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Abstract

On the bases of the field theory a calculation method is elaborated with respect to the grounding of
the tower, a lightning model with finite lightning velocity, the retardation of the electromagmatie

and the effect of the tower as well. In the calculation Fourier-transform for the time dependence and
Hankel- transform for the radial variable is used. Numerical results computed on the basis of this
new method are presented and discussed.
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1. Introduction

When lightning stroke current enters a tower top of an overhead line, the impulse
current creates a voltage across the tower impedance, and it can cause a flashover
to the phase conductor. As these flashovers are sources of operating troubles, the
determination of these over-voltages is of great importance.

To handle this problem there are two methods in the literature: in one of
them the phenomena are modelled by concentrated circuit elements, and the tower
is substituted by a distributed parameter line, in the other method electromagnetic
field calculation is used. Some outstanding representation of this second possibility
are the publications of WGNER and HLEMAN (1956, 1959, 1960), where detailed
calculations are made, taking the exact geometry of the tower into consideration.
Recently Nucci (1995) have made a review on the research in this field.

The aim of the present publication is to use — by simplification of the tower
construction —afield calculation method and a computer program, which is suitable
to investigate the main influencing parameters, and to draw consequences. As a
starting step in this investigation, in 1988 the author with associate autBon (T
and FETRI, 1988) published a method for calculation of the grounding impedance
of the tower in case of lightning impulse current, but the real travelling speed of the
lightning was nottakeninto consideration, and the retardation of the electromagnetic
wave was neglected as well. In 1991 an article was presented by the authan(T
on the ‘7th International Symposium on High Voltage Engineering’ in Dresden,
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which takes the retardation into consideration as well, and the calculation was
evaluated with a finite speed lightning model.

The present publication proposes a calculation method and a computer pro-
gram, which additionally considetke influencing factor of the tower aswell. The
method is described in four sections, then the calculation results are presented and
discussed.

2. The Electromagnetic Field of an Elemental Vertical Current Phasor

Using the Fourier-transform the time dependence is taken into account, therefore the
field calculation can be made with phasor quantities. Let us consider an elemental
vertical complex current filament above the earth surface with the circular frequency
w in a cylindrical co-ordinate systenfki@. 1).

The phasor of the vector potential= A, has onlyzcomponent and depends
only on ther and thez co-ordinates in consequence of the cylindrical symmetry,
and satisfies the following partial differential equation ( the bold-face characters
denote phasors, and not vectors in the whole article; further for the simphiggy
used instead of the more corre&d

92A 10A 92A
- 4 — 4 —— —K’A=0. 1
arz r ar + 022 (1)

Herek = k; for the earth £ < 0) ork = k; for the air ¢ > 0), where

w
kp=j—, ki=-— 2b
2 Jca 2 CZ’ ( )

andc is the velocity of the light in the vacuuny, is the conductivity, and is the
penetration depth in the earth.

The displacement current in the earth is neglected. The field quantities expressed
in terms of the vector potential arelf = H)

oA jo 3°A
H=—-—, E-+~———, E,=0,
Ho or’ ' K2oraz ¥
jo (0°A 10A . [ 103%A
E,=——| — -—— ) = ——— —A). 3
‘ k2(8r2+r ar o \iaoz ©
The interface conditions areat= 0: (the field quantities! andE are continuous)
1 aAl 1 aAZ
(ADz=0 = (A2)z=0, — (—) == (—> . (4)
’ ’ k% 0z z=0 k% 0z z=0
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Fig. 1. Model for the Field of an Elemen- Fig. 2. Modelforthe Lightning Discharge
tal Vertical Current Phasor

The boundary conditions at the infinity are:

im A=0, lim A=0. (5)

Z— 400 r—o0
The solution of the differential equatiora@nd2b) is found in the following form:

forz>0 Ay=As. +As, (6)
forz<0 Aj=A;.+ALc=A (7)

whereA is the solution of the problem, if the earth is a perfect conductor, that is
y = oo. Inthe earthA; . = 0, in the airA; -, can be obtained by image to the
surface of the earth with retardation

| VP -22 0 P+ +2?
where¢ is the vertical distance of the element dz from the earth surface. The

solution for finite earth conductivity takes the following expression based on Hankel
transform:

ejthZ,oo =

(8)

o0 27
AL = / f1(5)€V ¥ Jo(sr) ds, forz < 0, (9)
0
o0 _ |sp_o?
A, = Ao + / fo(s)e < Jo(sr) ds, forz > 0, (10)
0

where Jy(..) is the zero order Bessel function of first kind, ast a certain real
variable. Theegs. (9) and (LO) satisfy the differential equatiofh), and the boundary
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conditions ), as it could be seen by substitution. If the functidris) andf,(s)
are

2

_ 2wt
f1(s) ol d¢ se VT
l =
21 /SZ_Cé)_Zz_i_jK /SZ+§J
fa(s) = _JKizfl(S), (11)
?—-%
C
and
kZ 52 2
o= 2 v __2 (12)

then the interface conditiong)(are also satisfied, as it can be seen by some calcu-
lations (see Appendix).
The electromagnetic field is determined by Hgs. (3), (9), (10) and (L1).

3. Discharge Model of the Lightning

This model was published by the author on the ‘7th International Symposium on
High Voltage Engineering’ in Dresden (1991), and this model is a simplified vari-
ation of DDENDORFERand UMAN’-s model (DU-model, 1990).

The main discharge wave of positive lightning travels upward with constant
velocity v in vertical direction Fig.2). The following expression is established for
this current:

. V4 z
i(t,z)=¢ (t . 7L) I, [e—bwt _ g bt _ e—a(t—TE)(e—blzL _ e—szL):| (13)

wheret is the time, and (t) is the unity step functiorg, by, b, are positive param-
eters andy < b,. This model has the properties

a.) atany fixed heighty = ¢ —h

..z . z
lim i (—L + At, zL) =0forAt >0, andi(t,z)=0fort < —L,
At—0 1)) v
that is the current wave started from zerd at z /v.
b.) i(t,0) = (e Pt — e b2vtye(t),
that is the time function of the lightning current at the top of the tower consists
of two exponential terms far > 0.
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c.) from the timet > z /v a charge of

dq = /OO[I (t,2) — i(‘L’, ZL + dZL)] dr
t

= —dZL/ o (8.[’ ZL) dt
t Z

e [(3 e (2o n) e an

a v v

is recombined in the space interv@ , z_ + dz, ). The total charge — the
charge before the main discharge —is:

— — E E —b1z. E —boz.

do = o = E[(2-m)e - (b on
This means that@ has a distribution of two exponential functionszf

d.) The charge decreases during the ttmez /v tot — z /v from dg; on

dg = e a(t=") do.,

i.e. thea is the recombination parameter.

Herewv corresponds to the* in the DU-model, but the/c value of the time
delay in the DU-model was neglected here besid&he approximation function
of i (t, 0) differs in the two models as well.

Fig. 3shows the lightning curreitt, z_ ) against the timé at different height
z, atthe parametems/v = 0.002/m, b; = 0.00015 m, b, = 0.025/m. Otherwise
the parameterb,v andb,v can be determined from the front time and half-time
value of the lightning current @& = 0 (on the top of the tower).

The spectrum of the lightning current is as follows

l(jw,2) = / i(t, Z|_)e_jwt dt :/;| i(t, ZL)e—jwt dt.

o0 v

After substitution the expressiohd) has the form

. 1 1 i ZL
| =] — —(01v+jw) 3~
(Ja)sz) 1|:(bll)+ja) a+Ja))e

_( 1 . B 1 >e—(b2v+jw)zl—|;:| (14)
bov+ jo a+jow

and this phasor has to be substituted in the expreskidpimétead ofl .
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Fig. 3. The Lightning-current versus the

. . : Fig. 4. Model for the Tower-current
Time at Different Height

4, TheModel of the Current in the Tower

The electromagnetic field generated by the current in the tower is approximated
by the field of the current of a cylindrical metallic tube of perfect conductivity
(Fig. 4).The cylindrical tube has an external radigs The field of the current

of the metallic tube is considered to be valid for ry. Introducing the Fourier
transform, the currerit(t, ¢) at the height, and the curreni,(t) = i(t, h) at the
heighth are substituted by their spectrum:

I({) = /OO I(t’ é‘)e_jwt dt, I(h) = Ih = /OO ih(t)e_jwt dt

oo oo

This latter is the current phasor of the lightning current in the striking point, which
can be gained fromL{) by substitutionzz. = 0 (¢ = h), so

Ih = Iy t 1) (15)
biv+ jo b+ jo

We can see in the following, that the current of the cylindrical metallic tube is totaly
defined by the behaviour of the electromagnetic field at small neighbourhood of
r = rg in the air and in the surface of the earth. This does not mean, that the
far-field of the tower-current is not taken into account, because the final field of this
current is calculated on the base of the express®n§l(Q) and (L1).

In the proximity of the metallic tube-tower, owing to the Ampere’s law, the
magnetic field can be calculated at the height afs

IG)
H_2nr

(16)
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because of the displacement current can be neglected in the metallic tube of perfect
conductivity and in its small proximity. This formula ensures, that at the small
neighbourhood of = ry the tangential component of the electric field becomes
zero, since according to the first an third formulas in the graup (

j H 1
E, — J oo (3_+ H>,

k2 \ar ' r

and substitutingl(6) into this expressiork; results0. With derivation of {) byr,
and using the first formula o8), the differential equation fad is

a (oH 1 9%H
—(=—4+=H)+— —-K*H =0
ar(ar+r )Jrag? '

wherez is changed forc. Substituting 16) into this differential equation, the
following differential equation is derived

1"(¢) = k%) =0,
the solution of which, taking2p) into consideration as well, is
1(2) = K188 4 Kpel €6, (17)

The derived time functioh(¢)el*! shows, that in the metallic conductor (with per-
fect conductivity) there are two current waves, oné-ipy the other in—z direction.

(In the reality, because of the finite conductivity, the velocities are somewhat below
the velocity of the light, but this approximation yields a negligible error.) The con-
stantsK; andK, are given by the boundary conditions. One of them is at h

by formula (5):

Kie e + Koeleh =1, (18)
The other boundary condition is the equivalence of the radial components of the
electric field in the earth and in the airat= ry, and¢ = 0. In the area of the
grounding the electromagnetic field in the earth can be considered to be independent

of the field in the air, and the radial component of the electric field, according to
the formula of BLINSKY (1938), yields

1(0 14 1 14
(Ef)§=0, r=ro = © (j + _e—{s’r()) .

B 27'”'())/ 1) lo

However, in the air, at the same location, according3}p (@b) and (L6), when
substitutingz for ¢

jouoc® 0H c?uo I'(0)
w? 9 w 27urg

{(EI’)CIO, r=rop —
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Because these two last values are equal, using notattpwé can obtain

10) = j« (H—J + ielﬁ—”0> 1(0).

1) lo
Substituting the expressiofhd) we can get the relation

Ky — Ky =q(K1 +Kp),

where

KC [rg T o . (To N ) ]
= —|—46€ % cos— ——e ssin—)|. 19a
d row[5+ 8+J<8 5) ( )

Comparing the expressioiqa with the formula 18), the constants of formula
(17) are

Ki= a)(l_q.)lh. w ’
2[COS(Eh> + Jqs'”(Eh)] (19b)
- 1+ qln

2 [cos(%h) + jgsin (%h)] ’

The expressionl(/) has to be substituted into the phasan formulas §) and (L1).

5. Calculation of the Voltage on the Insulator String

The overvoltage on the insulators of overhead line can be calculated on the basis
of Fig. 5. The pointsD, E, F are as far as from the tower that the electromagnetic
wave of the lightning does not reach these points in the investigated duration. We
write the Faraday'’s induction law on the lodfisFEDCBA:

G F E D C
/ E d + / E d + / E d + / E d + / E, dl
A G F E D

B A
—I-/ E|d|+/ E|d|:—d—¢.
c B dt

The line integralsGF, CB, andB A are practically zeros, because the resistance of
the tower and the conductor are very small. The line intedg&lsandF E are zeros

as well, because these lines are far from the tower. Therefore the last expression
takes the following form:

G C
UAGE/ E|d|:/ E|d|—|—?j—¢.
A D t
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Fig. 5. Model for the Calculating of the Overvoltage on the Insulator String

We can see that the magnetic flux through the I D G’ G is the same as through
the loopGFEG'G, because the magnetic field strength has @miycomponent.
Therefore the flux through the loopfGFEDCB A is the same as through the loop
AGF’'DCBA. This letter one can be approximated by the flushrough the loop
CC'D’'DC: ¢’ = ¢. The induction law for this loop is:

D’ C d¢
E dl Ed =——
f/ d +/D o=

(the line integralsD’'D and CC’ are zeros). The (approximate) formula of the
insulator voltage follows from the two last equations and from the approximate
equation:¢’ = ¢:

C/
Upg = / E, dl. (20)

To constitute the Fourier-transform of this voltage the horizontal component phasor
of the electric field strength at height= h has to be integrated from infinity to
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the radiug g of the tower model. Based on the relations

oH 0E> A,
SALNEaY H=-2"2 (Ay= A, H=H,),
P £ o o (A2 22 0)

connection between the horizontal component of the electric field stré&ngiid
vector potentialA in the air is € is the velocity of the light in vacuum):

b 92A
=00 0I0Z

The phasok;, is obtained by Fourier-transform of this expression:

c? 3%A 92A
Erp= — o2 1 2r8(w) 2)
jooroz aroz),

heres(w) is the Dirac — function.
[The formula @) with formula @b) is valid, only if w # 0.]

First the elemental d voltage phasor is calculated, which is the consequence of
the elemental current phasor discussed in chapter 2. According to the last equation
and expressior2() this voltage phasor is:

0 2 [9A IA
de (Er2)p=n dr = —j— (—2> +Prd(w) - (—2> ;
o0 w az z=h;j, r=rg 32 z=h;, r=rg, @=0

A, .
namerE — 0ifr — oo.
With the notation

dV = c? (a—Az) , (21)
0z z=hj, r=rg

du = —J—[dV — (dV) =0l + (dV),—0 |:i + 775(“))] ;
w Jo

The second term of the last relation is the Fourier-transform of a step-function,
which does not go to zero if the time goes to infinity, so this would give false
result. This term compensates the voltage caused by the charge procedure before
discharge, they were not taken into account up to this point. Therefore this term
must be left:

dU = —Lrav — @dv), . 22)
w
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According toEqu. (8) and ref. ERDELYI, MAGNUS, ..., Ay, atr = rg can be
transferred by Hankel-transform in the following form:

Id
(AZOO)r=r0 = Ho ;-/
V B ?
_ 2,_2 _ s2_ w2
><|: [£—2l./s te [¢+2zl,/s °2i| Jo(Fos) ds.

and therefore

(8A200> _ Kol d§ oo
32 r=ro, Z=hi 47T 0

a2 o2
x |:sgn(hi — ;“)eflgfh'| * Z 4 e } Jo(ros) ds.

Further based on expressioa$)(and (L1)

() ()
0z r=ro, z=hi 0z r=rg, z=h;
/ 2]
2
Id Sy ® ~(ch) -4
Mo { / e “TNVETE 3 res) ds.
\/S ——+]K,/SZ+§

In both models of the lightning current and of the current in tower, the current time-
function has the form as follows, or can be calculated as the linear combination of
similar forms:

| = |0e—(b+iw)é“.

Substituting the last three expressions igtp. (21) we obtain:

2|
av = °C 0 de /
VS __2 \/ 52 7h. 32 w2 b+1w+,/s2 % );
2
\/ __2 \/
l¢—hi ,/sz—”’—+(b+1w>c}
[ Jo(ros) ds.

+sgn(h; — ¢)e
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Integrating the last relation with respecttand introducing the following notations,

JK ¢32+_
+J;<,/sz+—

Ga(s) =
b+jw+,/52—%

Ga(s) = R
b+jw—,/sz—%

we get for the primitive functions:

Gi(s) =

E]

(23a)

if £ > hy;

2 w2
2

V() = ﬁlo /O Ga(s) {Gﬂs)e‘“”

hi 52—“’—22_ <b+Jw+ [s2— “’2>;
Jo(ros) ds

— e “le

if ¢ < hy:
i —| b+jw+ /52—”0’—22>;
G2(s)Gi(s)e (

C2 00
V() = %IO/O

_ b+jw_ /SZ_&LZ){ “hi 2_(4)_2
( ¢ :| +e i Jo(ros) ds (23b)

+G3(s)e

For the calculation of the full voltage phasor, the formalzgg( and 3b) must be
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applied many times:

e in the lightning model, substituting = ¢ — h in Eq. (14), and at
at the first term

1 1 o
b=b1, w=g, |o=|1( )e(b1+17)h;

v bw+ jo a+jo
Vii=Vh+1)—-V(h),
e at the second term
1 1 o
b = by, wZE, |0=|1( — — - )e(szrJ?)h;
v a+jo b+ jo
Ve =V(h+1)-V(h), (24)
e in the tower current model, accordis. (17) and (L9b), and at
the first term
b=bo, w="2, lo=Ki
V11 =V(h) = V(hi +0) + V*(h; — 0) — V*(0),
e at the second term
b = b, w=—%, lo =K
V12 =V(h) = V(h +0) + V*(hj — 0) — V*(0).

Finally, based ofk. (22) the voltage spectrum is calculated as follows:

, j
U(Jo) = - [(Vii+Vie+Vri+ V1) = (Vi +Vie+ V1 + Vr2)e—o] -
(25)
The momentary value of the voltage is:

uet) = Loe Uoo U(jw)el dw]. (26)
T 0

If there is ground wire on the tower then the following (approaching) procedure
can be used. The ground wire and the earth form a transmission line being in short
circuit at the next tower. We can define an input impedance of this transmission
line at the tower entered by lightning stroke. This impedance is:

1
Zy= EZotanh(gIt). (27)
HereZ, is the surge impedancejs the propagation coefficient of the transmission
ling, Iy is the distance from the next tower and the mult@i&ullows from the fact,

that ground wire exists in both sides of the tower. Knowing the series impedance
Zs and the shunt reactanég per unit length the following relations are valid:

: 4
Zo=+/—]XZs. g= 175, (28)
C

further
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c? 2h
Xc—ﬂ n—

= , 29
2nw I'w ( )

and using the ‘complex image’ approximate formula (see in referenées @ al.)

_ oo b ./ (2h +8)2 + 82
Zs= o [atan(Zh—H> +jln , (30)

w

where the resistance of the ground wire and of the grounding of the towers are
neglectedr,, is the radius of the ground wire.

The impedancé is parallel connected to the examined tower with the en-
tering currenty, therefore

U
Zg_
| Z,U
U, = hu lh= —9—. (31)

U
Ih Ih
In the case of towers with ground wire the voltddehas to be substituted into the
relation @6) instead ofU.
Based on the principles above computer program has been produced.

6. Results of the Program

Input data for the program are:

length of the lightning channdl,
recombination factoa

front time and time to the half valug,, t;
velocity of the main discharge,

per unit resistance of the sop,

height of the tower.

average height of the isolatds,

radius of the tower modetg.

If exists ground wire, then

distance from the next towdy,
radius of the ground wirg,,.

For the parametey in previous formulagy = 1/r is valid. The parameters
b, andb, of the lightning model are calculated based on the input data, where
the calculation methods are not detailed here. Based on preliminary results it
was detected that input parametkra andv, within the interval published in the
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literature of HORVATH (1965) have only a slight influence on the voltage time
function. So results described here are based on the following average values
| = 400 m;a = 2.25- 1(P/sec;v = 7.5- 10’ m/sec. The peak value of the
lightning current at the bottom of the lightning channel (at the top of the tower) is
Ip. Two Kkinds of towers are investigated. One of them has a height-6f45 m,

an average height df = 40 m for the insulator string and an average radius of
ro = 0.5 m. At the other tower these parameters dre= 100 m,iy = 93 m,

ro = 0.7 m. The overvoltage is investigated with also two kinds of front ttme
and the time to the half valug of the lightning current at the top of the tower. In
one case these parameters dfe= 3 usec,ty, = 40 usec, in the other case they
are:t;y = 0.3 usect, = 4 usec.Fig. 6 shows the quantit% andi as a function of

time, and show% versus without ground wire as well. (Here is the momentary

voltage on the insulator string,is the momentary value of the lightning current
at the top of the tower.JFig. 7 shows these functions at the second towithout
ground wire. FinallyFig. 8 shows these functions at the first toweth ground
wire.

7. Conclusions;

1. The maximal value of the ‘insulator string impedance’ |- is many times
greater in the case of without ground wire. (CompareFig. 6 with Fig. 8)

2. The maximal value of the ‘insulator string impedance’ is greater, if the front
time ty, of the lightning current is smaller, that isif the steep of the current is
greater. (Compare the first example with the second one inFigs. 6 and
7, and the first with the third example in tik&g. 8). This can be considered
trivial.

3. Inthe case of towers with ground wire the ‘impedance’ is smaller, that isthe
effect of the ground wireis greater, if the distance between towersis smaller.
(Compare the first example with the second one inRilge8.)

An other article is necessary for more detailed investigation.

Appendix

It is obvious from theEq.(9), that

(Ar)so = /O 2(5) Jo(sr) ds,

8A1 oo\/ﬁ
= _ 2 | .
( 9z )z:o /O s°+ 52 1(S) Jp(sr) ds

and
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Fig. 6. Overvoltage on the Insulator String and Lightning-current versus Time (on left),
Overvoltage versus Lightning-current (on rigithout Ground Wre.
h=45m,hj =40 m,ro =0.5m.

are. We obtain from th&g. (8) and on the basis of ref. HDELY! et al (1954).

pol dg e 18+

Mo'dff

2 Jr2+ 2 - /

T r_|_§ s——
C2

2
(A2so)z=0 = 2 Jo(sr) ds,

and

(EJAZOO) _o.
0z /, o
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Fig. 7. Overvoltage on the Insulator String and Lightning-current versus Time (on left),
Overvoltage versus Lightning-current (on rigiitithout Ground Wire.
h =100 m,hj =93 m,rg = 0.7 m.

Therefore, usindeg. (10), the following expressions are valid:

o | d s —¢ [s2—2
(A)so = / ol & V72 L ty(5) | Jo(sr) ds,
0

21 /82 B} a)_2
C2
8A2 o0 2 a)2
— = — s2 — —fo(S) Jp(sr) ds.
(az >Z=0 /0 N RORNCS
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Fig. 8. Overvoltage on the Insulator String and Lightning-current versus Time (on left),

Overvoltage versus Lightning-current (on rigiith Ground Wre.
h=45m,hj =40 m,ro =0.5m,r,, = 6 mm.

Consequently, to satisfy the interface conditicfjsttie following equations have
to be fullfilled

2

| g2 @2
fa(s) = 22 X __S N + fa(s),
2 w2
- —
CZ
k3 2j . 2] 2
k—%fl(S) s? + 2 = jrcfi(s),/s? + == —fy(S),/S2 — o

It is easy to see, that the&gs. are satisfied by the expressioh$)(
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