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Abstract

The paper deals with robust adaptive control of a class of single-input single-output nonlinear system,
in which robustness is guaranteed by switching control algorithm and adaptation law using smooth
gradient projection. It is discussed the behavior of the control system, when the nonlinear part in
the model of the controlled system is not known exactly. A modified control law is proposed that
assures the boundedness of all the signals of the control system even if the nonlinear model contains
unmedelled disturbance.
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1. Introduction

The design of a stable control algorithm for nonlinear systems with unknown pa-
rameters is a challenging problem. Many of these plants have slowly varying or
uncertain parameters and unknown disturbances. The adaptive control is a popular
approach to the control of such systems.

If the mathematical model of the plant is known but the parameters in the
nonlinearities are unknown, in order to assure precise tracking, adaptive control
schemes can be used that estimate the value of the parameters based on input-
output measurements. In the case of linearly parameterized nonlinear systems,
which are discussed in this paper, gradient method or its modified versions can
be used to estimate the unknown parameters of the controlled system. The linear
parametrization of the nonlinearities is not a strong assumption, because if this
nonlinearities are smooth well known universal approximation theorems guarantee
that the nonlinearities can be approximated with neural or neuro-fuzzy systems with
desired precision [4]. Many of these models have linearly parameterized forms.

Control laws depending on the estimated parameters can guarantee good tran-
sient performances and the stability of the closed loop system. But these algorithms
show very poor robustness proprieties even in the case of small disturbances or small
model uncertainties. One way to avoid the lack of robustness is the modification
of the control law with discontinuous switching functions that depend on the max-
imum values of the unmeasurable disturbances [3]. Using Lyapunov method it can
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be shown that these modified discontinuous control laws guarantee the stability of
the control system in the presence of bounded disturbances.

However, the robustified adaptive control leaves many open questions to be
answered, some of them are enumerated as follows:

1. If we have a priori information on the parameters of the controlled plant,
how can it be introduced in the adaptive law to obtain better performances?

2. How can the stability of the control system be guaranteed when the universal
approximator describing the behavior of the nonlinear part of the model has
a considerable approximation error?

3. Ifthe adaptation law doesn’t work properly in every time instant — for example
at the beginning of the entire control process or at an abrupt change of the
parameters of the plant, causing oscillatory behavior of the adaptation law —
how can the boundedness of the control signal and the stability simultaneously
be guaranteed?

The present study deals with these questions of the robust adaptive control
schemes. To approximate the nonlinearities, Radial Basis Function (RBF) Networks
were used. The robustness of the adaptation law is assured by smoothed gradient
projection and saturation type switching functions.

The remaining part of the paper is organized as follows: Section 2 presents the
standard problem of the robust adaptive control solved using soft gradient projection
algorithms. Section 3 introduces the problem of the uncertain control algorithms
in which the dynamic model of the plant is not known precisely and proposes
a modified algorithm that guarantees bounded tracking error and the stability of
the closed loop system. Simulation results are presented in Section 4, Section 5
summarizing the conclusions of this paper.

2. Robust Adaptive Control

Let us consider the following class of single-input single-output (S1SO) nonlinear
system written in phase variable form:

1] =X

Xy = X3

: (1)
= fx)+g@u+d
y =X,

where y denotes the output, u the input, x = (x; x3...x,)" the states of the system
and d is unmeasurable disturbance.

To apply earlier results in robust adaptive control some assumptions should
be introduced:
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(A1) The nonlinear function multiplying the input g(x) is nonzero, moreover 0 <
gn < g(x), which guarantees that the plant is controllable for any ¢ > 0.

(A2) The disturbance d is bounded, i.e. |d| < Dy.

(A3) The nonlinear functions f(x) and g(x) can be written in a linearly parame-
terized form according to it:

f@ =07t @, g =6 . )

In this paper linear parameterization is assured by approximating the functions
f and g by RBF neural networks [4]. This popular neural model is widely used
in adaptive control strategies because of its relatively simple structure and good
approximation proprieties. It has two layers. The output of a neuron from the first,
hidden layer can be written as:

Zi=Rix)=R(lx—-¢ll/e}), i=1...H, (3)

where the vector x contains the input of the model, H is the number of neurons in
the hidden layer and R; is a radial basis function, typically of Gaussian type.
If we consider that the model has single output, then:

H
r@ =) 6iRi) +b. @)

i=1
Approximating nonlinear functions by RBF neural model, it yields:

r(x) =0"&(x) where §=(6...04b)"; £@)=(R@...Rz@ D’
(5)
If we have a priori measurements on f(x) and g(x) separately, the design param-
eters of the functions R; can be determined using clustering methods [4] or if not,
they can be distributed uniformly in the input field.

The presented assumptions (controllability, bounded disturbance and linear
parametrization) are generally enough for the development of stable adaptive control
algorithms. The control problem can be formulated as follows: let us design a
control law u in a way that the output y(¢) defined in (1) tracks a desired trajectory
v4(1), which is a smooth, n times differentiable function of time.

To solve this problem, let us define the tracking error e(t) = y(r) — y4(r) and
the tracking error metric S(f) = (3"7 + 1) De(r) with A > 0. Differentiating S(¢)
with respect to time and taking into account the assumption (A3), we obtain:

- Q§§f@ 2 Q:‘f_g(i)u +d -y + ke,

where k = (k,— ...k) is a vector that contains the coefficients in the expansion
of S(t)ande = ("1 ...e)T.
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If the disturbance d was not present and the nonlinearities were known func-
tions, then the control signal assuring the convergence of the tracking error to zero
could easily be developed, see for example [9]. With f and g unknown, the control
law can be developed by using estimated parameters that are generated on-line. Let
us denote the estimated parameters with 6 and the estimation error by 8 = § — 6.
The control law can be written as function of the estimated parameters:

1 .
u=—(=07k  + 3" — K e — ksSalt) = Dy sat(S/®)), (7)

where kg and & are positive design constants and sat(-) denotes the well known
saturation function, and S5 = § — sat(§/®). It can easily be verified that S5 has
the following useful property:

Sa = S for|Sy| > & and Sa = () otherwise. (8)

With this control law the behavior of the closed loop system becomes:

§ = é_’jgf(i) 5 @’;gg()_()u — ksSa(t) +d — Dy sat(S/®). 9)

The most prevalent on-line estimation law used in adaptive control systems is the
gradient algorithm because it can be relatively simply implemented and, together
with control algorithm (7), can guarantee the stability of the control system. In
robust adaptive control schemes a modified version of this algorithm can be used
such as the gradient projection algorithm. Let us assume that the bounds of the
parameters appeating in (2) are known. This can be formulated as an additional
assumption:

(A4) All the parameters are in known interval, i.e. for any element of the parameter
vectors Qﬂ and -Qgi we have O, < 8 < Oppyp and Oy < 6y < Opp
respectively with 6 ¢, @ agi Bomiy Goari known.

This assumption can be explored if we use as adaptation algorithm the gra-
dient projection method instead of classical gradient method. In this paper we
use the smooth gradient projection algorithm proposed in [3, 8] that overcomes
the discontinuous behavior of the adaptation which is the main disadvantage of
these algorithms. Generally, let us assume the following parameter sets Q =
{0 1ai <6, <b;Vi)and Q5 = {0 |a,—8 <6 <b; +8Vi}, where § > 0. If
the adaptation step size for each parameter 6, is denoted with y; > 0, the strictly
positive diagonal matrix I' = diag(yy, y», .. .. ¥,) can be introduced. The smooth
gradient projection algorithm can be written as:
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E=Proj(S,§,§) where (10)
Yiki, if a; < 8; < b
or if 9\, > b;and & <0
Proj(S, 8, £); = _orif f<aand& =0 (11
B yi(l+ 555, if 8 >bandg >0
yi(1+ %58, if 6 <agand§ <0

It is known [8], [5] that this rule guarantees the following propriety: 3:(0) EQ=
6 € Q; for any ¢t > (. Moreover, the smooth gradient projection has the following
useful propriety:

6" 5aT¢ <8’ Proj(s, 8, £). (12)

By (2) the adaptation rule can be written as follows:
6, =Proj(8, 8,8 ) 8, =Proj(S, 8. £ ). (13)

This algorithm and the assumption (A4) guarantees that the estimated parameters
also remain bounded with known bounds introduced in (A4).

It can be shown that control law (7) with the adaptation law (13) guarantees
the boundeness of all signals in the closed loop system. The proof will be omitted
because this affirmation is a special case of the more general theorem that will be
presented in the next section.

3. Robust Adaptive Control with Uncertain Control Law

In the implementation of a model based control law, modelling errors should be
taken into account. These errors could appear when some terms in the mathematical
model of the plant are neglected, or when the nonlinear part is approximated by
using neural or fuzzy models. We can disregard the uncertainty of the model when
it does not affect the stability of the control system, or the requirements for the
performances of the control are not too high. Otherwise, it should be taken into
consideration at the development of the control algorithms.

Robust modifications of adaptive control schemes were treated by many au-
thors. A first approach could be the design of the linear part of the controller using
Hy control theory. These types of control algorithms were introduced in [1] and [2]
for robotic systems. In these papers it was shown that if the disturbance d is quadrat-
ically integrable, then H,, performance can be guaranteed. Another approach could
be the introduction of an additive supervisory control signal in the control law that
guarantees the boundeness of all the signals in the closed loop system. This part
of the control law is switched on only when a known performance measure of the
control system (for example the tracking error metric) leaves a prescribed domain.
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These types of control laws are described in [7] [6]. Note that all these algorithms
use some types of gradient projection algorithms as adaptation law.

In the adaptive control schemes the model uncertainty is generally represented
by an additive bounded disturbance, i.e.

FX)uppliea = f(X)+df(x) = Q}kﬁf(l)“f*df({). where  |dp(x)| = Dyy. (14)

Let us consider the case when the nonlinearity is approximated by using RBF
networks presented in Section 2. Since separate measurements for f(x) and g(x)
are not available, we use a finite number of fixed shape, fixed center basis functions.
The modelling errors are also influenced by regressor vectors & (x). For example,
in the case of f(x) the modelling error can be written as:

f(\)applud E Ied(r) "'H (&- (‘)+(15j(1)) where |dEf(£)| =< D_I'M-
(15)

Thus, the problem cannot be treated just as an additive modelling error because it

also affects the adapration rule that can influence the stability of the closed loop

system. In this section a new algorithm is introduced that assures the stability in the
presence of uncertainly modelled regressors.
To solve this problem additional assumptions will be introduced.

(AS) The applied values of the regressor vectors 5 (x) in the control law can be
written in function of the real regressor wcmrs as éf - E}, (x) +d;,
with |(d, ()i| < Dy Vi.

(A6) The applied values of the regressor vectors E (x) in the control law can be
written in function of the real regressor vutors as & gg (x) +d,;,
with HQ{.EH < B, ¥i.

(A7) In the assumption (A4) sign(¥,,,;) = sign ((pn;) Vi and |6,,,| > 0. Here
&1 applied and &g pplied TEPresent the gaussian membership functions that we
use in the control law, while & and & . represent the best regression vectors

Zg applied

that describe the unknown nonlinearities of the plant for prescribed precision.

The tracking error behavior for the closed loop system with the proposed
control law and estimation dynamics is described in the following theorem:

THEOREM | Consider the system (1). If the assumptions (A1) — (A7) hold, then
for a given ® the control law

W=+ ”S([)l = SI.IM}“.SHH (16)

with the adaptation law defined in (10):

H~—ll‘0_](S,3.Hf,$ (17)

f J.ppll'.l])

B, = Proi (8. T (& s+ €) )
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guarantees asymptotically the boundeness of all signals in the control system,
where:

1 T (n)
de = = ( _fgh ) = ksS() — KTe(t) + ¥y
QS ( gappllcd(—) + C(— —)) i
— Dsat (§/®)), (18)
1
o = == (Df Y 107mil + Dg Y 1Bgmil |uc|) sat(S/®), " (19)

&m 15 known as minimal value of g(x) defined in the assumption (A1), C(8,, x) is
a correction vector whose elements are:

= Gga‘gg applied i(£)

C@, 0 = p@,0"—F 20)
gi
with:
-] 1 if agi"::gappliedi = 8nm
py) = { 0, otherwise. 1)

The notation {|S(r)| > S.;u} means that the switching term uy,, acts only when
the absolute value of tracking error metric S(r) is higher than a prescribed limit
SLIM > &,

Because of the assumptions (A4) and (A7) the denominator in the expression
of C(8,, x); will never be zero. It can easily be seen that with this modification the
denominator of u, will always be greater than or equal to g,,, which is a necessary
condition for the feasibility of the control law.

Proof. Let us consider the following Lyapunov like function:

l~7
-1y -19
V(i) = —.SA(I)+ f ryo,+ 293 r; o, (22)
where "y and I', are diagonal matrices with positive adaptation step sizes in the
diagonal.
The time derivative of V(1) is given by:

V@) = Sa®Sa) + 8,778, +8,1;'8,. 23)

According to the definition of adaptation law (17) and the propriety (8) of Sa
we have V(t) =0for|S| < ?.

Therefore, the remaining part of the prbof treats only the case when |S| > .
By (8) Sa=38. Applying (12) for the estimation law (17) and substituting it into
the derivative of the Lyapunov function:

V(1) < Sa()8(1) — _fSa(’s' +dis) -0, Sa((€ + Ouc +dgguc).  (24)
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The tracking error dynamics can be written as follows:
§=0%¢ S+ 0.8 (u+d - ¥ + ke (25)

Let us consider that |S(t)] < Sp;a. In this case u can be replaced by u.. Let us
introduce the value of u. into (25):

§ = —ksSa+878 (1) + 8, €, @) + Ow. — bdy,

~ 8y d,uc+d — DSy sat(S/®). (26)

With (26) the relation (24) can be written as:
V(1) < —ksSx — Sabldy, — Sabydy e + Sad — SaD sal(S/®).  (27)

Taking into consideration that |S| > &, we can replace sat(S/®) with sign () or
even with sign (54 ) in the expression of u,. It can easily be shown thatif d < D,
where D > 0 than for any §, we have dS < D|S]. From these inequalities it
results:

V(t) < —ksSa — Saljydyp — Salydygic. (28)

Note that the sign of V (1) cannot be determined because of model uncertainties de 7
and dg.

If the value of S(r) reaches the value §;,,y, the value of uy,, switches on. In
this case the relation (23) can be written as:

V() < —ksS3 — Sa87dy, — Sab) dy uc + B& (X)Saksu (29)
According to the assumption (A1) we also have 0 < g, < Q;ig (x), hence:

V(1) < —ksSi — Sa0%d,, — SaBld, uc+

~ (Df > 10suil + Dy Y (Bgun w) |Sal. (30)

With the same considerations as in the step from (27) to (28} it yields:
V(r) < —ksSi.- (31)

If S(0) is bounded then if S(r) leaves the limit S, then the boundedness of V(¢)
is assured by (31), and so S(r) is also bounded according to (22).

The boundedness of the estimated parameters is guaranteed by the estimation
laws (17). .

The boundedness of S(r) and x\” (¢) results the boundedness of x' (1) ¥ i.

From the boundedness of the control signal «, the external disturbance and the
modelling errors (assumptions (A2) (AS) and (A6)) results that S4 is also bounded
(see (26)).
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REMARK 1 The switching term represents a high gain term in the control scheme
that acts only when the behavior of the control system is critical. Its introduction is
necessary to guarantee the theoretical and practical stability of the control system.
An important result that we can conclude from this approach of adaptive control
law is related to the minimum value of the saturation limit of the applied actuator.
The actuator should be able to reproduce control signals with amplitude at least
Stim * lusy|. In this case the boundedness of all the signals in the closed loop
system can be guaranteed according to the theorem.

4. Simulation Results

To examine the performances of the previously presented control law, a nonlinear
mass-spring damper system was considered [9]. The equation of motion for this
mechanical system can be expressed as:

mi + bx |x| + kox + kx> = ku (32)

with bx |x| modelling the nonlinear dissipation and ko x +k; x> modelling the nonlin-
ear spring term. m is the mass of the load and k is the gain of the drive, respectively.
x denotes the position.

The functions f and g can be written as follows:

fw=-Zip -0 B e X (33
m m m m
For simplicity it was considered that k = 1.
The nonlinear function f was approximated with an RBF Neural Network.
Firstly, it was considered that the parameters of the nonlinear function are unknown
so the neural model was trained with wrong initial parameters, namely:

b=0.1 k=001 k=1 m=1 (34)

The resulted RBF network has 8 RBF type neurons in its hidden layer. Due
to the low number of neurons and the absolute value function in the damping term
there is a fitting error as it can be seen in Fig. I and Fig. 2.

During the simulations the parameters of the controlled plant were:

b=0.5 ko = 0.05 k=5 m=0.1 (35)

The controller parameters were chosen as Kg = 20, A = 10, ® = 0.01, g, =
0.05, D = 0.01, Dy = 0.01, D, = 107*. The bound of the parameters were
determined by using the results from the initial training of the RBF neural network.
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Fig. 3. Error metric convergence (top) and signal tracking proprieties (middle, bottom)
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Fig. 4. Control signal components (top) and parameter convergence (middle, bottom)
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Simulations were performed with the initial RBF network, with the trained
RBF network and with the modified control law. The simulation results are pre-
sented in Fig. 3 and Fig. 4.

The error metric (combined position and speed tracking error) shows poor
convergence when the adaptation is not applied and the control law is used with the
initially trained RBF network. When the adaptation is applied, the adaptation law
re-tunes the parameters of the neural model and the estimated mass of the load hence
the error metric convergence shows much better properties. Observe that when the
error metric reaches the limit §;;5 = 0.1, the high gain term in the control law u;,,
turns on and does not allow the error metric to be increased above Sy jp.

5. Conclusions

Robust modifications in the adaptive control schemes were introduced to solve the
well known problems of the adaptive control schemes, such as high sensitivity
on external disturbances or lack of robustness and stability when the model of
the controlled system is not known exactly. When the system nonlinearities are
modelled with neural or fuzzy systems, the modelling uncertainties should always
be taken into consideration at the design of the control law. The present paper deals
with the adaptive control schemes in the perspective of the implemented control law.
The standard adaptive control algorithm was modified with a supervisory additive
term that acts only when the tracking error metric leaves a predetermined limit. It
was shown that this adaptive law can guarantee the boundedness of all the signals
in the closed loop control system when the regressor vectors in the adaptation laws
are not known exactly, and the control signal is perturbed by additive disturbances.
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