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Abstract

Two models to describe the phenomenon of corona discharge are presented: the first is known as the plasma model which with 

plasma chemistry defines the volumetric and surface reactions among charge carriers such as electrons, positive, and negative ions. 

This model uses Poisson's equation and a formulation of the space-charge density to calculate the electric field necessary to solve the 

species transport equations. Besides, only the plasma model determines the density of the charge carriers. The second is a simplified 

model which describes the corona discharge in terms of current conservation coupled with Poisson's equation. This model does not 

have any connection with the attributes of plasma chemistry. Both models propose solutions for the electric potential and space 

charge density distribution from the corona electrode to the ground electrode.
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1 Introduction
In industrial applications ESPs (Electrostatic precipita-
tors) use a negative corona because of its better perfor-
mance, as an example, Cottrell showed based on experi-
mental work to have much better results using a negative 
corona than a positive corona [1]. As part of this study, two 
types of corona are described and modeled.

The corona discharge can be described by two different 
models, the first is a full self-consistent plasma model and 
the second is a simplified model. "The plasma model solves 
the electron and ion continuity and momentum equations 
in the drift-diffusion approximation, self-consistently cou-
pled with Poisson's equation" [2]. In the case of the sim-
plified model, it is based on the current conservation and 
electric field established in the corona wire, which deter-
mines the space charge density and electric field [2].

For the plasma model, the coefficients needed to cal-
culate the electron density and the electron energy can be 
computed by distribution functions or using Boltzmann's 
equation. Using Boltzmann's equation requires a lot of 
effort which is why a simplified model of that equation is 
used. The electron transport is defined by the drift-diffu-
sion equation and the transport of heavy species is defined 
by another different transport equation, where the diffusive 

flux vector can be defined according to a Mixture averaged 
or Flick's law diffusion model. Additionally, in the plasma 
model, the electrostatics is governed by Poisson's equa-
tion, and the space charge density is computed directly by 
an equation defined in the plasma chemistry. The bound-
ary conditions are defined based on the charge carrier 
behavior, for instance, the electrons on the walls are lost 
or gained if they are affected by the secondary emission 
effects, these conditions are expressed by the normal of 
the flux vector. In the case of non-electron species, the 
ions are lost to the walls, and the boundary condition can 
be defined as the normal component of the diffusive flux 
vector. In plasma chemistry, the species need to be speci-
fied, in general, cold plasma has many reactions, however, 
for simplicity only certain reactions are considered for the 
model. It should also be considered that there are volumet-
ric reactions and surface reactions. The reactions among 
electrons, positive ions, negative ions, and neutral species 
are considered volumetric reactions. And in the case of 
surfaces reactions happen when these volumetric bodies 
collide with the surfaces of the walls.

For the simplified model, there is no plasma chemis-
try definition, it uses the charge conservation equation 
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coupled with Poisson's equation, for this model the poten-
tial and electric field need to be defined at the corona elec-
trode, for instance, the electric field onset is computed by 
Peek's law.

Finally, according to the plasma model, the electron 
density, positive, and negative ion density are computed 
along with the space between the corona electrode and 
ground electrode, and then the results obtained are illus-
trated in the corresponding section. In addition, for both 
models, the electric potential and space charge density are 
shown in the results section.

2 Physical model
2.1 Plasma model
In this model, the behavior of charged species (electrons, 
negative and positive ions) is described by fluid-type equa-
tions. It will simulate the ionization of neutral gas and the 
transport of charged particles. It should be considered that 
the corona discharge is diffuse and uniform in the dis-
charge space [2].

The coefficients needed to compute the electron density 
and electron energy are obtained from collision-section 
data and electron energy distribution function (EEDF). 
EEDF can be defined by Maxwellian, Druyvesteyn, and 
Generalized distribution functions or explicitly calculated 
using Boltzmann's equation, with the two-term approxi-
mation [3].

The EEDF can be defined by Eq. (1) in the case of 
Maxwellian g = 1, Druyvesteyn g = 2, and Generalized 
distribution function 1 < g < 2.
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f is the electron distribution function, ε is the electron 
energy, φ is the mean electron energy, and Γ is the upper 
incomplete gamma function.

EEDF also can be computed by Boltzmann's Eq. (2), 
which is a nonlocal continuity equation in the six-dimen-
sional phase space (r, v) of particle positions and veloci-
ties [3, 4].
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Because of the complexity of solving this equa-
tion in terms of computation, Boltzmann's equation has 
been simplified for a two-terms approximation [5]. This 

approximation is valid for the values obtained from the 
reduced electric field and the equation for f looks like a 
convection-diffusion continuity-equation in energy space 
[3, 5].
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W and D are calculated based on the properties of the 
electrons and the background gas, and S is the source 
term representing the energy loss because of inelastic col-
lisions [3]. Generally, electron transport is described by 
Boltzmann's equation.

2.1.1 Electron transport
The electron density can be solved by the drift-diffusion 
equation, see Eq. (4), this equation does not introduce the 
photoionization effect [6]:
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ne (1/m3) is the electron density, Γe (1/(m2s)) is the electron 
flux vector, Re is the electron source due to chemical reac-
tions [7], u is the neutral fluid velocity vector, μe (m

2/(Vs)) 
is the electron mobility, E (V/m) is the electric field, and 
De (m

2/s) is the electron diffusivity, computed by De = μeTe, 
and Te(V) is the electron temperature [2, 5, 8, 9]. The electron 
energy density is described by:
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where nε (V/m3 ) is the electron energy density; Γe (V/(m2s)) 
is the electron energy flux vector; Sen (V/(m3s)) is the energy 
loss/gain due to inelastic collisions [7]; με = 5/3 ∙ μe (m

2/(Vs)) 
is the electron energy mobility; and Dε = 5/3 ∙ De (m

2/s) is the 
electron energy diffusivity [10]. By a local field approxima-
tion, the relation between the mean electron energy and the 
reduced electric field is defined, see Eq. (8):
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E/Nn is the reduced electric field, E is the electric field, 
and Nn is the density of the background gas.

Eq. (9) represents the electron source, where its coeffi-
cients are defined by plasma chemistry:
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M is the number of reactions, and P is the number of 
inelastic electron-neutral collisions, P is much higher than 
M, xj is the mole fraction of the target reaction, kj (m

3/s) is 
the rate coefficient, and Nn (1/m3) is the total neutral num-
ber density [3, 8]. In the case of DC discharges is better 
to use Townsend coefficients, where the electron source 
equation is expressed as follows:
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αj (m
2) is the Townsend coefficient for the reaction [3, 8].

2.1.2 Heavy species transport
For modeling mass transport, Maxwell-Stefan equations 
are the only one that conserves the total mass in a system, 
however, the number of computational resources is the main 
drawback. Therefore, two diffusion models less computa-
tional are approached: Mixture averaged and Flick's law [3].

In the case of non-electron species, the transport equa-
tion is defined as Eq. (11):
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ρ (kg/m3) is the density of the mixture, wk is the mass 
fraction, u (m/s) is the mass-averaged fluid velocity vec-
tor, jk = ρwkVk is the diffusive flux vector, Rk (kg/m3s) is the 
rate expression for species k [3], and Vk is the multicom-
ponent diffusion velocity for species k and its formulation 
changes if Mixture Averaged or Flick's law is chosen.

2.1.3 Electrostatics
The electrostatic phenomena can be described by Poisson's 
equation, see Eq. (12).
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ε0 is the vacuum permittivity, V is the electric potential, 
and ρq (C/m3) is the space charge density.

Based on the plasma chemistry model, the following 
equation computes the space charge density [3, 8]:
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where q is the elementary charge, Zk is the number of 
charges taken for a k-element, and nk is the density of a 
k-element.

2.1.4 Boundary conditions
The electrons are lost to the wall due to random motion and 
gained because of the secondary emission effects. The bound-
ary conditions for the electron flux and the electron energy 
flux are defined by Eq. (15) and Eq. (16) respectively [3].
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n is the normal component, re is the reflection coeffi-
cient, ve,th (m/s) is the thermal velocity, see Eq. (17),  is the 
secondary emission coefficient, γp is the thermal emission 
flux, � p V� �  is the mean energy of p-species of the sec-
ondary electrons, and � t V� �  is the mean energy of ther-
mally emitted electrons.
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The insulation boundary conditions for electron and 
electron energy flux are set to zero, n ∙Γe = 0, n ∙Γε = 0.

In the case of heavy species, the ions are lost to the 
wall, then this condition is described as follows:
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Mw (kg/(mol)) is the molecular weight, Rk is the rate 
expression of species k determined by the stoichiometry 
of the system, ck (mol/m3) is the molar concentration of 
species k, and μk is the mobility of species k [3].

2.1.5 Plasma chemistry
The air chemistry can be represented by a set of charged 
and no-charged species, namely e, O, O2, O3, N2

+ , N4

+ ,  
O2

+ , O4

+ , O N2 2

+ , O2

− ,  O− and N2 [6]. About 15 to 27 reac-
tions have been used to represent certain models [9, 11]. 
However, the focus of this work is to consider the study 
of charge particle density and currents, therefore, a sim-
plified set of reactions is defined, which helps to describe 
the creation and destruction of charged species [3]. For the 
fluid equations, the gas is composed of a general species 
denoted as A, which can form positive and negative ions.

The established collisions and reactions are shown in 
Table 1.

In Table 1 e denotes an electron, p is a neutral species,  
is a positive ion, n is a negative ion. Moreover, when the 
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ions collide with the wall, they become neutral atoms. That 
is the case of surface reactions, where p → A and n → A.

2.2 Simplified model
This model is based on the conservation of current trans-
ported by the charge carriers, it solves the transport of a 
charge carrier using the charge conservation equation cou-
pled with Poisson's equation, see Eq. (12). Besides, it is not 
a self-consistent model, therefore, the potential and elec-
tric field should be given at the corona wire [2].

�� �J S  (19)

J E� zq q��  (20)

J (A/m2) is the current density, S (A/m3) is a current 
source, zq is the charge number, and μ (m2/Vs) is mobility.

Combining the Poisson's and the charge conserva-
tion equations, the transport equation can be defined as 
follows:
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Neglecting the diffusion current, Eq. (21) can be 
expressed as Eq. (22) which is widely used, denoting that 
there is no connection with the attributes of the plasma 
definition [2].
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2.2.1 Boundary conditions
The first condition to solve in Poisson's equation is given 
by the normal of the electric field, described by Eq. (23):

n E� � E0 ,  (23)

where E0 (V/m) is the onset electric field computed by exper-
imental work established by Peek's law [2]. According to 
Peek's equation, the onset electric field E0 (V/m) is defined 
by δ which is the relation between temperature and pres-
sure, and the radius of the corona wire r0 (m) [1, 12].
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T0 (293.15 °K) is the absolute temperature, P0 (760 mmHg) 
is the normal atmospheric pressure, P and T are the actu-
al-operating values. The second condition is V = 0 (V) at the 
collecting plates, and there are no electronic charges at the 
inlet and outlet. In the transport equation, Eq. (21), ρq needs 
to be defined at the corona electrode, the condition is defined 
using a Lagrange multiplier, that verifies the imposed volt-
age V0 if V − V0 = 0 [2].

3 Corona discharge simulation
3.1 Software setting
With the help of software tools, the corona discharge effect 
can be estimated, allowing the number of electrons and 
charge carriers to be quantified. There are also methods 
through programming language to estimate the charge 
carriers by solving the differential equations, such as the 
proposed study of radio-frequency plasma simulation [13]. 
However, due to the software facilities, we will limit our-
selves to obtaining the proposed results through COMSOL 
Multiphysics to simulate the models described in this 
paper. In this work, a specific case study is performed, and 
the geometric parameters of ESP [14, 15], together with 
the operating conditions presented in Table 2. Besides, 
there are other parameters to be specified to carry out the 
simulation such as ion mobility, recombination, gas pres-
sure and temperature, initial conditions for the density of 
electrons and ions, and the applied voltage.

The first part to be defined is the plasma model part, 
which includes the displacement current equation; the 
relation between the mean electron energy and the 
reduced electric field; and the drift-diffusion equation. 
For the transport equation, a Mixture-averaged diffusion 
model is selected, the mean electron energy is defined 
by a local field approximation, and EEDF is defined by 
a Maxwellian distribution function [7]. In the case of 

Table 2 Specific geometry for the ESP arrangement

Description Value

Electrode radius (mm) 0.5

Distance between the collecting plates (mm) 65

Applied voltage (kV) 20

Material Air

Gas temperature (°K) 293.15

Gas pressure (mmHg) 760

Table 1 Plasma chemistry, volumetric collisions, and 
reactions [3]

Reaction Formula Type

1 e + A → p + 2e ionization

2 e + A → n attachment

3 e + 2A → n + A three-body attachment

4 e + p → A e-p recombination

5 n + p → 2A n-p recombination
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the species, A is described as a neutral species, e is an 
electron, p is a positive ion with z = 1, and n is a nega-
tive ion with z = −1. Based on the above, the volumetric 
collisions and reactions are established as follows, three 
kinds of volumetric collisions: the first collision type is 
the ionization, (e + A → p + 2e), with an energy loss of 
15 V, and the rate constant is given by Townsend coef-
ficient; the second is an attachment type, (e + A → n), 
where the rate constant is given by Townsend coefficient, 
and the third is also an attachment type with the formu-
lation (e + A + A → n + A). Two volumetric recombi-
nation-type reactions: (e + p → A) and (n + p → A + A). 
Lastly, three surface reactions: the first (p → A) is placed 
at the corona electrode, where the secondary reaction 
parameters are specified, the second (p → A) is placed at 
the ground electrode, and the third (n → A) is placed at 
both electrodes. The plasma model is mainly defined by 
the drift-diffusion equation and Poisson's equation, where 
the temperature and pressure should be specified, and the 
relation between the reduced electric field and the mean 
electron energy need to be provided. The second part is 
the electrostatics component, Poisson's equation is defined 
for the charge conservation. The third part is the charge 
transport component, where the charge conservation is 
defined by Eq. (20). When all the settings are established 
with the plasma model, the positive and negative corona 
are simulated by a time-dependent study case. For the 
simplified model, the positive and negative corona is con-
ducted by a stationary study case.

4 Results and discussion
Fig. 1 and Fig. 2 show the distribution of charge carriers, 
both for the positive and negative corona respectively. 

In the case of a positive corona (see Fig. 1), a rapid 
decrease of the electrons is observed, it does not pre-
vail very far from the electrode corona, a high number 

of negative ions appear in the vicinity of the corona elec-
trode, but it does not last far from the corona electrode. In 
fact, as it must be expected, a greater number of positive 
ions are present and remain with almost the same density 
throughout the space between the electrodes. 

In contrast, with the negative corona see Fig. 2, the num-
ber of positive ions in the vicinity of the corona electrode 
is much higher than the number of negative ions and elec-
trons, however, the density of positive ions stays only about 
some millimeters from the corona electrode. The electron 
density is high at the corona electrode, but it lasts only 
some millimeters from the corona electrode. The negative 
ions are the predominant charge carriers as was expected. 
The electric potential profile is shown in Fig. 3, it compares 
the two models introduced previously, the plasma model is 
more accurate, however, the results obtained from the sim-
plified model show a good approximation.

The space charge density obtained from the two models 
is shown in Fig. 4. The models for negative corona match 
their results, however, the models for positive corona do 
not match accurately, but it trends to the same final value. 

The graphs are shown on a logarithmic scale, it is rec-
ommended not to interpret the results directly, and part of 
the discussion is written in a general way. 

Fig. 1 Positive corona - Charge carriers in logarithmic scale [4]

Fig. 2 Negative corona - Charge carriers in logarithmic scale

Fig. 3 Electric potential profile obtained from the plasma and 
simplified model
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Fig. 5 shows the electron temperature for both coronas 
obtained from the plasma model results. It seems higher val-
ues of temperature are reached for a positive corona than a 
negative corona. Indeed, the same trend presents the mean 
electron energy as the electron temperature, see Fig. 6.

The reduced electric field was introduced as part of the 
plasma model, the results are shown in Fig. 7.

5 Conclusions
A simulation of a specific study case (see Table 2) was car-
ried out using COMSOL; two models are presented as part 
of the solutions proposed by this software. Following the 
instructions for the modeling and parameters setting the 
results for this specific study are presented. The results 

obtained are like the ones proposed by COMSOL. Defining 
a plasma model is a long process to get the results if it is 
compared with a simplified model. The results of electric 
potential and space charge density from the two models are 
similar, but the results from the plasma model can be inter-
preted as more accurate to a real phenomenon, however, 
in terms of computational resources a simplified model 
performs better than the plasma model. Using the plasma 
model is more expensive in terms of computation, but this 
model can give a wider description of the carrier carriers.
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Fig. 4 Negative corona - Charge carriers in logarithmic scale

Fig. 5 Electron temperature for a positive and negative corona

Fig. 6 Electron temperature for a positive and negative corona

Fig. 7 Reduced electric field for a positive and negative corona
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