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I. Introduction 

Economic problems characterizing nuclear power stations constitute the 
most heavily discussed themes in connections with the utilization of the new 

energy source. The discussion is still mainly of a theoretical character, no 
practical operational experience being available, which would permit the 
elaboration of rational economic parameters and the establishment of their 
interrelations for different types of nuclear reactors and nuclear power stations, 
as well as for conventional power plants. Uncertainties extend to both the 
domains of capital and to running costs. Among the problems discussed the 
valuation of plutonium produced in power reactors and its economic equiva­
lent, i. e. plutonium credit stands at first place, at least so far as the uncer­

tainty of valuation is concerned. In the present paper it is proposed to discuss 
this question, being of basic significance for the operation economies of nuclear 
power stations, but not yet cleared to its proper depth, only on theoretical 
foundations, according to the present state of affairs. 

The relevant literature [1] reflects different viewpoints, so far as the 
valuation of the plutonium produced in nuclear power stations is being con­
cerned and these may be essentially grouped into the following classes: 

a) lYIost frequently the value of plutonium is referred to the fixed price 
of the isotope U235, thus taking a unit price for the plutonium at S 15 000 to 

30000 per kg. This unit price, however, - beyond ignoring the differences 
between the two fissile materials, so far as their equivalent heat content and 
their behaviour in reactors is concerned - should obviously be regarded as 
the upper limit of plutonium valuation, e. g. because it takes the plutonium 
yield - which in its pure state may become usable only after years in breeder 
reactors - at once at its full value, at the very moment of its production. 

A similar effect can be noticed as a consequence of this fact that the price 
of the isotope U235 is to-day determined by other considerations not of 
economic character. 

b) In contrast to the preceding conception, another group tends to 
find a relation between the price of plutonium and that of natural uranium 
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(of its fissile material content), in which case the price of natural uranium at 
S 40 per kg will entail the value of plutonium per kg to be about S 5600. 
This method of evaluation - beyond all the backdrav.-s of the former method 
is also valid for the present case does not take into account that the pluto­
nium thus produced is a highly concentrated fissile material. In this case 
plutonium will obviously be underpriced. 

c) If one has a free hand to choose the appropr.iate energy carrier and 
the problem is being considered on a purely energetic basis, the price of pluto­
nium may be referred as that of the cheapest fuel to be fired in a power station 
(e. g. fuel oil). If one wishes to take into consideration the fact that capital 
costs of present-day nuclear power stations usually amount to two or three 
times the specific investment necessary for conventional power stations, and 
therefore fissile material is being taken with one half of the usual value as a 
cost factor, then along this line - i. e. using only the concept of thermal 
equivalence - a plutonium price of S 14 000 per kg will be obtained. 

d) Essentially a modification of the preceding paragraph can be seen 
in the method of evaluation, where the price of plutonium is determined on 
the basis of the lowest unit price of electrical power of a given country or a 
region. This procedure leads to the evaluating method proposed by the authors, 
if the quantity of plutonium to be evaluated is converted into electric power, 
not only by taking into account its theoretical best content, but also by con­
sidering the reactor cycle utilized in the process. 

Evaluating procedures hitherto described are hampered by the foUo'w-

ing principal errors: 
the evaluating process is based on more or less arbitrarily assumed 
energy carrier prices; 
the procedures ignore the fact that the behaviour of plutonium in a 
reactor differs from that of uranium; 
the isotope content of the plutonium produced, depends on the design 
and operation method of the reactor producing it ; 
plutonium production is attached to significant capital and running 
costs; 
the plutonium produced - depending on the cycle to be chosen -
many times will be utilized only after a substantial elapsed time etc. 

If, however, one defines as a leading principle that the plutonium produc­
ed in nuclear power reactors is worth the value of the electrical power to be 
developed from it, then obviously the possibility of peaceful utilization will 
form the basis of evaluation and - as to be seen from our discussion - the 
grave uncertainty factors inherent with the preceding valuation procedures 
will greatly be eliminated. While difficulties are thus transferred to the fields 
of reactor engineering calculations and operational uncertainty factors, these, 
however, may be successfully approximated by mathematical and physical 
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methods and, therefore, resulting uncertainties , .. ill be less than with most of 
the evaluating procedures known from literature. For a similar evaluating 
method the value of plutonium is defined essentially by the way plutonium 
is utilized. Thus for determining the value of plutonium the method of utili­
zation (i. e. the fuel cycle) must first be defined. With due regard to the large 
number of theoretically ayailable variations, it is proposed to base our investi­

gations on the following assumptions - not necessarily the most favourable 
ones, so far as plutonium valuation is being concerned: 

a heterogeneous thermal reactor is used for plutonium production; 
plutonium shall be reutilized in a similar reactor; 
in our reactor engineering calculations the simplifications to be 
enumerated in Section 3 will be introduced; 
in our computations only the varations of fuel costs will be taken 
into account, while neglecting the effect of capital cost, because 
of lack of reliable data. (According to the authors' opinion consider­
ation of the latter cannot decisively influence the results to be obtained 
by these procedures.) 
the fact that burnup levels in a reactor are frequently determined, 
not by reactivity requirements, but by corrosion considerations, will 
be ignored for the time being (the latter especially appli(s to fast 
reactors). 

Having introduced the above simplifying assumptions, two procedures 
will be analyzed later on, in order to present the principles of plutonium 

valuation: 
1. By means of reactivity analysis it is proPfJsed to determine the burnup 

or irradiation level to be attained, in a reactor using natural uranium, and for 
given initial conditions. According to our assumption to be later motivated, 
the surplus burnup to be realized subsequent to the first burnup and the extrac­
tion offission products can be taken as net profit due to the plutonium produced 

in the reactor (para. 4.1.). 
2. Plutonium produced in a reactor burning natural uranium will be 

utilized - after extraction and mixing with natural uranium - as the basic 
fuel for a second fuel cycle. Thus a self-sustaining cycle may be realized 
(para. 4.2.). 

2. Method of plutonium valuation hased on the fuel costs of electric power 
to he developed in a nuclear power station 

The specific variable cost resulting from the fuel consumptiou needed 
for producing the electric power fed by the nu~lear power station into the 
grid can be expressed by the following general relation: 

k 4170 [ I' I' I ] '11 /kWh (1) -=-Q-- PITL1 'P2TLz,'PR-gPu'PPllTPa ml S cl 
. '7 

1* 
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In the ahove formula the follo>ving symhols have heen adopted: 
Q - the hurnup or irradiation level, i.e. the amount of heat energy to be 

produced from one ton of fuel in the reactor (MW d/ton) ; 
1] - the efficiency of the nuclear power station (ratio of heat energy 

introduced into the heat exchanger to electric power fed into the 
mains, per cent) ; 

PI - fuel unit price taking reactor purity grade metal ($ per kg) ; 
i I - the numher of fuel element production stages for realizing the hurnup 

level Q; 
P2 - fuel element production costs ($ per kg) ; 
i2 - numher of reprocessing operations necessary for realizing a hurnup 

level Q: 
PR - costs of a single reprocessing of one kg fuel ($ per kg) ; 

gpu - plutonium yield of one kg nuclear fuel after reaching the hurnup 
level Q (kg per kg) ; 

PPu - value of 1 kg of plutonium produced in the hurnt-up fuel ($ per kg) ; 
pa - costs of extracting and disposing the radioactive wastes referring 

to one kg of fuel ($ per kg, the latter factor heing, however. neglected 
during our investigations). 

Numerical examples as puhlished in literature usually take a relation 
similar to that given ahove as a hase for plutonium valuation, hut the price 
of plutonium (pPu) is determined according to different assumptions as is 
enumerated under a) to d) in Section 1. In accordance with our aims, we are 
trying to find - in place of these - a different valuating process, where 
the value gpu of plutonium produced is defined hythe electric power or excess 
heat energy (Q, MWd per ton) to he developed from it. It can he shown that 
plutonium value is thus defined hy the relation 

(2) 

where the new symhols denote: 
Llil the numher of additional fuel processing stages in order to realize 

the excess hurnup level LI Q to he ohtained hy utilizing plutonium 
Lli2 the numher of reprocessing operations needed for same. 
In our equation (2) giving the value of the plutonium produced we find, 

hesides the terms Llil and Lli2 as defined ahove, the original hurnup level of 
the reactor (Q), the excess hurnup level to he realized from utilizing pluto­
nium (LI Q), the plutonium yield (gpu), as well as the costs of fuel (PI)' fuel ele­
ment production (P2) and reprocessing (PR)' In the course of economic analysis, 
the following numerical values have heen adopted for different cost factors, 
in accordance >vith literature sources [2, 3]: 
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PI = 840 per kg (natural uranium) 
P2 = $16 per kg (natural uranium) 
P2 = 822 per kg (plutonium-enriched fuel) 
PR = 813-25-37 per kg. 
In our proposed method of valuation the price of plutonium ",ill be 

rationally determined as a function of reprocessing costs, the latter varying 
hetween wide limits. 

The other factors (Q, Lt Q, gpu) are greatly dependent on the actual type 
of nuclear reactor, its operating cycle and the method of utilization of the 
plutonium produced - taking the simplifying assumptions already enumerated 
into account. It seems therefore advisahle to discuss - before turning to 
actual examples of plutonium valuation (see Section 4) - a few important 
reactor engineering problems necessary for the proper valuation of plutonium, 
namely: general analyses of plutonium production and determination of 
attainable burnup level (Section 3). 

3. Analysis of plutonium production in a nuclear reactor using natural 
or slightly enriched uranium 

3.1. Variations of fuel composition during the burnup cycle 

During permanent irradiation of reactor fuel elements several important 
changes occur in the fuel and in the interest of taking these quantitatively 
into account, the following simplifying assumptions must be introduced: 

a) Only thermal neutron flux ($) will be considered. This simplifying 
assumption, however, does not apply to several terms of the multiplication 
constant (k), thus the fast fission'factor (s), the resonance escape prohability 
(p) and the neutron leakage factor (P). 

b) Variations of thermal neutron flux ($) within the reactor itself will 
be ignored, utilizing only the mean value. It is also assumed that the reactor 
is operated at constant heat release rate which ohv~ously involves a neutron 
flux only slightly varying with time. Time dependence of the neutron flux 
has heen, however, considered, as far as possible, when determining the hurnup 
level. 

c) The quantity of the isotope U 238 placed into the reactor has a constant 
value and is identical to the starting value (i. e. s = const). 

d) PU239 is produced from U238 only as a result of the fission of U235 

and PU239 • 

e) Among the factors figuring in the multiplication constant s, p and 
P during irradiation remain unchanged. 

f) Fission products are produced according to the simplifying assump­
tions as enumerated in para. 3.2. and their hehaviour during irradiation is in 
conformation to the description given there. 
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It is known that in reactors burning natural or slightly enriched uranium 
as a fuel, plutonium production is a result of the so-called internal conversion 
and may be computed from several phases. Production of the isotope Pu23~ 
(its quantity being z) proceeds along the foUo'wing lines: 

1. Thermal neutrons are captured by the isotope U238 (the probability 
of capture being given by O'as) and the isotope PU239 will be produced as a result 
of radioactive decay. The quantity to be produced "within a differential time 
interval (dt) ,viII thus be given by the term 

.5 • uas . q; . at 

where s = const, denoting the number of U23$ atoms. 
2. During slo,ving down of the fission neutrons one part (1 - p) or 

them suffers resonance capture in the U238 according to the definition of the 
probability (p) of resonance escape. As fis8ion neutrons represent products 
of the actual U235 (u) anel the PU239 (z) content anel of fast fission proelucts (8) 
(ignoring the fission of other materials, e. g. PU241), the number of Pu239 atoms 
produceel by resonance capture eluring the time element may be given by the 
formula: 

[ll . U a,) • ,); -;- z . U a9 • 1]9] . q; . E . [1 -- p] . p . at 

where 1) denotes the number of fission neutrons per captureel neutron and P 
given the leakage facto~. 

3. The actual number of Pu239 atoms ,\ill be burnt up by the capture 
of thermal neutrons (O'a9)' partly through fis8ion. partly through conversion 
into isotope Pu240 . This term is given by 

-z· ua9·q;·at 

The approximate differential equation of Pu239 proeluction will be therefore 

given by 

dz = s . U as . q; . dt + (u . U a5"' 175 + z . U a9 . 1)9) . E • (1 - p) . p . q; . dt - Z· U a9 • q; . dt (3) 

In view of the fact that the actual quantity of the U235 isotope is elefineel by 
the relation 

(4) 

the solution of the general elifferential equation may be given by the follo,ving 
relation: 

8· (1- p) . P ·175 . un' u
a

5 [e--{Ja,<Pt - eE(I-p) P,;,Ga, <[J t - aa,'P,] 

(j 09 - E . (1 - p) . p . 1)9 . U a9 - (j a,) 

(5) 
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where the following notations have been introduced: 

U o - the number of U235 atoms present in the reactor at the start-up 
(equals unity, if not otherwise specified) ; 

zo - the number of Pu239 atoms present in the reactor at the start-up 
(equals zero, if not otherwise specified). 

In economic and operational research concerning reactor economy the so­

called heavier isotopes of plutonium may play an important role, consequently 
their quantitative variations must also be taken into account. Differential 
equations established on the basis of nuclear physical relations as well as 
analytical or numerical solutions for these ,,,ill be omitted here, only the final 
results are presented on Fig. 1. showing variations of Pu239 , Pu240, Pu241 and 

"-

~ 0'2~----~--~-~~~-T~+------+~~~T-~~-rH 
~ 

'" ~ 
r::2 

O,f 0,2 0,3 fO,G 

Fig. 1. Variation of specific plutonium isotope yields versus irradiation level (for natural 
uranium: reactor characteristics according to Appendix) 

PU242 isotope yields - referred to one initial U235 atom - as a function of 
burnup (CP. t n per kilobarn). (Nuclear constants used for numerical solutions 
of the equations, as well as characteristics of the hypothetical reactor may be 
found in para. a, and b, of the Appendix.) 

3. 2. Determinations of attainable burnup level 

The burnup or irradiation level to be realized in a reactor (in MW d 
per ton) is of decisive importance, so far as the unit cost of electric power 
produced by a nuclear power station and the utilization of fuel are concerned 
[see formula (1)]. Its actual value is defined - apart from variations in fissile 
materials as defined in the preceding Section - by time variations of the 
neutron - absorbing cross sections, and obvi.ously by running requirements 
concerning reactor operation. As already pointed out, burnup level limitations 
due to corrosion are to be ignored. 

Laws governing the production during a fission reaction - of fission 
products and of non-fissile isotopes of fissile elements will not be dealt with 
here. The problem is amply discussed by literature[4]. It should be, however, 
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noted here that reactor poisons - essentially defining hurnup level - are 
usually classified into three group [5]; 

a) The first group comprises all strong poisons, with an effective neutron 
capture cross section exceeding 1000 harns which, however, will hecome 
saturated "\ .. ithin a short interval as a consequence of their intense neutron 
capture activity. Within this group, as usual, let us stress the importance of 
Xe135 (O'axe r-J 3,5.106 harn) and Sm149 (O'aSm ~ 5,3.104 harn). 

h) The second group contains poisons of medium intensity (1000> (la> 

10 harn), characterized hy their way of formation and the compositions of the 
initial material. They caW3e, as a rule, a maximum poisoning effect a short 

.100 r-----;-----,------,-----, 

20 J-----'-----"'-x;;-e-~""Os,....-,,-...:...-----l 

u 1,5 2,0 
IrrCC,Clion (n/koj 

Fig. 2. Xeutron capture cross sections of reactor poisons as a function of irradiation (natural 
uranium) 

while after starting reactor operation and this may decrease, somewhat later. 
Certain poisons, however, show a saturation effect. 

c) The third group comprises weak poisons (O'a < 10 harn), which do 
not show any saturation effects and which have a poisoning effect increasing 
with time. 

In our calculations the poisoning of the reactor has heen determined 
on the hasis of literature data [6]. Fig. 2 shows the variation of neutron 
capture cross sections characteristic of reactor poison groups and referring 
to an initial U235 atom. 

It is known that a nuclear reactor remains serviceahle until its effective 
multiplication constant (keff = S • P . f . 1) • P) exceeds unity, that is until 
it has an effective excess reactivity, i. e. until 

(6) 
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The overall number of fission neutrons for the reactor as a whole is 
given by the product 

2'prod = 2: (21,1' v) (7) 

where E fJ denotes the macroscopic fission cross section of all fissile fuel ele­
ments and v denotes the number of neutrons produced by a thermal fission. 
The sum of these products is called the thermal productive cross section of the 
reactor [7]. 

Let us denote the total absorbing cross section of fuel by E E a,f so that 
final factor 'i} (i. e. the number of fission neutrons for a neutron captured by 
the fuel) for the reactor as a whole may be given by 

2'prod 
'fj= 

2' J:a,! 
(8) 

According to its definitions, the thermal utilization factor (f) is given 
by the ratio of thermal neutrons absorbed by the fuel to the total number of 
neutrons absorbed by the reactor. Apart from the fuel (denoted by index f) 
neutrons are also being absorbed by reactor poisons (index i), by the moderator 
(index m), as well as by other structural elements, such as cooling agent, fuel 
fans, control rods, etc. (index r). Without considering the flux differences 
always present in the fuel elements and the moderator as well as other mate­
rials, let us ,\trite down: 

f= ,\,(" -l.. y: . I '\' -l..") 
_ .::;.; a,j I .:..J Q, Z T _' Q, m l _ a, r 

(9) 

The expression in the denominator of the preceding relation represents the 
overall absorbing cross section of the reactor as (E abs) a whole, so that we 
have 

f = J: J:a,! 

" _'aas 
(10) 

Using the symbols as deduced above, the formula of the effective multiplica­
tion constant may be ",,-ritten in another form: 

k f P P J:prod 
eff = C • p. . 'i} • = C • P . -,-,-

_abs 

and so for the effective excess reactivity we have: 

..\ _c'p,P'J:prod-2:abs 
Uk -

J:abs 

(ll) 

(12) 
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The expression in the numerator represents the actual excess cross section 
of the reactor variable with time (E exc) and therefore excess reactivity 'will 
be given by: 

'\' o = _c:"c 

" '\' 
(13) 

... abs 

The reactor will remain workable, until it still possesses an excess cross section. 
i. e. until its productive cross section exceeds the absorbing cross section. 
Particulars of the productive cross sections can be calculated by using the 
analysis given in Section 3.1. - at least with a fair degree of approximation -
while calculations of the absorbing cross sections of an actual nuclear reactor 

r;; 
-2 

D20r----r-----+------+---~ 

tl f280 1----/-'---
~ 
:::, 
't f260 f--7"'-7----r-----;---,---j 

" CQ 

1240 r-----:-----j-,. 

f220 t----~""'------.,--.._--I 

f200 

o 0,25 0,5 (J,75 0,84 1,0 
Irrod/QI/On [n/kb) 

Fig. 3. Yariation of productive and absorbing cross sections as a function of irradiation 
(for natural uranium, reactor characteristics according to para. b, Appendix) 

may also be undertaken if one takes into account the rate of poisoning 
variable ,vith time -, the variations of temperatures, steam generation within 
the reactor, etc., i. e. all operational factors, so that for a given case variations 
of the productive and absorbing cross sections, as well as of excess reactivity 
can easily be plotted as functions of time, resp. irradiation, and thus the burnup 
level to be realized within the actual reactor can be determined. 

A practical application of the preceding theoretical discussions is shown 
by Fig. 3, for a reactor complying with particulars of para. b, of the Appendix, 
where absorbing cross sections for poisons and non-poisons have been separa­
tely defined. It can be read from this diagram that an irradiation level of 
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0,84 n per kilobarn may be realized with the specified reactor. Fig. 4 show", 
the variations of excess crOSi3-section (u2XC) and excess reactivity (6 k ) with 
reference to one initial U235 atom and using the same data as in Fig. 3. 

As the procedure given in Section 3.1. permits the determination of 
changes in fuel composition for any arbitrary irradiation leveL the appropriate 
integral curve,. will deliver the isotope quantities having suffered fission. By 

25 r---=::c------------, 0,05 

2' 20 1T--------",;:---------1 0,04 

~ 6k ,.., 
;:; 15 t----------'\;----------4 DO-=:::, , :i 

't­
:s 
-"l 
':0 iD r-::::::=::::::::-----\------\ 002 
" i.Q'" 

5 f--------~~.-+--_l aOf 

/rPadiatlOn [n/kbj 

Fig. 4. Variations of excess cross section and excess reactivity versus irradiation level 
(for natural uranium, reactor characteristics according to para. b. Appendix) 

knowing this. as 'well as the energy released during the fission of one gram of 
the given isotope (see para. c. Appendix), the heat energy produced can be 
determined. For our actual example an irradiation of 0,84 n/kb will yield 
some Q = 3350 MW d heat energy for one ton of natural uranium. according 
to the following distribution: 

fission of U235 2612 MWd/ton 78 
fiSi3ion of Pu239 708 MWdjton 21,1% 
fission of PU241 30 MWd!ton 0.9% 

4. Plntonium valuation for different fuel cycles 

The governing principle of plutonium valuation as based on the concept 
of equivalent electric power has been described in Section 1, while calculation 
procedures were dealt with in Section 2. In the follov,ing paragraphs the valuat­
ing procedure -will be applied to tv.ro actual plutonium utilizing processes 
mentioned in literature. using the result of reactor computations given in 
Section 3. 
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4.1. Plutonium valuation of a fuel cycle with prolonged burnup 

After having been refined from accumulated fission products, reactor 
fuel becomes again serviceable. Using the particulars as well as the results 
of our preceding investigation of actual reactor service life it is found that 
subsequent to a fuel burnup of Q = 3350 MW d/ton and after reprocessing the 
fuel from reactor poisons (Vai R,3 25 barn) and refilling it to the reactor it " .. ill 
show an excess reactivity of 

CJ k = = 0,019 
(jabs 

in the interest of a prolonged burnup period. 

Assuming that the fuel purified from poisons is replaced to the same 
reactor for another burnup period, as well as that the plutonium produced 

t3CO r-----: 

~ 
"0 1280 f----------------I 

~ 
~ 
" f200 f----.---------::: ..... =----I 
"'l 

f21;0 '--______ "'--__ -'-__ ----J 

0,75 084 W 1,14 ~25 
Irradiation (n/kbJ 

Fig. 5. Variations of productive and absorbing cross sections versus irradiation level for 
a prolonged fuel cycle (for natural uranium, reactor characteristics according to para. b, 

Appendix) 

'will not be extracted from the fuel, variations of the productive and absorbing 
cross sections for the additional burnup period can be determined in a way 
analogue to the analysis given in Section 3. It can be seen from Fig. 5 that in 
our example this used, but poison-free fuel, permits an additional irradiation 
of some 0,3 n/kh. Thus, one ton of natural uranium will yield an additional 
heat energy of ..1Q = 1100 MWd. 

Until the extraction of poisons, i. e. up to an irradiation level of 0,84 n/kb 
or a burnup level of Q = 3350 :11W d/ton, gpu = 2,4 . lO-3 kg/kg plutonium 
",ill have been produced in the reactor. The additional heat energy oL1 Q = 

= 1100 _MWdjton as computed before, is essentially due to this quantity 
of plutonium. We may namely - with about the same reprocessing costs as 
necessary for extracting the poisons from reactor fuel, extract plutonium itself 
and sell or utilize it in another cycle (e. g. according to para. 4.2.). If, however, 
plutonium is retained in the reactor fuel while e:\.Lracting other fission products, 
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thus enabling the reactor to be operated so as to achieve an additional burnup. 
the former considerations 'will retain their validity. 

Through applying relation (2), plutonium value in the burnt-up fuel 
will he given according to the follo'~ing tahle, for different reprocessing 
costs - taking into account the higher production costs of fuel elements 
mixed ~ith plutonium. 

Preprocessing cost (pR) S/kg 
Plutonium value (pPu) S/kg 

13 
-7530 

25 
-12340 

37 
-17350 

Results are shown"by curve a on Fig. 6. As seen from it, plutonium utili­
zation by means of a prolonged fuel cycle - for the present reactor - proves 

25000 r, ---:::------,----------, 

20000 

15000 ~~~--------~~=--~ 

~ 10000 1---""""'--=--,---===""b~c__-___,_-----~__1 
;;-
~ 5000 r-______ ~C~2~---~~----~ 
~ 

o ~---------~~~~--~ 
- 5000 1---= ...... :::::--------------=1 

-10000 f----------'=-O'~------_l 

-15000 f--------,----+--+---:::""'-~-'-_I 

-20000 '--___ -'----L. __ ~ _ _L _ _'_ __ _'_i___l 

o 10 13 20 25 30 37 1.0 
PPI:$!kg/ 

Fig. 6. Plutonium value for different valuating processes as a function of reprocessing cost" 

to he uneconomical even in case of low reprocessing costs, mainly becal1se of 
inereased fuel element production expenses. It appears, therefore, to be logi­
cal why this method of plutonium utilization was received unfavourably by 
the literature - at least for the time being [8]. 

4.2. Plutonium valuation for an equilibrium state fuel cycle 

A possible way of utilizing plutonium for energy production is the reali­
zation of an equilibrium fuel system [9]. The governing principle in this system 
may he explained as follows : the reactor is started up with a fuel having 
a composition which ensures that - after reaching the burnup level - the 
plutonium produced in the reactor and mixed with natural uranium prov-ides 
a fuel equivalent to the original fuel, so far as reactor operations are concerned. 
Thus the hurnup of natural uranium in the reactor may be increased and also 
several subsequent, nearly equal running periods may be achieved. 
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With quite a degree of simplification, 1\',10 reactor fuels (A and B) may 
be regarded as nearly equivalent, so far as reactor operation is being concerned, 
if - filled into a similar reactor the effective multiplication constant of 
the reactor remains the same for both cases. (This identity from the point 
of view of reactor engineering does not necessarily entail that the two fuel 
ty-pes are equivalent so far as energy production is concerned.) Thus we have: 

If it is wanted to determine how many kilogramms of plutonium must 
be added to one ton of natural uranium in order to produce a fuel equivalent 
to slightly enriched uranium, then it may be aS8umed that 

Thus for the equivalence of reactor fuels we have the following condition: 

f4 . '7A = fB ·j7B (15) 

Using our previous notations, we may ,,,-rite down 

or 

where 

'~A~~5_ 

/lA' va5 ~ 8 4 , vas -:- F /lA' ua.o+ SA' vaS 
(16) 

(17) 

F denotes the total capture cross section of neutron-absorbing materials 
in the reactor - except fuel- (assumed identical for both fuel ty-pes) ; 
index A: enriched uranium 
index B: mixed fuel consisting of natural uranium and plutonium. 

Results of the numerical solution of the above equation are shown in Fig. 7 
(based on particulars given in the Appendix). It may be inferred from this 
that the addition of about 5 kgs of PU239 isotope to one ton of natural uranium 
will result in a fuel which is equivalent to uranium enriched to 1,4 per cent, 
so far as reactor operational considerations are taken into account. (In order 
to simplify our calculations, the fact of plutonium consisting of a mixture of 
different isotopes has been ignored and only the isotope PU239 has been taken 
into account when computing the equivalence of fuels. The error thus committed 
is, however, less than 1 per cent.) 
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The proper task of equivalence investigations is to establish the running 
time necessary for achieving an equilibrium fuel system, i. e. to,determine how 
long a reactor must be kept in operation in order to obtain a quantity of 
plutonium which 

a) mixed with natural uranium provides an equivalent fuel for reactors 
started-up with enriched uranium fuel: 

b) in case of reactors started-up with a mixed fuel of natural uranium 
and plutonium equals the quantity of plutonium filled-in prior at start-up. 
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Fig. 7. Plutonium content of natural uranium equivalent to slightly enriched uranium 

(For similar investigations losses occurring during plutonium extraction as 
well as fluctuations in plutonium composition may be neglected.) 

Solutions of the differential equations determining the quantities of 
isotopes - provided that the reactor already contains plutonium (zo) during 
start-up - have been given in para. 3.1. Let z denote the quantity of Pu239 

in formula (5), assuming that there has been no plutonium present during 
;;tart-up. In thi8 case equation (5) may be transformed into the following 

general form: 
~ _ _ e,(I-p)P"lo' aa_.· <p. l-aa,<PI I ~ 
"-"0' ." i'" (18) 

In a reactor using equilibrium fuel, we must have necessarily that subsequent 
to an irradiation rp. t 

z= zoo 

This permits the computation of the quantity of plutonium necessary for the 
start-up: 

zo= 
1- <P • t 

(19) 

In the numerical example elaborated to illustrate the present method 
it has again been assumed that in the reactor - as specified by para. b j, of 
the Appendix - the plutonium gpu = 2,4 . 10-3 kg Pu per kg natural U) 
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produced after the irradiation (Q = 3350 MWd per ton) determined during 
the service life investigations (Section 3.2) is mixed with natural uranium and 
replaced to the same reactor for repeated burnup. Variations of the productive 
and absorbing cross-sections of the reactor are shown in Fig. 8 for the reactor 
started-up '\\-ith a mixture of plutonium and natural uranium. Maximum 
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Fig. 8. Variation of the cross-sections of an equilibrium system of plutonium and natural 
uranium (reactor according to para. b, Appendix) 

available burnup amounts to 1,32 n/kb and thus 1 ton of fuel will yield Q' = 

= 6160 MWd heat energy. Excess heat energy - as compared to the preceding 
case - now amounts to LlQ = 2810 MWd per ton. 

Mter the burnup level had been attained, the remaining Pu239 quantity 
in the reactor started-up with plutonium fuel mixture "will amount to 3,32 kg 
per ton of fuel. This is more, than the quantity of plutonium placed into the 
reactor for the start-up (2,2 kg Pu239) and therefore, in the given reactor equi­
librium fuel system appears to be realized, even when taking all possible losses 
into account. 

In a way similar to that given in the previous paragraph, use of relation 
(2) '\\-ill define the value of plutonium, summarized by the follo'-\'ing table: 

Preprocessing costs (PR) Stkg 
Plutonium value (nu) Sjkg 

13 
11650 

25 
6660 

37 
1670 

Actual data are show"D. as a function of reprocessing costs by curve b 
of Fig. 6, proving that for the given fuel cycle and ",ith the reactor as specified, 
a very considerable plutonium value is obtained, even in case of higher repro­
cessing costs. This will indicate the optimistic attitude of interested experts 
towards the problem. (In this case the circumstance that a longer interval 
between plutonium production and utilization may unfavourably effect the 
valuation, has been ignored - see para. 5/d.) 
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5. Conclusious 

In order to compare the method of valuating plutonium, as proposed 
by the authors and based on energy production, against the method of 
valuating plutonium by its fixed price as known from literature, it seems 
to be advisable to introduce further refinements to the latter, rather arbi­
trary procedure. 

As already mentioned in Section 1, plutonium as a concentrated fissile 
material produced in a reactor is sometimes evaluated in the literature as 
able to substitue the fissile material content of the U235 - enriched uranium 
fuel (para. l/a). For this evaluation, - specific data generally accepted by the 
literature will be assumed, according to which the cost of uranium enriched 
to 90 per cent U235 amounts to 15 000 or 30 000 $ /kg according to enrichment 
costs [3]. However, for a more precise evaluation - if it is proposed to deter­

mine the price of plutonium similarly ,dth reference to the burnt-up material 
in the reactor a few other factors must be taken into account, these latter 
being, as a rule, ignored by literature sources. These may be summarized in 
the following paragraphs: 

a) The thermal equivalents of U235 und Pu239 or Pu241 are by no means 
identical (see para. c, of the Appendix). 

b) The composition of the quantity (gpu) of plutonium produced, varies 
with irradiation or burnup level. This composition can be characterized by the 
isotope ratio (m) representing the ratio of fissile Pu-isotopes to the total quan­
tity of Pu-isotopes. This is according to the analysis given in Section 3.1. a 
function of reactor type and irradiation level: 

m = g(239-'-241_) - .100% 
g(239+24o-"-'Ul-'-242) 

(20) 

c) Plutonium extraction costs (PR 8/kg) must also be considered when 
valuating plutonium. 

Taking into account all the enumerated factors, the value of plutonium 
in the producing reactor fuel is given by 

P P' _ PR S/kg. Pu = Pu ~ (21) 
gpu 

In the above relation Ppu denotes the price converted from the basic price 
(in S/kg) of enriched uranium in accordance with composition (m) and equi­
valent heat of plutonium. Fig. 9 shows the plutonium values as computed 
from equation (21) as a function of irradiation. In this diagram plutonium 
values (pPu) are shown for the different U235 basic prices and different reprocess-

2 Periodica Polytechnica El II/4. 
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ing cost factors (PR)' The diagram also contains a plot of the plutonium yield 
(gPll) and isotope ratio (m) against irradiation level. 

d) The value of plutonium i", influenced by the time interval between 
production and utilization (discount value). The later plutonium will be utiliz­
ed, the less its value is at the time of production. Assuming that plutonium 
extraction immediately precedes utilization, i. e. that there is no interest 

charged after PR, and if 71 denotes the number of years between plutonium 
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Fig. 9. Plutonium yield (gpu), isotope ratio (m) and the value of plutonium calculated using 
fixed basic prices (PPtt) as a function of irradiation level 

production and plutonium utilization and P denotes the interest rate: then the 
value of plutonium in the burnt-up fuel ofthe producing reactor will be given by 

_PPll _ S·. /kg. 
PPU,l1 = ~ 

11 + l~o·l 
(22) 

Fig. 6 shows, for the sake of comparison, curves of plutonium valuation 
using the fixed basic price, but corrected according to the principles discussed 
(curve Cl refers to a basic price of 15000 Sjkg, curve C2 to 30000 SJkg.) The 
former price, as seen from para. c, Section 1 is nearly consistent with th~ 
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price obtained on the fuel oil equivalence principle. [Burnup has been assumed 
identical with the cases given in Section 4 (Q = 3350 MWdJton)]. As can be 
seen, the valuation curve according to the higher basic cannot be motivated 
by power engineering arguments, giving an unnecessarily high price to 
plutonium. Contrasts will become even sharper, if plutonium is produced by a 
different reactor, having e. g. a different initial conversion factor value or an 
initial excess reactivity, different from that assumed in our example. An ener­
getically proper valuation will in this case show an even greater reduced pluto­
nium value compared to the results obtained in our example. It is therefore, 
according to the opinion of the authors, a sound principle to avoid valuating 
plutonium - as a nuclear power cost factor - at fixed prices, taken arbitrarily 
or on the basis of any other considerations. Proper valuation must take into 
account design and operational characteristics of the plutonium-producing 
reactor, as well as the fuel cycle utilizing plutonium. It may be obvious that a 
similar energetic valuation possesses a lot of problems which should in the future 
be cleared up. Perhaps most important among these may be formulated in 
such a way that a solution most favourable for national economy should 
be sought for, by comparing different reactor types and fuel cycles. The proce­
dure to be follo·wed is similar to that, when during design of a conventional 
back-pressure type heat power plant the analysis is extended beyond the scopes 
of an industrial power plant and lifted to the level of national economy consid­
erations [10]. Obviously, this will require more serious studies, but undoubt­
edly the solution of these problems will advance the question of peaceful 
utilization of nuclear energy. 

Appendix 

a) Nuclear constants used for numerical solutions of the equations 
defining nuclear fuel composition variations (normalized data). 

I i 

I Thermal capture Thermal fission I l'iumher of 
fission 

hotope cross~section croEs~section I neutrons 
Gc barn Gj barn 

i 
1) 

, 
! 

lJ235 687 ,580 2,08 
lJ238 'J --_,I::> 

PU239 1065 750 2,03 

PU240 550 

Pu241 1480 llO 2,35 

PU242 30 

2* 
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b) Characteristics of the hypothetical reactor used for the present analy­
sis ; in hot start-up conditions: 

fuel 
fast fission factor 
resonance escape probability 
thermal utilization factor 

Leakage factor 
initial conversion factor 
initial excess reactivity 

natural uranium 
e = 1,030 
P = 0,8828 
f= 0,865 
17 = 1,335 
P 0,972 

0.8 

for burnup and poisoning (-with-
out Xe and Sm) bk 0,02 

c) The heat energy released during the fission of one gramme of fissile 

material: 
hotope 
U235 

Pu239 

Pu241 

Energy :MW cl/ton 
0,94 
0,878 
0.79 

Summary 

The paper aims to consider one of the most discussed factors of the costs of electric 
energy produced in atomic power plants. i. e. to consider the value of plutonium produced. 
The basic consideration is that plutonium produced in an atomic power reactor is worth a;; 
much as the electric energy generated by it. This procedure is basically different from other 
means of evaluation - more or less arbitrary - discussed so far in the special literature, but 
it renders necessary to take into consideration when evaluating plutonium. the way of produc­
tion in the plutonium producing reactor as well as the fuel cycle of plutonium utilizing. This 
procednre considers even such factors as arise from an eventually late utilization of the pro­
duced plutonium. Thus it can be supplemented at any time - when more exact data are 
available - with expense factors arising from investment costs. To illustrate the course of 
calculations there is a more detailed examination of the burnup with prolonged fuel cycle. 
and further of the utilization of produced plutonium mixed with natural uranium in self­
surtained cycle. Whereas the first procedure in view of the costs of plutonium extraction as 
known today, seems bv no means to be economic, the economic conditions of the second 
procedure""':' under ce;tain circumstances - are even nowadays available. The procedures 
published in the paper may serve as a basis for furtht"r discussions for a further solution of 
tht" problem. 

Literature 

1. Jl'KES, J. A. : The cost of power and the value of plutonium from early nuclear power 
stations. Proceedings of the International Conference on the Peaceful teses of Atomic 
Energy, Geneva 1955, P/390. 

2. DAVIS, W. K.: Capital investment required for nuclear energy. Proceedings of the Inter­
national Conference on the Peaceful Uses of Atomic Energy, Geneya 1955, P/477. 

3. LANE, J. A.: Economics of nuclear power. Proceedings of the International Conference on 
the Peaceful lises of Atomic Energy. Geneva 1955. P/476. 



AXALYTICAL Aj'D ECOSOMIC ISFESTIGATIO_Y OF PLUTOSIGJI PRODUCTIOS 283 

+. GLASSTO'.\'E, S.: Principles of nuclear reactor engineering. ::'Iiew-York 1956. 
5. WEI'.\'BERG, A.1I.: Survey of fuel cycles and reactor types. Proceedings of the International 

Conference on the Peaceful Uses of Atomic Energy, Geneva 1955, Pj682. 
6. JOFFE, B. L.-OKU'.\', L. B.: Long term reactivity changes in nuclear reactors. Atomnaja 

Energija 4 (1956). 
I. LEWIS, W. E.: Some economic aspects of nuclear fuel cycles. Proceedings of the Interna­

tional Conference on the Peaceful Uses of Atomic Energy, Geneva 1955, P/4. 
8. LEWIS, W. B.: Is fuel preprocessing necessary? Nuclear Power, February 1958. 
9. DU'.\'WORTH, J. V.: Fuel cycles and types of reactors. Proceedings of the International COll­

ference on the Peaceful Uses of Atomic Energy, Geneva 1955, P/403. 
10. LtVAI; A.-SoVARY, E.: Planning of new power plants into a co-operative power plant 

system "ith particular regard to run-of-steam plants. World Power Conference, 1954, 
Rio de Janeiro. 

Prof. A. LEV AI 1 
I. Kov_.hs .f 
G. BUKI 

Bp. XI. Stoczek u. 2., Hungary 


