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Abstract

The study of electrostatic precipitators (ESP) is of great importance in powder technology. Different physical and chemical processes 

occur during its operation. The objective of this investigation is to analyze and observe electrical phenomena using mathematical 

models such as Poisson's equation and the charge conservation equation. To carry out the simulation two flat plates and seven corona 

wires are geometrically arranged based on an ESP prototype. The general form of partial differential equations mentioned along with 

the boundary conditions was written in software and associated with the different parts of the geometry. For example, the electric 

field onset is calculated by Peak's law and set as one of the boundary conditions for the corona wires. Defining the space charge 

density distribution is an essential part because the next processes inside of ESP depend on this parameter. A specific method that 

splits the space charge density is used to solve these PDEs. Besides, a review of the concepts of the particle charging process, particle 

kinetics, and particle collection is introduced. The results obtained from the simulation such as the electric potential, electric field, and 

space charge density, agree with those proposed in some investigations.
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1 Introduction
The study of electrostatic precipitators began many years 
ago. One of the first to generalize all the mathemati-
cal concepts and the start-up of these industrial types of 
equipment was White [1, 2]. Mathematical models have 
been proposed to analyze the charge of particles [1]; these 
models are generally complex expressions that describe 
the accumulation of charge on the particles subjected to 
an electric field and additional charges due to the inter-
action among them. In general, the shape of the particles 
is considered spherical, and the size of the particles is 
considered as the average of the sizes in different direc-
tions [1, 2]. Depending on the size of the particles, some 
models have been defined on interval functions in order to 
estimated how many particles of each type are collected or 
not [3, 4]. The properties of the particles are simplified in 
order to approach simple simulation in terms of computa-
tion, however, researches advise to manage mixtures with 
different electric properties and different concentration in 
order to approach more accurate results [5, 6].

Current research works are referred to as the guide-
lines set by White [1]. However, on the topic of particle 
charging, new models have been proposed such as Lawless' 
model [4]. When a model is proposed, it is demonstrated 
by experimentation, in the case of ESP's models, those 
have been tested and the analysis, relationships among 
the parameters have been obtained. For example, White's 
model showed a linear relation between charge particle 
and the square of particle radius [7].

The electrical phenomenon that describes the ESP oper-
ation could be properly explained by the theory of electrical 
discharges in gases. One of them is the negative corona dis-
charge that is mainly used in this type of industrial appli-
cation [1, 8]. Moreover, the corona has been studied with 
experiments and numerical models, and its formation when 
an electric potential is increased until reaching an electric 
field level a few magnitudes before reaching a spark over [1].

The physical model that describes the electrical phe-
nomenon of a duct-type ESP is defined by differential 
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equations (PDEs), such as Poisson's equation [1], and the 
charge conservation equation [9–11]. A boundary condi-
tion to solve Poisson's equation is referred to as the corona 
onset field which is defined by Peek's equation.

When the ESP begins to operate, the particles in the 
gas volume start to be charged and are transported at a 
defined speed, and then they will pass to a stage where 
they will be collected by electrical attraction. The study 
of the particle kinetics also leads to an exhaustive analysis 
of the conditions in which the particles are moving [12]. 
Due to the molecular structure of gases, for example, the 
Cunningham correction factor [1], which is introduced to 
compensate for particle carryover especially when those 
are about 0.2 μ in radius.

When the particles have been charged, these will be 
electrically attracted to the collecting plates, this process 
is known as the study of particle collection. Also known 
as the collection-efficiency equation; which is defined by 
a probability theory study. This equation depends on the 
processes associated with an ESP, so it is related to the geo-
metric arrangement, the drift velocity, the charged particle, 
and the gas flow [1]. For example, in some research works 
about ESP and its geometry, results have shown the rela-
tionship between the collection efficiency and the specific 
collection area [3]. New research works are being led to 
gas flow studies to improve the collection efficiency such 
as eddy reduction [13, 14]. Other cases have involved using 
practical mechanisms trying to improve the collection 
efficiency, for example, spreading water on the collecting 
plates for a defined period for removing the dust layer [15]. 

In Powder Technology, new studies are being con-
ducted to create better models to describe the phys-
ical and chemical processes in ESP's. In addition, a 
few experiments have been performed to examine the 
Electrohydrodynamic (EHD) flow using various types of 
collecting plates. Mostly, numerical solutions proposed an 
overview about what will happen if some modifications 
are made in the physical structure [16–18]. Many topics 
can be studied in this field; however, in this initial stage 
of research, only the study of some electrical parameters 
in a specific ESP geometrical arrangement is carried out.

2 Physical model
To understand the operation of an ESP and the models that 
describe it, the following concepts are introduced.

2.1 Corona discharge
The free charges generated by the corona discharge phe-
nomena have been considered one of the technically 

feasible and economically competitive methods. It has 
been proved to be one of the best techniques for collect-
ing and retention of particles in heavy industrial applica-
tions [1]. There are free charge carriers in the normal air 
due to ionizing radiation (background nuclear radiation 
and ultraviolet light radiation). Most gases are not perfect 
insulating materials; however, they are good for insulat-
ing purposes. The active zone that is generated is very 
small or considered a plasma with no net charge [1]. There 
are models for cold plasmas such as the corona discharge, 
however, this is not covered in this current paper [19].

2.2 Ionization process
Electron-impact ionization is the most common method 
for ionization, however, "for the discharge for becoming 
self-maintaining a feedback mechanism is needed to sup-
ply the initiating electrons [1]". There are two processes 
defined by plasma chemistry that help to understand the 
electrical discharge as shown in Eqs. (1) and (2). The first 
one is the ionization process specified as the gas-phase in 
volume reactions (homogeneous).

e AB AB e� � �� � � 2 	 (1)

The second is the secondary emission process specified in 
the case of gas-surface reactions (heterogeneous):

A e A� �� � � �srf srf . 	 (2)

e− represents an electron, AB refers to molecules or com-
positions, and srf is the collision surface. 

Townsend's investigation defined the chain reaction, 
where each new electron produced generates new elec-
trons by ionization. That chain reaction is modeled math-
ematically as [1]:

dn ndrT�� , 	 (3)

where dn is the incremental increase in the number of 
electrons produced by n electrons moving a distance dr 
in the field, αT is a coefficient that depends on gas and is 
a function of the field strength and gas pressure (gas den-
sity) [1]. It can be expressed in terms of electron currents 
per unit time:

i i e T r�
0

�
. 	 (4)

The positive ions produced by the first ionization pro-
cess cause the secondary emission process, a continuous 
and repetitive process explains the chain reaction, and it 
can be described by Eq. (5):

i i e eT Tr r� � �� �0
1 1

� ��/ . 	 (5)
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2.3 Electrical model
The corona discharge can be defined by Poisson's equation 
as shown in Eq. (6) [1]:

� � �2

0

�
�

, 	 (6)

E � ���, 	 (7)

J E u D� �� � � �� �K , 	 (8)

and the charge conservation equation which describes 
the local accumulation and motion of charge as shown in 
Eqs. (8) and (9) [9]:

�
�

�� � �
�
t

J 0. 	 (9)

ϕ(V) electric potential, ρ (C ∙ m−3) space-charge density, 
0  is the free-space permittivity 8.854 × 10−12 (F ∙ m−1), 
E (V ∙ m−1) the electric field intensity, J (A ∙ m−2) the cur-
rent density, K (m2 ∙ V−1∙s−1) the ion mobility or mobility of 
charge carriers [9], u (m∙s−1) the velocity of gas flow, and 
D (m2 ∙ s−1) the diffusion coefficient of ions.

In general, the drift velocity is much higher than the 
velocity of the gas flow and the space-charge density is 
uniform with time, therefore, the Eqs. (8) and (9) can be 
expressed as follows:

� � �� � �� �K DE 0, 	 (10)

2.4 Onset voltage and electric field
When the onset stage is reached, the plasma region 
bounded by r0 near to the wire radius defines the onset 
electric field and potential E0 and V0. These are calcu-
lated by the Eqs. (11) and (12). Nevertheless, r0 cannot be 
exactly defined, but it can be estimated as a little more 
than the radius of the glow region [1, 9]:

E f r
0 0
30 1 0 30� � � �� �� �. / , 	 (11)

V r E d
r0 0 0

0

= log . 	 (12)

Due to the composition of the wire, a roughness factor was 
introduced (  f < 1, in experimental laboratory 0.5–0.7) [1]. 
In general, Peek's equation is the reference for most research 
works. Depending on the corona wire E0 is defined for a 
cylindrical and spherical (barbed electrode) geometry in 
Eqs. (13) and (14) [10].

Cylindrical geometry:

E r
0 0
31 1 0 308� �� �� �. / . 	 (13)

Spherical geometry, a barbed electrode, i.e., a spheroi-
dal tip.

E r
0 0
31 1 0 308 0 5� �� �� �. / . 	 (14)

� � �
T
T

P
P

0

0

	 (15)

E0 (kV ∙ cm−1) is the onset electric field, r0 (cm) is the radius 
of corona wire, δ is a relation between the temperature and 
pressure, see Eq. (15), T0 (293 °K), P0 (760 mm Hg), and T 
and P are the operating values.

2.5 Particle charging
Two types of charging mechanisms are active in the field 
corona, the first charging process is due to the electric 
field, and the second is the diffusion charging process, 
particle charging occurs owing to phenomena of ion dif-
fusion, in general terms, ions are transported by the elec-
tric field and Brownian motion (predominant in particles 
smaller than 0.2 μ [1, 20]) which depends on the thermal 
energy of the ions, rather than the electric field [1].

2.5.1 Field charging process
When an uncharged spherical particle of radius a is placed 
in a corona-discharge field, it will start to be charged, and 
the charging mechanism will depend on the flow of the gas 
ions [1]. Additionally, the particles further are also charged 
due to the continuous ion current from the corona elec-
trodes to the collecting electrodes. Smith and McDonald 
defined a model for the particle charging calculations 
which is much more accurate than the one described by 
White [3] as shown in the Eqs. (16) and (17):

dq
dt

N eKq q
q

f fs f

fs

� �
�

�
��

�

�
��

0

0

2

4
1

�
, 	 (16)
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�
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�
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�
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�
�
�

4 1 2
1

2
0 0

2
3

3
� �

�
 , 	 (17)

q q t
t tf fs�
�

0

, 	 (18)

where qf (coulomb) is the charge obtained by the field, 
N0 (ions ∙ m−3) is the ions concentration, e  (4.80 × 10−10 esu) 
is the electronic charge, K the ion-mobility, q fs  (coulomb) 
is the modified saturation charge, a (m) is the particle 
radius, C (m ∙ s−1) is the kinetic theory root-mean-square 
velocity of ions, D the dielectric constant, and χ is an 
adjustable parameter [3].
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2.5.2 Diffusion charging process
The thermal motion causes the ions to diffuse through 
the gas, therefore some collisions among liquids or sol-
ids may occur. These ions will adhere to the particle by 
electrical-image forces. Ion diffusion provides a parti-
cle-charging mechanism that does not depend on an exter-
nal agent as an electric field requires. The accumulated 
charge in the particle prevents it to attract other parti-
cles [1]. The equation which represents this process comes 
from White [1] as a reference of Arendt and Kallmann's 
research, the Eqs. (19) and (20) describes the particle 
charging by diffusion [1, 20].

dq
dt

a C
q Ke

a CN
q e
akT

d

d

d
1
4

2

2

0

2

�
�

�
�

�

�
� � �

�
�
�

�
�
�� exp 	 (19)

q akT
e

aCN e t
kTd � �

�
�
�

�
�
�2

0

2

1ln
� 	 (20)

qd is the charge by a diffusion process, a (cm) is the 
particle radius, k is the Boltzmann constant, T (°K) is the 
absolute temperature, and t (s) is the time [7].

2.6 Particle charging model by Lawless field-diffusion 
approach (dimensionless)
Lawless introduced an analytic charging rate model 
for upper and lower charging bounds for a continuous 
charging process. The analysis behind this model has fol-
lowed a different path from the conventional field-diffu-
sion approach  [4]. Based on the symmetry between the 
charging rates for positive and negative charges of the same 
magnitude proposed by this model, the bipolar charging 
rate can be a modification of a unipolar charging rate [4]. 
The classical field charging rate is denoted in Eq. (21):
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(21)

where � �� qe akT2
4   is the self-potential of the particle, 

EL = aEe / kT is the electric field, � �� � �u t   is the time; 
β is the ion exposure time, u means the relative ion den-
sity, and t is the actual current time, F (v, EL ) is called field 
charging rate, 3 EL is called the saturation rate, 1/4 comes 
from the choice of dimensionless time, and 3 represents 
the assumption of conductive particles and it is lower for 

dielectrics [4]. The case of the classical continuum diffu-
sion charging is expressed as follows in Eq. (22):

d
d

B v v
ve

�
�
� � � � � � �exp

,
1

	 (22)

where Be is the Bernoulli function; for (v = 0, Be (0) = 1). 
The case of unipolar charging model M (v, EL ) is expressed 
by the Eqs. (23) and (24):

d
d

M E
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f E B v E v
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,
. 	 (24)

where  f  (EL ) is an analytic fitting function. The charging 
rate of the particle at different locations can be calculated 
by [12]:

dq
dt

dv
d

akT u
e

� �
�

� �4

2
. 	 (25)

2.7 Particle kinetics
In gas, the motion of suspended charged particles can be 
calculated by the laws of mechanics and electrical prin-
ciples as is described by Eq. (26), since the particles are 
small the effects of gravity can be neglected [1]:

m dw
dt

qE
a w
Cp

p

c

� �
6��

, 	 (26)

where m is the mass, w is the drift velocity, q is the charge, 
ap is the radius of the particle, Ep is the peek collec-
tion-field intensity, and η is the gas viscosity, and Cc is 
the Cunningham correction factor [1, 20]. Assuming the 
particle will reach a uniform velocity when is attracted, 
the velocity rate can be dw/dt = 0, as a result, Eq. (26) is 
expressed by Eq. (27):

w
E C
a
q w

E C
a

q qp c

p

p c

p
f d� � � �� �

6 6�� ��
. 	 (27)

With the sum of the field and diffusion charges the last 
equation, see Eq. (28) can be expressed [20, 21] in terms 
of α. 

w a E E ap p p� � � � �0� 	 (28)
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The parameter α(a) is a correction coefficient, which 
relates the particle radius and charging behavior.

2.8 Particle collection
Charged, suspended particles are trapped by the electri-
cal forces between the charges when they are close to the 
collecting electrodes. Relating the probability of particle 
capture in several sections with the physical construction 
of an ESP, Deutsch derived the collection efficiency [1], as 
shown in Eq. (30):

� � � �� �� � �
1 e A Q w ap/

, 	 (30)

where η is the grade efficiency of the particles collection, 
A (m2 ) is the collecting area, Q (m3 ∙ s−1) is the gas-flow rate 
and w the drift velocity. 

In the case of a duct-type precipitator, the efficiency is 
expressed in terms of L (m) the precipitator length, s (m) 
the distance between the corona wire and one of the col-
lecting plates, and vg the gas velocity [1].

� � � � � �
1 e Lw a svp g/ 	 (31)

3 ESP model and simulations
Different software programs have been used to investigate 
the phenomenon of particles traveling through an electric 
field and an ionized space. In this investigation, COMSOL 
Multiphysics is used to analyze the electrical properties in 
a duct-type ESP [11, 22–24].

3.1 ESP- Electrical modeling 
3.1.1 ESP geometry
A prototype is available for the comparison of experimen-
tal and analytical data for future research [25]. The dimen-
sions for the ESP geometry were taken from Fig. 1.

It would not be so practical to take all the ESP ducts for 
the simulation. In most research, one duct is enough for 
modeling, and the result of one can provide a clear idea of 
the whole system. Therefore, one duct is taken from this 
arrangement as shown in Fig. 2.

3.1.2 Electrical model
In the stationary case, the corona discharge problem is 
solved under the conditions of two PDEs [11]: Poisson's 
Eq. (6) and charge conservation Eq. (10), neglecting the 
diffusion current the previous equations can be written as 
follows, see Eq. (32) [11]: 

� �� � �� �
� 2

0

0


. 	 (32)

To solve these PDEs, boundary conditions (BCs) must 
be defined [9, 12, 26]. In the case of the second-order 
equation for ϕ, it requires two BCs which are already as 
shown in Table 1. For the first-order equation of ρ needs 
only one BC, however, there is not a BC for ρ, at the emit-
ter the charge density is unknown which brings complex-
ity to find a solution for the PDEs [11]. One solution is 
approached splitting ρ in two parts:

� � �� �� d , 	 (33)

where ρΩ is constant in space, and dρ is space-dependent, 
assuming that ρΩ is known, the Eq. (13) can be written in 
terms of these parameters, as a result, the BC is defined 
as dρ  =  0 at the emitter electrode [27]. Moreover, at a 

Fig. 1 ESP prototype geometrical arrangement and dimensions.

Fig. 2 Duct-type ESP arrangement.

Table 1 Boundary conditions for the ESP arrangement.

PDE BC Element

ϕ = 0 Collecting plates

ϕ = U Corona wires

Peek's formula

� � �2

0

� �


� �� � �� � � 2

0

0


n E�� �� 0
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non-specific point P of the emitter, the boundary condi-
tion is defined as 0 = U − ϕ. Considering these definitions, 
the PDEs and boundary conditions were specified in the 
software. For example, in case of the Poisson's equation, 
one boundary condition is defined by Peek's equation, and 
computing this value gives E0  =  7.024 ∙ 103  (kV / m). The 
electric potential used is in this simulation is U = −20 (kV) 
for each corona wire.

3.1.3 Mesh
After understanding how to approach a solution, a trian-
gular mesh is defined, see Fig. 3. The cell thickness is set 
up by a physics-controlled mesh, which provides a good 
representation of the results.

4 Results and discussion
The results of modeling the corona discharge [28, 29] are 
shown in Figs. 4(a) and (b), as White [1] illustrated the 
corona discharge, the potential curves, and the electric 
field are properly defined by Poisson's equation Eq. (6) and 
the Eq. (7).

Solving the PDEs for the space charge density [12, 30], 
the result of its distribution is shown in Fig. 5. To analyze 

the magnitude of the electric potential [31], see Fig. 6, 
firstly, five cut lines were drawn at y' = 0 mm refers to the 
position y = 32.5 mm, meaning the cut line is crossing at 
the center of the corona wires, and the next cut lines are 
placed from the corona wires upwards to the collecting 
plate y' = 0;5;10;15;20 mm. For each cut line, the maximum 
potential value is located at the point concerning the axis 
of the corona wire, while the minimum potential value is 
defined at the half distance between the corona wires.

The same procedure is applied for the electric field, see 
in Fig. 7. The results of the maximum and minimum val-
ues are located similarly to the potential values previously 
described. However, the change in magnitude at each level 
is different from the behavior of the electrical potential.

In the second case, four perpendicular cut lines are drawn 
between the two collecting plates and the results are shown 

Fig. 3 Triangular mesh for 7 corona wires.

Fig. 4 The results of modeling the corona discharge; (a) Electric 
potential contour 0 to −20 [kV]; (b) Electric field.

(a)

(b)

Fig. 5 Space charge density (C/m3) distribution along the corona wires.

Fig. 6 Electric potential profiles to different distances from the corona 
wires.

Fig. 7 Electric field (V/m) distribution along the corona wires.
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in Fig. 8. x' = 0 is placed at x = 155 mm, and when x' = 25 mm 
the cut line is equidistant between two corona wires. 

The minimum potential values can be reached at x'25 mm, 
and the maximum potential value is defined at x' = 0. The 
area between these two curves defines the electrical poten-
tial and its behavior from x = 0 to 310 mm. The same pro-
cedure is applied for the space charge density distribution, 
the results in magnitude are shown in Fig. 9. The maximum 
and minimum values are bounded in the corona wires axes 
and the half distance between the corona wires respectively.

5 Conclusions
Solving the PDEs along with the duct-type geometry 
allows the electrical phenomenon to be described, with the 
results obtained from simulation and some vertical or hor-
izontal cuts inside the geometry allow understanding of 
how the electric potential, electric field, and space charge 
density change in magnitude within different sections of 
the ESP. The method used for solving the PDEs is not lim-
ited only to an ESP duct-type with seven corona wires. 

Therefore, it can be used for a different number of corona 
wires. Regarding the models for particle charging process, 
there are models more complex than others, based on the 
literature review the analysis between the theoretical and 
experimental data shows that they effectively describe the 
physical phenomena when the particles are being charged 
in different stages inside the ESP. For instance, Lawless’ 
model has become more used in the new research because 
of its better results with particles of size about , where rar-
efactions occur.

Finally, the electrical phenomenon has been considered 
as an initial part of this work, and the found results allow 
us to proceed with the following topics to be discussed 
later, such as particle charging models, particle kinetics, 
and particle collection.
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Fig. 8 Cutline between the collecting plates −20 (kV).
Fig. 9 Space charge density distribution (C/m3).
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