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Abstract

In this paper, low complexity rate and power optimization schemes operating in the spatial and frequency domains are proposed 

in a  cognitive radio (CR) setting involving multi-user multiple-input-multiple-output-orthogonal frequency division multiplexing 

(MU-MIMO-OFDM). Under the assumption of a perfect secondary channel state information (CSI) at the receiver, the presented 

architectures encompass two main stages. In the first one, spatial power waterfilling-like method is performed per each MIMO 

subchannel pertaining to each subcarrier of each secondary user (SU). The resulting allocated power per each eigen-channel 

is considered as the power budget in the second stage. In this latter, stochastic algorithm-based approach wherein the transmit 

parameters per each subcarrier of each SU are adapted such that to maximize the achievable sum-rate capacity of the SUs. Three 

different schemes are introduced in this work. First, the derivation of the continuous rate MU-MIMO-OFDM-CR version, referred to 

as C-MU-MIMO-OFDM-CR is presented. Obviously, this proposition is theoretical and is taken as a benchmark for the two remaining 

counterparts. The second proposition we called discrete-rate MU-MIMO-OFDM-CR, and briefly designated as D-MU-MIMO-OFDM-CR 

which is to round the provided allocated rate. Finally, the third modified solution, denoted as P-D-MU-MIMO-OFDM-CR proceeds in 

a similar way as the D-MU-MIMO-OFDM-CR alternative, but superimposes the non/over-used amount of power to the power budget 

in next iteration. The simulation results show that, compared to the discrete rate D-MU-MIMO-OFDM-CR solution, the P-D-MU-MIMO-

OFDM-CR approach exhibits an approximate power gain of 1 dB when the SNR level is low, and of 5 dB at high SNR range. 
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1 Introduction
Multiple-input-multiple-output (MIMO) technology 
received considerable attention and has gone through sig-
nificant elaboration stages in last years, since its first appa-
rition. One of the main reasons for its widespread use lies 
in the high spectral efficiency it allows through the multi-
plexing gain feature, or the yielded spatial or spatio-tem-
poral diversity gains [1–3]. When combined with cognitive 
inherent techniques such as adaptive modulation (AM), 
MIMO approach in a mono-user scenario allows to adapt 
the communication to channel characteristics, thus offer-
ing a good compromise between the two conflicting met-
rics, which are spectral efficiency and BER [4, 5]. The role 
of the AM technique in that architecture is to maintain 

a constant SNR, while tuning the transmit parameters 
such as transmit power, coding scheme, constellation size 
or their combination to the channel variations [6–10].

Cognitive radio (CR) paradigm aims at circumvent-
ing the ill-usage of the scarce spectrum resources by the 
current communication systems and standards, by more 
judiciously exploiting them, either in the absence of the 
licence holders, also referred to as primary users (PUs), 
or through the co-existence or collaboration of these latter 
with the secondary users (SUs), also known as CR users. 
In this context, whether through co-existence or collab-
oration with the PU, the resulting configurations, known 
as underlay systems, in which the SUs are allowed to 
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simultaneously communicate over the sensed frequency 
band provided that they proceed with low transmit powers 
such that to avoid causing interference to the PUs license 
holders, are more flexible multi-user (MU) scenarios com-
pared to the first configuration [11]. Indeed, intuitively, 
without any calculations, it is expected that underlay sys-
tems reach a higher sum-rate capacity relative to the first 
configuration, known as overlay alternative, in which 
the SUs are permitted to transmit only if the PUs are off. 
The co-existence with the PU is of interest to us in this 
work, and in that scenario, SUs are allowed to communi-
cate simultaneously with the PU, provided that they are 
meeting the interference constraint imposed by this latter. 
Furthermore, CR technique may adopt AM-like principle, 
in tuning the communication parameters to the channel 
state, hence enhancing the data reliability, while support-
ing multiple CR users in the licensed band. On the other 
hand, and due to the high-data rates involved in current 
and future communications, orthogonal frequency divi-
sion multiplexing (OFDM)-based techniques are com-
monly adopted to fulfill these rate needs and combat the 
inherent frequency selectivity of the resulting channels. 
In this context, combining OFDM and MIMO capabili-
ties was shown to further improve the achievable spec-
tral efficiency [12–14]. Due to the fact that the resulting 
system should support the increasing number of subscrib-
ers to wireless services, a trend towards the investiga-
tion of MU-MIMO-OFDM architectures has rather been 
noted these last years. It was shown in [13, 15] that the 
combination of multi-user, spatial and frequency diversi-
ties with AM improves the overall system performance in 
a non-cognitive setting.

In this work, we propose three CR schemes merging, in 
a MU-MIMO-OFDM architecture, the capabilities of AM 
in optimally allocating power in the spatial domain, and 
the functionalities of the stochastic resource allocation 
(RA) approach in optimizing such a distribution in the 
temporal domain per each subcarrier of each SU. Under 
perfect channel state information (CSI) knowledge at each 
SU receiver side, the proposed configurations undergo 
two processing steps. Subsequently to the singular value 
decomposition (SVD) of the MIMO channel matrix, the 
first one concerns the application of the power-only AM 
method on each MIMO subchannel pertaining to each 
subcarrier of each SU, under BER and total power con-
straints. Power waterfilling is carried out over only the 
space domain because no gain is noted when performing 
it simultaneously over space and time domains [12, 13, 
15, 16]. This leads to the evaluation of the average power 

budget in the second stage which is equal to the allocated 
power per each eigen-channel. Then, the second stage car-
ries out the temporal-domain application of the stochas-
tic algorithms-based approach for the assignment of the 
transmit power and rate for each subcarrier of each SU, 
under the constraints of available power budget and proba-
bility of interference to the PU. As a result, the achievable 
sum-rate capacity of the SUs is maximized, while co-ex-
isting with the PU. 

The choice of the stochastic algorithms in this work 
is fuelled by their simplicity, their robustness to channel 
variations, and their capabilities in maximizing the sum-
rate performance of the CR network [17, 18]. 

As mentioned earlier, three different schemes are pre-
sented in the scope of this work. The derivation of the 
continuous rate MU-MIMO-OFDM-CR version, referred 
to as C-MU-MIMO-OFDM-CR, is first shown wherein 
it is assumed that an infinite modulation order is afford-
able. Obviously, this proposition is theoretical and is 
taken as a benchmark for the two remaining counter-
parts. The principle of the second proposition we called 
discrete-rate MU-MIMO-OFDM-CR, and briefly desig-
nated as D-MU-MIMO-OFDM-CR, is to round the pro-
vided allocated rate in the stochastic stage to the nearest 
rate level in the allowable modulation rates set. Finally, 
the third modified solution, denoted P-D-MU-MIMO-
OFDM-CR, targets to more viably exploit available power 
resources, and starts by proceeding in a similar way as the 
D-MU-MIMO-OFDM-CR alternative, by quantizing the 
allocated rate and adapting consequently the power level, 
but unlike the latter, superimposes the non/over-used 
amount of power to the power budget in next iteration.

The simulation results show that, compared to the dis-
crete rate D-MU-MIMO-OFDM-CR solution, the P-D-
MU-MIMO-OFDM-CR approach exhibits an approxi-
mate power gain of 1 dB when the SNR level is low, and of 
5 dB at high SNR range. 

The performance of the best performing discrete rate 
P-D-MU-MIMO-OFDM-CR scheme was also compared 
with continuous rate C-MU-MIMO-OFDM-CR alterna-
tive and was shown to be quite acceptable.

The remainder of this paper is organized as follows. 
Section 2 is devoted to the description of our system 
model along with the operating parameters. In Section 3, 
the solution to the wireless resources optimization prob-
lem in the CR MU-MIMO-OFDM system, under power 
budget, BER and interferences constraints, is explicitly 
formulated with the three schemes. Simulation results and 
conclusion wrap-up this paper.
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2 System model
The cognitive MU-MIMO-OFDM architecture inves-
tigated herein comprises one Base Station (BS), K SUs 
(indexed by k with k = 1 … K) communicating opportunis-
tically over N sub-carriers (indexed by n with n = 1 … N), 
wherein nT transmit and nR receive antennas are involved. 
The mentioned BS of the system is in charge of assuring 
the allocation of the resources (power and rate) obtained 
through the hybrid optimization process applied to the SUs. 
We denote hn

k t
,SU
� � , the nR × nT k-th SU MIMO CSI matrix 

over the n-th subcarrier, representing the power at the link 
between the transmit and the receive arrays andcomposed 
of independent complex Gaussian variables. In the follow-
ing, the discussion is carried out for each subcarrier of each 
SU. The channel input is denoted by a nT × 1 signal vec-
tor x, the channel output by the nR × 1 vector y, and the 
nR × 1 additive white Gaussian noise (AWGN) vector at the 
receiver by w. The total power available at the transmitter 
is denoted by PT , we assume a noise power of unity, hence 
the average SNR per spatial sub-channel SNR = PT . It fol-
lows that the channel input/output relation pertaining to the 
n-th subcarrier of the k-th user could be written as 

y h x wn
k

n
k

n
k

n
k� �

,SU  (1)

while satisfying the total power constraint given by Eq. (2): 
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where the superscript * denotes the conjugate transpose of 
the operand and pl k,  represents the average power budget 
at the l-th sub-channel for each k-th SU.

Then, applying the SVD operation on the channel 
matrix hn

k t
,SU
� � , yields:
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Substituting Eq. (3) into Eq. (1), we obtain the follow-
ing expression: 
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It is important to notice that the powers of xn

k  and xn
k ,  

yn
k  and yn

k , and wn
k  and wn

k  are equal, since Un
k
,SU  and 

Vn
k
,SU  are unitary matrices. Subsequently, denoting the 

vector of the MIMO channel eigen-values ρ, with elements 
ρρ
k l,

, with l = 1 … L and L = min( nR , nT ) , Eq. (4) could be 
further modified to show the decomposition of the MIMO 
channel into its L independent sub-channels as follows:
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3 Proposed quantization approach for MU-MIMO-
OFDM-CR
3.1 Spatial adaptive modulation
As mentioned, the three hybrid power and rate adapta-
tions per sub-carrier per SU architecture we are propos-
ing in a MU-MIMO-OFDM-CR context, share a common 
first stage which conducts power tuning AM on each spa-
tial dimension under BER and total power constraints. 
The application of the SVD technique on hn

k
,SU  gives birth 

to L spatial tunnels on which power waterfilling is per-
formed according to the state of these eigen-channels. 
To achieve this, the fulfillment of the BER requirement is 
sought along with the one of average power budget. In this 
work, we investigate the adoption of MQAM scheme for 
which the upper bound of the BER within 1 dB for Ml ≥ 4, 
on each obtained spatial sub-channel in each subcarrier of 
the SU could be formulated as follows [4]:
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where Ml is the constellation size, and pn
k l

n
k l, ,ρρ  stands 

for the received SNR. Thus, defining the factor 
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 as the penalty power, the optimal power 

allocation policy obeying the rule of the waterfilling  
procedure could be formulated as
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The difference between the three proposed schemes 
resides in the way the Cn

k l,  is evaluated and the corre-
sponding power is obtained. In C-MU-MIMO-OFDM-CR 
proposed scheme, it is assumed that all the provided rate 
values are affordable. 

Hence, in C-MU-MIMO-OFDM-CR, the rate per each 
subcarrier of the l-th spatial subchannel of the k-th SU, 
could thus be given as

C p p pn
k l

n
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n
k l

n
k l

n
k l

n
k l

n
k l, , , , , , ,
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On the other hand, in both D-MU-MIMO-OFDM-CR 
and P-D-MU-MIMO-OFDM-CR alternatives, which are 
more practical schemes, in the spatial processing stage, 
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the transmit data rate domain per spatial dimension for 
each sub-carrier of each CR user is quantized into finite 
given rate levels. Assuming that square MQAM constel-
lations of size M0 = 0, M1 = 2 and Mj = 22( j−1), j = 2, …, O 
are used. O + 1 possible data rates, {0, 1, 2, 4, …, 2(O−1)} 
are available. In order to find the optimal adaptation with 
the constellations restrictions, the range of ρρn

k l,  is equiva-
lently divided into O + 1 fading regions, and the constella-
tion Mj is attributed if ��n

k l j, � -th  region. Hence, the data 
rate of the l-th sub-channel when ��n

k l j, � -th  region is thus 
log2Mj bits per symbol. 

In order to set the boundaries, we define:

�� �� ��n
k l
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n
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where ��
�n
k l,  0  is a parameter optimized to maximize the 

spectral efficiency.
Knowing that the maximum constellation size for 

a given BER according to Eq. (6) is given as 
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According to Eq. (10), the power adaptation policy for 
a fixed BER, for the constellationis M j  0  given by 
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Then, the allocated rate per region is associated with 
the probability of falling in that region through Eq. (12): 
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To satisfy the total transmit power constraint, the value 
of the parameter ��

�n
k l,  in Eq. (9) is found by verifying the 

following constraint: 
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The difference between the D-MU-MIMO-OFDM-CR 
and the P-D-MU-MIMO-OFDM-CR approaches lies 
in the way each one exploits the power, which impinges 
directly on the achievable rate, as this will be explain 
in next subsection.

3.2 Rate and power optimization through stochastic 
approach
The power optimally distributed on the spatial dimension 
in each MIMO channel instance constitutes the average 
power budget for next step evolving around the temporal 

assignment of transmit power, subcarrier index and rate 
for each user per each subcarrier by the aid of the stochas-
tic algorithms-based approach, under the constraints of 
average power budget and probability of interference to 
the PU. Hence, the optimization problem, which maxi-
mizes the sum-rate capacity of the SUs, while ensuring 
the co-existence of the SUs with the PU, could be formu-
lated as follows: 

• Objective function: 
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• Subject to: 
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• Optimization variables: 

p sn
k l

n
k l

n
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n
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where E
n
k lρρ ,  represents the expectations over all CSI real-

izations, Ck l,  is the overall average allocated rate to max-
imize, Cn

k l,  and pn
k l,  are, respectively, the corresponding 

n-th subcarrier rate and power assigned to the k-th SU over 
the l-th spatial eigen-channel, sn

k l,  is the subcarrier index 
which is equal to 1 if and only if the n-th subcarrier is 
assigned to the k-th SU over the l-th spatial eigen-chan-
nel. The primary CSI denoted by hn

k t
,PU
� � , represents the 

power of the link between the k-th SU transmitter and the 
n-th PU receiver at an instant t. Moreover, pk l,  stands 
for the average power budget the k-th SU is allowed to 
transmit over the l-th spatial sub-channel, and is equal 
to the summation of the powers assigned to the k-th SU 
per sub-carrier in each spatial dimension and provided in 
the spatial power adaptation prior stage, σn and θn  are, 
respectively the threshold and the probability of interfer-
ence per subcarrier and the notation 1

pn
k l

n
k

n
,

,h PU �� ��
 equals 1 if 

pn
k l

n
k

n
,

,
h

PU
��  is true and zero otherwise.

Regarding the constraints, Eq. (15) allows at most 
one CR user to transmit over each sub-carrier n, whilst 
Eq. (16) defines the power budget (i.e., maximum power) 
the k-th SU can benefit from for his transmission, and 
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finally Eq. (17) imposes a threshold perceived at the PU 
level which is not to be exceed.

Then, the MIMO sum-rate channel capacity with 
Rayleigh fading could be written as follows:

C E C

L C p d

n
k l

k l

n
k l
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n
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n
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where in writing Eq. (19), it was assumed that the spa-
tial sub-channel eigenvalues are independent and have 
the same distribution. In Eq. (19), E

n
k lρρ ,  is the expectation 

over the corresponding eigen-value, and p(.) represents the 
probability density function (pdf) of the operand.

3.3 Algorithm description
The whole hybrid allocation policy carrying out the 
power and rate assignment in both spatial, and tempo-
ral domains per each subcarrier of each SU could be eas-
ily outlined based on the previous subsections. The dis-
tinction between the D-MU-MIMO-OFDM-CR and the 
P-D-MU-MIMO-OFDM-CR allocation schemes resides 
in the way the power budget is exploited. Indeed, in both 
approaches, the rate is rounded off to the closest available 
discrete rate level. However, to carry out the communica-
tion, the transmit power should be increased or decreased. 
P-D-MU-MIMO-OFDM-CR solely considers this aspect 
by recalculating the value of the transmit power, leading 
to a lack or an excess in the power budget. Hereafter is 
the listing of the whole generic procedure encompassing 
the three approaches. In the P-D-MU-MIMO-OFDM-CR 
version (Algorithm 1) [9], all the steps 1 through 15 are 
followed, whilst in D -MU-MIMO-OFDM-CR alterna-
tive the steps 7 through 9 are skipped, since the adaptation 
of the power budget is not performed. Finally, in C-MU-
MIMO-OFDM-CR counterpart, the steps 6 through 9 are 
ignored. Note that the parameter Len in the listing refers 
to the coherence time of the channel.

4 Simulation results
Throughout this section, the performances of our proposed 
schemes are assessed, and the results are then discussed. 
The expectation of CSI is approximated over 1 000 inde-
pendent realizations of the channel matrix. In performing 
this study, the following parameters are retained: K = 4, 
N = 8, L = 2 and BER = 10−3. Furthermore, the channel is 
assumed to experience Rayleigh fading, and in incorporat-
ing spatial stage into the whole processing for the discrete 
schemes, a set of 15 possible discrete rate levels was offered.

Fig. 1 illustrates the sum-rate capacity versus the aver-
age SNR of the three proposed architectures. First, as it 
was expected, the theoretical C-MU-MIMO-OFDM-CR 
scheme is the best performing since it corresponds to an 
infinite number of rate levels. Second, P-D-MU-MIMO-
OFDM-CR solution allows to better approach the former.  
For low SNR range, in order to achieve the same sum-
rate capacity, P-D-MU-MIMO-OFDM-CR provides 1 dB 
saving in transmit power compared with D-MU-MIMO-
OFDM-CR. At high SNR level, its performance is even 
better since an approximate 5 dB gain is yield. 

Algorithm 1 P-D-MU-MIMO-OFDM-CR [9]

1. Put iteration index i = 0;

2. Put user index k = 1, the subcarrier index n = 1;

3. Put the initial total transmit power P i Pn
k

T� � � ;

4. Perform spatial power water-filling on ρρn
k l,  with the total 

transmit power P in
k � � ; 

5. Compute the allocated rate of each user per each subcarrier of 
each spatial eigen-channel, Cn

k l,  as given in Eq. (8);

6. Round Cn
k l,  to the nearest rate level for all l = 1 … L as per 

Eq. (12);

7. Re-derive Pn
k l,  by replacing Cn

k l,  in Eq. (8);

8. Compute P i P i pk n
T
k n

n
k l

l

L

remain

, , ,� � � � � �
�
�
1

;

9. Update P i P P iT
k n

T
k n, ,�� � � � � �1
remain

;

10. i = i + 1, go to step 4;

11. If i = Len, put i = 0;

12. n = n + 1, Go to step 3;

13. If n = N, put k = k + 1 and n = 1, and go to step 3;

14.
If k = K, put n = N, perform the optimization over subcarrier 
and user dimension while calculate Ck l,  as in Eq. (14) obtained 
through stochastic optimization;

15. Calculate the instantaneous sum-rate capacity C as in Eq. (19);

16. End.

Fig. 1 Sum-rate capacities versus average SNR of C-MU-MIMO-OFDM-
CR, D-MU-MIMO-OFDM-CR and P-D-MU-MIMO-OFDM-CR schemes
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Next, the impingement of the frequency diversity (num-
ber of subcarriers) on the performance is investigated and 
Fig. 2 illustrates the results for C-MU-MIMO-OFDM-CR 
and P-D-MU-MIMO-OFDM-CR. As it can be seen, when 
the number of subcarriers is low, the performances of the 
two schemes are close. Increasing this number greatly 
enhances the corresponding performances; however, the 
gap between the two architectures is also accentuated. 
Obviously, this comes at the expense of increased hard-
ware complexity and cost, which may become prohibitive 
for practical applications. 

In Fig. 3, the behavior of sum-rate capacity in terms 
of number of users is studied when this number is varied 
between 4 and 8. It can be noted from Fig. 3, that despite 
the increase of multiple access interference (MAI), the 
sum-rate capacity is increased, because this interference is 
still within the threshold for co-existence with the PU. More 
interesting, the performance difference between the two 

allocation schemes is maintained with the MAI increase 
and is approximately 13 bps/Hz at an SNR of 15 dB. 

Next, the sum-rate capacities of C-MU-MIMO-
OFDM-CR and P-D-MU-MIMO-OFDM-CR are eval-
uated for different numbers of spatial sub-channels L. 
It is clear from the corresponding Fig. 4 that the spatial 
dimension is the most impacting parameter on the perfor-
mances of the proposed systems, since opting for an 8 × 8 
MIMO solution instead of 2 × 2 MIMO provides more 
than 200 bps/Hz gain in sum-rate capacity at an SNR of 
15 dB. Moreover, increasing the spatial diversity induces 
a higher degree in performance enhancement for C-MU-
MIMO-OFDM-CR than the P-D-MU-MIMO-OFDM-CR 
alternative. Finally, for both 2 × 2 and 4 × 4 solutions, 
starting from 5 dB in SNR, increasing the transmit power 
brings almost no gain in performance, and it is better to 
operate at 5 dB to target power efficiency. Regardless of 

Fig. 2 Sum-rate capacities versus average SNR of C-MU-MIMO-OFDM-
CR, and P-D-MU-MIMO-OFDM-CR for different numbers of subcarriers

Fig. 3 Sum-rate capacities versus average SNR of C-MU-MIMO-OFDM-
CR and P-D-MU-MIMO-OFDM-CR for different numbers of users

Fig. 4 Sum-rate capacities versus average SNR for C-MU-MIMO-
OFDM-CR, and P-D-MU-MIMO-OFDM-CR for different numbers 

of spatial sub-channels

Fig. 5 Sum-rate capacity versus average SNR of P-D-MU-MIMO-
OFDM-CR for different numbers of discrete rate levels
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the spatial order, a constant performance gap is observed 
between the achievable sum-rate capacities of P-D-MU-
MIMO-OFDM-CR and C-MU-MIMO-OFDM-CR archi-
tectures at high SNR. 

Last study concerns the effect of the number of dis-
crete rate levels on the performance of P-D-MU-MIMO-
OFDM-CR solution and the corresponding curves are 
represented in Fig. 5. For this, the pertaining sum-rate 
capacities with 3, 4, 10, 13 and 15 regions are evaluated, 
by taking as a reference the C-MU-MIMO-OFDM-CR 
architecture. As it can be seen, migrating from 3 to 4 rate 
levels gives rise to a significant performance gain. By con-
trast, increasing further the cardinal of the discrete rates 
set provides a relatively low gain in the achievable sum-
rate capacity. Consequently, fixing the number of discrete 
rate levels at 10, 13 and 15 results in a close performance 

and a reasonable distance from the theoretical P-D-MU-
MIMO-OFDM-CR alternative.

5 Conclusion
In this study, three rate and power allocation schemes 
per each SU in a CR setting and merging the capabili-
ties of the power waterfilling along with adaptive modu-
lation in the spatial domain, and the stochastic approach 
in the frequency domain, are proposed. It is seen that the 
spatial order of the architectures is the predominant fac-
tor impinging the sum-rate capacity, and that quite a via-
ble performance is achieved with the two discrete rate 
solutions, despite a superiority of the P-D-MU-MIMO-
OFDM-CR which exploits more wisely the power excess 
to improve the available power budget, hence closing the 
gap with the theoretical continuous rate version.
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