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Abstract

In many wireless personal communication applications such as medical microwave imaging, geostationary satellite, radar, and 

unmanned aerial vehicle communications, the shape of the radiated beam by an antenna array must be precisely matched to the 

required coverage area on the intended object to achieve maximum performance. In this paper, an iterative fast Fourier transform (IFFT) 

method is adopted for producing arbitrary targeted footprint patterns. The IFFT method exploits Fourier transform relationships to 

iteratively transform between array excitation weights and far-field radiation patterns, enabling fast and effective synthesis of complex 

shaped-beam footprints compared to all other optimization algorithms. For medical microwave imaging applications three different 

targeted footprints of triangular, square, and circular shapes are considered as samples, while for geostationary satellite applications, 

a complex footprint of Iraq-Map outline is considered. Simulation results have proved the effectiveness of the proposed method for 

efficiently generating the required footprints without the need for heavy optimization solvers. Moreover, some complicated coverage 

shapes such as the geographical outline of Iraq, require more degrees of freedom in the antenna array design, which increases both 

the cost and the array complexity. To solve this problem, a thinning method was used to remove array elements that have only a small 

influence on the overall radiation pattern.
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1 Introduction
A sensor array is a collection of microphones, acoustic 
transducers, or antennas arranged in a certain geometry 
pattern such as linear, rectangular, circular, or even ran-
domly. Its far-field radiation pattern can be synthesized to 
approach a required beam shape. Thus, it is widely used 
for geostationary satellite applications [1], health monitor-
ing systems [2, 3], radar [4], unmanned aerial vehicle com-
munications [5], and many other applications. To deliver 
maximum power, the shape of the radiated power patterns 
must be precisely coincident to the shape of the required 
coverage areas on the intended objects or Earth's region. 
The required array radiation patterns should be synthe-
sized with a relatively small number of radiating ele-
ments to keep the array cost and complexity as small as 
possible. The far-field radiation patterns can be properly 
shaped according to the prescribed footprints by con-
trolling the feeding amplitudes and phases of the array ele-
ments. This problem has received much attention in recent 

years  [5–10]. The control of inter-element spacing was 
also used for shaping the array radiation patterns [11, 12]. 
For fixed array geometry where the inter-element spacing 
and element positions are all fixed, thus, the only unknown 
design parameters are elements' excitations (it could be 
in terms of amplitude-only control, phase-only control, 
or even both the amplitude and phase control). The prob-
lem of optimizing elements' excitations has been solved 
in a globally-optimal fashion using different optimiza-
tion algorithms such as genetic algorithm [13–15], particle 
swarm optimization [16, 17], convex optimization [18–20], 
and even deep learning algorithms [21]. However, all of 
these global optimization algorithms are complex and they 
are time consuming especially when dealing with complex 
footprint shapes that require a large number of array ele-
ments. Other methods are based on a modified Woodward-
Lawson method [22] and the superposition principle [23]. 
On the other hand, the iterative FFT method has proved its 
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capability of synthesizing array patterns with fast conver-
gence time and quite simplicity [24–27]. In this paper, the 
iterative FFT method was adopted to design planar arrays 
with arbitrary far-field radiation footprints and quite com-
plex shapes. The shape of the targeted radiation footprint 
patterns should be conformed to the shape of the cover-
age area on Earth/object. In satellite and unmanned aerial 
vehicle applications, the coverage region on the Earth is 
relatively flexible, while for medical microwave imaging 
applications, the coverage area on the objects is limited 
and it should be more precise and accurate especially in 
medical treatments by microwave radiations. The pre-
sented IFFT method improves microwave imaging perfor-
mance and at the same time it reduces the system cost and 
complexity, making it a practical solution for real-world 
biomedical imaging applications.

2 Mathematical models and problem formulation
Consider a two-dimensional rectangular array of N × M iso-
tropic radiator elements spaced along x-axis and y-axis by dx 
and dy, respectively. The complex element excitation weights 
(i.e., in terms of both amplitude and phase) of any elements 
can be represented by w en m

j n m
,

, .
∅  The overall far-field array 

factor that radiated by such planar array can be written as:

AF u v w en m
jk nd u md v

m

M

n

N
x y

, ,
,

� � � ��� ��

��
��
11

	 (1)

where w a en m n m
j n m

, ,
,� �  is the amplitude and phase exci-

tations of the array elements, k = 2π/λ is the wave number, 
λ is the wave length, u = sinθcosφ, v = sinθsinφ, θ and φ are 
the elevation and azimuth angles, respectively.

For simplicity, we assume a unit element pattern, and 
then the total radiation pattern magnitude is same as that 
of the array factor:

FP u v AF u v, , .� � � � � 	 (2)

Let FP(u, v) be the target footprint where it is equal to 
unity inside the footprint shape and a small value outside 
the shape. For example, if we want a footprint pattern like 
a shape of circular, triangular, rectangular, Iraq outline 
map, or any other arbitrary shape), then the radiated array 
factor of the planar array should be approximately equal to 
the targeted footprint shape:

AF u v FP u v, , .� � � � � 	 (3)

From Eq. (1), it is clear that the only design parameters 
are wn,m, dx and dy. For uniformly spaced planar arrays, we fix 

the inter-element spacing at dx = dy =0.5 λ. Thus, the only 
element excitation amplitudes, an,m, and phases, ∅n m, ,  are 
the design variables and the problem can be formulated as:

•	 Find an,m, and  for n = 1, … N and m = 1, … M such 
that the AF(u, v) best matches the FP(u, v) according 
to Eq. (3).

3 The iterative FFT method
The design problem that was presented in Eq. (3) can't be 
solved as a simple linear problem due to many target con-
straints. The iterative FFT method can perform very well 
with this problem because premirly depends on the exis-
tence relationship between array factor and the element 
excitations through direct and inverse Fourier transform. 
In other words, the iterative FFT projects back and forth 
between element excitations and array factor under some 
desired constraints until the radiated pattern of the array 
factor best matches the targeted footprint shape with min-
imized sidelobe level in an iterative manner.

The proposed iterative FFT method consists of the fol-
lowing procedures:

1.	 Start with initial weights of amplitudes and phases. 
For example, unit amplitudes and zero phases.

2.	Compute the AF(u, v) at iteration i using the initial 
weights, as follows:
•	  AF i(u,  v)  =  ℱ{wi}(u,  v) where ℱ is the Fourier 

transform operator according to Eq. (1).
3.	 Replace its magnitude by the magnitude of the tar-

geted footprint:

AF u v FP u v AF u v
AF u v
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4.	 Transform AF u vi
new

,� �  back to the corresponding ele-
ment excitation weights:

w AF u vi i
new new

� � �� ��1
, .	

5.	 Apply constraints such as thinning elements as 
follows:
•	 w wi i� � �1

new
Thinning  where Thinning is equal to 

1 for active or ON elements and 0 for inactive or 
OFF elements. Other constraints on the element 
excitations such as the required dynamic range 
ratio may be also included in this step.

6.	 Repeat the above steps until the resultant array pat-
tern matches the target footprint shape within an 
acceptable tolerance or the method reached the max-
imum number of iterations.

ℱ
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That is, the method convergence when:

AF u v FP u vi
, , .� � � � � � 0 	

In this paper, it is considered four different targeted 
footprint shapes like circular, rectangular, triangular, and 
Iraq outline. These footprints are as follows:
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For triangular footprint, it can be defined by inequality 
of a triangular shape in (u, v) plane, while for Iraq foot-
print outline; it is derived from a binary image of Iraq map. 
Nevertheless, any other shapes can be accurately synthe-
sized by the proposed method. Generally, for synthesiz-
ing complex shapes such as Iraq map outline, larger pla-
nar arrays may be needed to provide sufficient number of 
degrees of freedom and a thinning process may be applied 
to remove some weak elements that have negligible effect 
on the formed radiation pattern. The value of ε which is 
outside the footprint region is chosen to be small ε = 10−3 to 
get suppressed sidelobe level. Note that when substituting 
any of these targeted footprints in step 3 above and itera-
tively drives new array factor patterns, their sidelobe pat-
terns that are outside the targeted footprints will be mini-
mized according to the constraint value of ε = 10−3. It should 
be also mentioned that the minimum achievable sidelobe 
levels depend directly on the number of array elements. 
In another words, greater number of degrees of freedom 
will result in better sidelobe suppression. However, as men-
tioned this will dramatically increase the array cost and 
complexity. Therefore, we suggest a thinning method to 
efficiently remove only the weak elements whose amplitude 
excitations are smaller than a specific threshold (for exam-
ple, a small threshold value of 0.01) in which their effects 
on the resulting radiation pattern are negligible. Thus, the 
number of the active elements that need RF components 
can be greatly reduced while still maintaining the array 
performance unchanged. The element excitations with this 
thinning process can be written as:

� �
�
�

�
�
�

w
w w
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nm nm

nm

,
.

threshold

threshold0
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Here threshold represents the minimum value of the ele-
ment excitations in the designed array. Note that the ampli-
tude excitations are normalized to one, thus the maximum 

value is equal to one. The dynamic range ration (DRR) 
can be defined as the ratios between maximum and mini-
mum values of the amplitude excitations. For unit-ampli-
tudes uniform array, this value is equal to one which is the 
best value. Larger values indicate higher complexity in the 
feeding network. If we choose threshold = 0.1 instead of 
0.01, then the DRR will be reduced from 100 to only 10 
while the percentage of weak elements removal will be 
also higher at the cost of higher undesirable sidelobe levels 
in the synthesized radiation pattern.

4 Simulation results
In all examples, the radiating system has been set as an 
equal-spaced planar array composed by a different num-
ber of elements along the x- and y-axes. Different far-field 
radiation footprints such as triangular, square, circular, 
Iraq land footprints have been synthesized and evaluated 
as follows in Sections 4.1 to 4.4.

4.1 Triangular footprint shape
The number of the considered planar array elements was 
N  ×  M  =  48  ×  64. The shape of the targeted triangular 
footprint is shown in Fig. 1 (a), while the shape of the syn-
thesized triangular footprint is shown in Fig.  1  (b). The 
three-dimension and two-dimensional plots of the obtained 
far-field radiation patterns are shown in Fig.  2. From 
Fig. 2, it can be seen that the required far-field radiation 

Fig. 1 The results of triangular footprint: (a) Desired shape; 
(b) Synthesized shape

Fig. 2 The triangular footprint radiation patterns: (a) 3D pattern; 
(b) 2D pattern
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footprint has been precisely synthesized and the peak sid-
elobe level of the radiated power outside the boundary of 
footprint shape has been reduced to more than −22.57 dB. 
The corresponding amplitude and phase excitations of the 
designed planar array are shown in Fig. 3.

4.2 Square footprint shape
In this case, the number of the planar array elements was 
also N × M = 48 × 64. The shape of the desired square foot-
print is shown in Fig. 4 (a), while the shape of the synthe-
sized square footprint is shown in Fig. 4 (b). The three-di-
mension and two-dimensional plots of the obtained far-field 
radiation patterns are shown in Fig. 5. For this footprint, 
also observe that the required far-field radiation footprint 
has been precisely met and the peak sidelobe level was at 
−20.0 dB. The corresponding amplitude and phase exci-
tations of the designed planar array are shown in Fig. 6.

4.3 Circular footprint shape
In this scenario, the same planar array elements 
N × M = 48 × 64 was used. The shape of the targeted cir-
cular footprint is shown in Fig.  7  (a), while the shape of 
the synthesized circular footprint is shown in Fig.  7  (b). 
The three-dimension plot of the obtained far-field radiation 
pattern is shown in Fig. 8. From Fig. 8, it can be seen that the 
required far-field radiation footprint has been precisely met 
and the peak sidelobe level of the radiated power outside the 
required footprint has been reduced to more than −20.7 dB.

Also, it is noted some high ripples in the flat-top region 
of the main beam pattern. The corresponding amplitude 
and phase excitations of the design planar array are shown 
in Fig. 9.

4.4 Iraq land footprint
In this case, the number of the planar array elements 
was increased to N × M = 100 × 100 to provide sufficient 

Fig. 3 The synthesized triangular footprint: (a) Amplitude excitations; 
(b) Phase excitations

Fig. 4 The results of square footprint: (a) Desired shape; 
(b) Synthesized shape

Fig. 5 The square footprint radiation patterns: (a) 3D pattern; 
(b) 2D pattern

Fig. 6 The synthesized square footprint: (a) Amplitude excitations; 
(b) Phase excitations

Fig. 8 The circular footprint radiation patterns: (a) 3D pattern; 
(b) 2D pattern

Fig. 7 The results of circular footprint: (a) Desired shape; 
(b) Synthesized shape
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degrees of freedom for synthesizing properly such arbi-
trary complex shape. The shape of the targeted Iraq-Land 
footprint is shown in Fig.  10  (a), while the shape of the 
synthesized Iraq-Land footprint is shown in Fig.  10  (b). 

The three-dimension plot of the obtained far-field radia-
tion pattern is shown in Fig.  11. From Fig.  11, it can be 
seen that the required far-field radiation footprint has been 
precisely met and the peak sidelobe level of the radiated 
power outside the footprint's boundary has been reduced 
to more than −27.8 dB. The corresponding amplitude and 
phase excitations of the designed planar array are shown 
in Fig. 12. From Fig. 12, it can be seen that the normalized 
elements excitations are distributed between 0 < wn,m ≤ 1 
where the majority of edge elements have a smaller mag-
nitudes than the central elements.

This means that there are a large number of the edge 
elements that have weak magnitudes less than a certain 
threshold value. These weak elements may have relatively 
small contribution to the resulting array pattern and they 
are still active elements that consume RF attenuators.

Finally, the thinning process according to Eq.  (6) is 
applied to the Iraq-Land footprint synthesis process to 
reduce the number of active array elements as well as to 
improve the DRR. For threshold = 0.05, the percentage of 
weak elements removal is 18.39%, while the DRR = 20. 
For another case of threshold  =  0.1, the percentage of 
weak elements removal is 21.56%, the DRR = 10. Fig. 13 
shows the 2D and 3D of the synthesized Iraq-Land foot-
print with thinning weak elements at high value of thresh-
old = 0.05. The DRR is only 2. The normalized element 
amplitude and phase excitations are shown in Fig.  14. 
Although there is an increase in the sidelobe level of the 
synthesized footprint due to the removal of large number 
of elements about 75.65%, the Iraq-Land footprint shape 
is still clear and acceptable with peak sidelobe level of 
−17.6 dB. Table 1 summarizes the performance measures 
of the iterative FFT method under various thinning per-
centage. It can be seen that when increasing the thinning 

Fig. 9 The synthesized circular footprint: (a) Amplitude excitations; 
(b) Phase excitations

Fig. 10 The results of Iraq outline footprint: (a) Desired shape; 
(b) Synthesized shape

(a)

(b)

Fig. 11 The 3D plot of the synthesized Iraq outline footprint radiation 
pattern
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(a)

Fig. 12 The synthesized Iraq outline footprint: (a) Amplitude excitations; (b) Phase excitations

(b)

(a) (b)

Fig. 13 The Iraq outline footprint radiation patterns: (a) 2D pattern; (b) 3D pattern

(a) (b)

Fig. 14 The synthesized Iraq outline footprint with thinned elements at threshold value of 0.5: (a) Amplitude excitations; (b) Phase excitations
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Table 1 Performance measures under various thinning percentage

The method Thinning 
percentage DRR SLL Mainbeam 

ripples

Standard IFFT 
without thinning 0% 100 −30 dB −0.5 dB

IFFT with threshold 
value of 0.05 18.39% 20 −25 dB −1.8 dB

IFFT with threshold 
value of 0.1 21.56% 10 −20 dB −2.3 dB

IFFT with threshold 
value of 0.5 75.65% 2 −17.6 dB −6.0 dB
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