as in
the one group, or approximate two-group calculation. The correction factor
of the radius is the highest in the case L = 0, its value being [1 + (k — 1)/4].
If R == Ry, i. e. the system is near the critical condition, hence it is satisfactory
to take into consideration only the first member from the expression for the
neutron flux under (13), obtaining thereby the following distribution:

1 sindar T

e R T (= (18)
(1 +w?Lle™ —Fk r R
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At present, this expression greatly differs from that deduced under (3) by
the one-group approximation. By subsituting the exponential function with
its Tavlor’s polyneme of the first order:

D(r) = R(L 1 sinur

A ‘ (19)
25 R (1= a2 M2 —k .

According to our suppositions, the svstem is in a condition near to critical,
hence
R=(1—¢R

- (205

where ¢ < 1. From this

(1 mm e P e ) o . (21)

where = is identical with the parameter introduced at the one-group approxi-
mation. By neglecting the higher powers of e, equation (19) can be written
in the following form:

PO siner—

43 3T M2e r

D(r) = (22)

Near the source, the two fluxes are naturally different. Itf, however. r == R, so
(1 +&Ysermesr e Rronr + e, (23)

Hence. in first approximation, the slowing-down equation produces the same
result as in the one or two-group method. Deviations are, however, considerable
near the source. It should be noted that at the centre the same flux is obtained
when calculating, either by the two-group method or by the slowing-down
equation, if the system is in a near critical condition. According to equations

(11) and (22):
O —0)— —PO* (24)

because p = x in first approximation.

The flux distribution of a system containing no fissionable material
can easily be determined along the above lines by substituting k& = 0, and
p = 1. In the two-group approximation, by rewriting equation (6) we obtain

sh (R — r);‘LD . (25)
rshR/L, '
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where subscript 0 indicates that values are for the pure moderator. At the
centre of the svstem:

0 i 1 1
Pfr=0)= ~ N (20)
daly(r,— L) | L,thR'L, lz,thR7,
IfRL,=1 = 1. then we obtain with good approximation:
0
Py(r=0)=- R (27)
+ 7-—;”.]4.) 11 Ty (L“ - 1 Tn)
In one-group approximation, by rewriting equation (3):
Q0 :
(])()(r) == : (28)

da X, M;

Results obtained by way of the model of continuous zlowing-down are not
written down here. Under such conditions, namely, the first member of the
infinite series has no dominant role, consequently, neglecting the rest of the
members would mean a far greater error than in the case of a multiplier system
in a near-critical condition.

8. Summary

Suberitical multiplier systems, the neutron amplificrs can be used for various purpo-es.
aceordingly the amplification factor can be defined in various practical ways. The most charac-
teristie is the amplification factor which is defined as the ratio of the number of thermal
neutrons absorbed in the unit of time. or the number of fast neutrons released in the unit of
time on one hand, and of neutron source intensity on the other hand. The expression for the
amplification factor depends, to a small extent, on applied calculation method, too, if the
amplifier is, however, in a near-critical condition. deviations caused thereby can be neglected.

Basically, only such systems can be compared which are equally far from the critical
condition. The eritical condition, however, is difficult to be characterized by a single value.
According to our considerations, a simple and well characterizing valueis the degree of eriticality
(s%), the quotient of actual fissionable material quantity and of the critical fissionable material
quantity. In the case of a given material composition this is equal to the quotient of the actual
and of the critical volume of the active zone. A value which is characterizing only to a lesser
extent. but which, nevertheless, cannot be whollv left out of consideration, is the negative
reactivity, which depends, bevond the degree of ciriticality. on material composition too.

In the case of a given degree of criticality (or of negative reactivity) an amplification
factor can be produced by different svstems. Of all the possible solutions, that one is regarded
as optimum, which costs the least. Costs are determined, above all. by the fuel and (in case
of heavy water) by the moderator. On designing for a given number of neutrons, costs of the
source should also be taken into account, this can, however, generally be neglected beside the
previous ones.

In connection with a simple example, it was shown that, in a near critical system
flax distributions obtained by different approximate calculation methods only vary to a small
extent.

In another paper, to be published later, several numerical data fur the thermal and
fission amplification factor of simple form, homogenoeus neutron amplifiers as well as for
their costs will be made known.
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