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Abstract
The present paper deals with the characteristic functions
of distributed RC one-ports. It presents a detailed discus-
sion about two characteristic functions of distributed RC
networks: the time-constant density function and the dipole
intensity function. Based on the properties of these functions,
their transformation schemes are presented. Distributed and
lumped-element examples are shown as a demonstration of the
practical operations of these schemes.

The paper also deals with the relation of these characteristic
functions to the complex admittance, and introduces an iden-
tification method of RC one-ports in the admittance domain.
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1 Introduction

The investigation of RC one-ports has become a particu-
larly important research area in the last two decades due to
the emergence of thermal issues in integrated circuits. In order
to achieve a better thermal design, it is essential to model its
thermal behavior. From a more general point of view, it is an
often encountered task to identify the structure of a network
based on measurement, simulation and modeling (e.g. finding
the poles and zeros of a one-port or transfer impedance, creat-
ing an equivalent circuit from time domain step response, etc.).
In most cases, the main goal of this process is to obtain an
accurate model of the measured system, or to identify the real
physical structure based on its response [1]. This process may
lead to the development of an effective non-destructive failure
detection method [2] along with methods for optimizing the
operating point [3].

In an earlier paper [4], we have demonstrated that a number
of distributed RC networks cannot be described by poles and
zeros; their distributed, ”smeared” counterparts have to be used
instead. In the case of RC networks, these extensions appear as
two real-to-real functions, defined along the negative real axis
of the complex plane. Let us refer to these functions as char-
acteristic functions”.

The clarification of the relations between these characteristic
functions is an anticipated demand, therefore it is the main sub-
ject of this paper. We have recognized that admittance-based
complementary pairs can also be defined for these functions:
these are introduced in the paper gradually.

The organization of the paper is as follows: the definition
of the characteristic functions is presented in the next section,
along with their relation to the port impedance. Section 3 deals
with the connection of the two characteristic functions, deriv-
ing closed-form transformations between them. Examples
demonstrating the operations of these transformation schemes
are presented in Section 4. Section 5 introduces the admittance-
based variants of the characteristic functions. The application
of this variant for network identification is demonstrated in
Section 6. Finally, Section 7 summarizes the results presented
by the paper.
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All subsequent analysis is limited to the one-port behavior of
passive, time-invariant and linear RC networks. The results are
applicable to both distributed and lumped networks (although
the primary goal of this work is the representation of distrib-
uted circuits).

2 Definition of the Characteristic Functions

Presuming that the aforementioned characteristic functions
are not generally known, we consider it necessary to present
here the short definition of these functions.

2.1 The Time-Constant Spectrum

The time-domain response of a linear RC network consists
of many exponential functions [4] having different time-con-
stant (7) values. In the case of lumped circuits, the number of
7 values occurring in the response is finite. In contrast, the
distributed circuits have an infinite number of 7 values. Let
we say that the network has a spectrum of time-constants, and
this spectrum characterizes the port impedance unambiguously.

If we apply a unit step current excitation to the port in the
case of a lumped network (an example of what is shown in
Fig. 1), the voltage response is as follows:

()= 2R (1=exp(=i/r,)) (1)

For further convenience, we introduce the following logarith-
mic variables z=log(?) and {=log(7):

u(2)= 2R (1-exp(-exp(2-5)))) @)

R, and (;=log(r) represent a spectrum consisting of discrete
lines. However, in the case of distributed networks, the spec-
trum is continuous. In this case, the response can be described as
u(z)= .[R(C)-(l—exp(—exp(z—@)))dg 3)
where R({) is the time-constant spectrum expressed in loga-
rithmic scale. This is the first characteristic function. R({) can
be generated using the following expression (if the function is
negative, it has to be multiplied by —1) (proof in [4]):

R(g):-lhn{z(s=—exp(§)ﬁ. (4)

T
Z(s) is the complex impedance function of the port. The in-
verse operation can be performed as well. The impedance can
be calculated if R({) is known [4]:
[ R(=)
Z(8)= I I+e -
xp(S—x)

)

where S = log(s) is the natural logarithm of the complex fre-
quency.

C =1/R
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Fig. 1 RC one-port, example (Foster’s first canonical form)

2.2 The Dipole Intensity Function

It is a well-known fact [4] that in the case of a lumped RC
network, the poles and zeros of the port impedance alternate
along the —o axis, and the sequence of the poles and zeros
begins with a pole [5] (see Fig. 2). The adjacent poles and zeros
either cancel each other out or let each other be effective. Let
us see Fig. 3. If the first pole is followed closely by the first
zero, the first pole is canceled. On the contrary, if the first zero
is placed closely to the next pole, the first pole is effective. The
essential information is carried by the relative position of the
zeros between two neighboring poles. A possible interpretation
is that the pairs of adjacent poles and zeros constitute a dipole.
The intensity of that dipole depends on the distance between
the pole and the zero.

|
e}

|
T A4 N

Y

Fig. 2 Pole-zero arrangement of an RC one-port

In order to construct the definition of the dipole intensity
function, we first introduce a logarithmic variable on the nega-
tive o axis:

2 =log(-o) (6)
Let us investigate a AX interval of the logarithmic X axis
bounded by two adjacent poles (see Fig. 3).

AY

(D3

Y

o
N~ N~

Fig. 3 To the definition of dipole intensity

The distance between the left-hand pole and the inner zero
is 0X. Suppose that the density of the poles tends to infinity.
In other words, AX becomes infinitely small. In this case, the
dipole intensity function is

1,(5)=lim &=

AZS0 AT )

This is the second characteristic function.
Considering that the poles and zeros of an RC port imped-
ance alternate, it directly follows that

0<1,<1. (8)
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1,(Z£) can be generated using the following expressions (if the
function is negative, it has to be multiplied by —1) (proof in [4]):

1, (2):%Im{logl(s:—exp(2))} 9)

1
1, (Z):;arg(l(s:—exp(Z))). (10)
Z(s) is again the complex impedance function of the port. The
inverse operation can be performed as well. The impedance can
be calculated if /,(X) is known:

exp(S—x)

—————2—dx.
1+exp(S—x)

log(Z(S)) = log(R(,) - ]0 1, (x)
B (an

3 Relation Between the Characteristic Functions

As we have seen in the former section, the properties of a
passive, linear, evenly distributed RC one-port can be described
by either the R({) z-spectrum or the /,(X) dipole intensity
function.

Since both descriptions are unambiguous and complete, one
of them must determine the other. Consequently, there must be
a way to calculate one from the other. This requirement holds
theoretical significance, since the existence of an unambiguous
mapping between the two representative functions is a strict
expectation. Practical benefits of this algorithmic procedure
can be expected, since the need to calculate /,(X) knowing
R({) or vice versa may arise. This is why we have elaborated
and hereby present the R({) <> [,(X) transformation schemes:

R(—x)

T

dx (12)

—0

R(Z) :%RO .Im{exp(f 1, (x)%dxj}
h (13)

R, is the resistance at zero frequency. Proof of these two equa-
tions can be found in Appendix A.

Both equations can be rearranged to obtain the convolution
forms as well:

1
l—exp(x)j (14

I,(x)= %arg[RM (x)®

linear; thus the transformations consist of a linear step followed
by a non-linear one.

During the evaluation of the Egs. (12) (13), we encounter
difficulties. These integrals are improper, since the integrand
has a discontinuity if the denominator is zero. Fortunately,
closed-form integral of 1/(1 —exp(x)) exists, and in the region
of discontinuity, the principal value theory of Cauchy [6] is
applicable. Another way of practical calculation is presented
by the below formula:

1,(Z)=lim

64)07'[_5

argT R(—x) dx  (16)

< 1—exp(Z+8 —x)
The error introduced by this approximation is equivalent to
the result of the convolution by a narrow pulse [7]

1 siné -exp(z)
- -8 1-2cosSexp(z)+exp(22)

e(2)

(17

The integral of this pulse function is unity, whereas its half-
value width is approximately 2.
A similar “maneuver” can be applied to Eq. (13) as well.

4 Examples for the R({) < [,(¥) transformation

In order to verify the results of the former section, we have
chosen a structure with known analytic characteristic functions.
It is a distributed thermal RC structure: the three-dimensional
heat transfer in a semi-infinite medium, see Fig. 4. The inves-
tigated structure was described in our earlier paper [8]. The
“input port” is a hemisphere of radius r,. Using the analytic
solution of the problem [9], the one-port impedance for this port
can be described as

Z(s)

1 1
21y 1+ ryNse /A

(18)

where 4 and ¢ are the heat conductivity and the heat capaci-
tance per unit volume, respectively.

Jo

Y

A\c

Fig. 4 The distributed thermal RC circuit

Using Egs. (4) and (10), the two characteristic functions can

1 exp(x be calculated as
RM(x):—RO~Im{exp(ld(x)®£} (15)
n 1-exp(x) R(e) 11 Jooh o
o)= _
. : : 2n° Al +71; oc/A (19
where R,,(x)=R(—x) is the mirrored z-spectrum function.
It is clear that these relations are non-linear due to the prop-
erties of the functions arg() and exp(). The convolution step is
Distributed RC One-Ports: Characteristic Functions and Their Relations 2016 60 3 ‘ 173



1,(0)= %arctan[wc/_wg ] (20)

First, the R({) — [,(X) direction was tested. The integral
expression of (12) was calculated using numerical approxima-
tion. The applied sampling rate was 0.02 . The discontinuity of
the integrand was avoided by choosing ¢ = 0.02. The resulting
function is plotted in Fig. 5 along with the analytic one. It is
obvious that the agreement between the analytic and calculated
curves is excellent, with the exception of the X > 30 region.
Error in the latter region is caused by the finite accuracy of the
numerical calculation of the integral.

0.7 T H
Analytical H
0.6 [Talculated ===+ .’_‘.r
05 -
2 o4t .
c
g
£ 03 |
K]
2 o02f 4
a
0.1 - -
0 _
-0.1 | | | | | | |
-40 -30 -20 10 0 10 20 30 40

Z =log( -o0)

F

g. 5 Result of the R({) — [,(X) transformation. Dots have been calculated
using (12); the continuous line represents the “true” function

In the second example, the [,(X) — R({) transforma-
tion was tested. The problem investigated in the first test was
addressed here as well. We intended to calculate (19) in knowl-
edge of (20). The integral expression of (13) was calculated
using numerical approximation again. The applied sampling
rate was 0.02, with J = 0.02. Figure 6 presents the result of
the calculation along with the known analytical function. The
agreement is excellent in this case as well.

T
0.014 Analytical

Calculated
0.012 B

0.01 i
0.008

0.006

0.004

Time-Constant Intensity

0.002

-20 -15 -10 5 0 5 10 15 20
¢ =log(T)

Fig. 6 Result of the /,(X) — R({) transformation

Although the characteristic functions R({) and [,(X) are
intended to be used for distributed networks, they can be applied
to lumped circuits as well. In this case, the R({) spectrum

consists of distinct lines only. The /,(X) dipole intensity is
similar to a telegraph signal: the zero-to-one transitions stand
for poles, while one-to-zero transitions stand for zeros [4].

The transformations /,(X) <> R({) must work in the case
of lumped element networks as well. Examples that prove this
statement are presented in Appendix B.

5 Characteristic Functions Related to the Complex
Admittance

We have so far discussed the properties and relations of
R({) and [,(X) characteristic functions. For the sake of com-
pleteness, we need to mention that a complementary pair for
each of these functions can be defined as well, based on the
Y(s) one-port admittance. In this section, we will introduce
these characteristic functions.

The admittance-based description can be generated easily,
using the second Foster canonical form shown in Fig. 7. Using
the logarithmic variables S = log(s) and (= log(z), the
admittance of a single stage can be described as

G

Y:1+exp(—S—§) @h

Supposing that the distributed network has a continuous spec-
trum of time constants

v)= &)

w1+exp(—S—§)dC

(22)
Now we apply (22) along a line of the complex plane, which is
very close to, but does not coincide with the negative real axis
(the integration path and the axis form an angle ¢):

s=—(1+ je)exp(ZT) (23)

1 1
B e C R

_ G(-x)
YO - e
Y (x)=G(-x) @Hﬁ —G(-x)®W(x) (0

(1+je)
() = —5 exp(x)
! {W( )} (l—exp(x))2+52 exp(x)2 @7
[4] proves that

lim Im {W (x)} = -5 (x) (28)
G(¢ =—x)=§lm{Y(s=—exp(x))} (29)
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The G({) function is the time-constant spectrum in the admit-
tance-based approach.

IR

Fig. 7 Foster II canonical form of an RC one-port

Next, we derive the Y-counterpart of Eq. (11). Substituting
Z(s) = 1/Y(s) we have found that

lo g[ (ls)j:—log(Y(S))

. . (30)
toe() - [ 1, ()220
10g(y(s))=1og(co)_f_zdy(x)%dx 31

where 1, is the dipole intensity for admittance, and G, is the
DC conductance of the network. It is important to recognize
that 7,,=
tion and the impedance-based dipole intensity function differ

—1, thus, the admittance-based dipole intensity func-

only in their signs.

The time-domain behavior is important as well; it is also
necessary to be investigated. Equation (22) will be converted
into time domain using the inverse Laplace transform.
[ G(=x)

Y(s):'[

< l+exp(—x)/s (32)

Let the voltage excitation be a u = 1(¢) unit-step function
with 1/s Laplace transform. The current response is

I(s):Y(s)E:T%dx (33)

©

j G(-x)- exp(—t/exp(—x))dx

—0

i(1)= (34)

Observing this equation we can state that the current response
is the totality of components showing exponential decay and G
is the spectrum of these exponents.

6 Measurement and Identification of RC One-Ports in
the Admittance Domain

The NID (Network Identification by Deconvolution) method
[10], a deconvolution based approach, has become widely
applied in the last two decades for the identification of RC one-
ports. This method operates in the impedance domain, using
the voltage response of the current unit-step excitation of the
examined network. The key equation of this procedure is a
direct consequence of Eq. (3):

du

:R(z)®exp(z—exp(z)) (35)

Possessing the measured u(z) function, a numerical der-
ivation step and a deconvolution operation lead to the R(z)
time-constant spectrum [ 11]. The method is widely used for the
preparation of heat-flow maps of thermal structures such as IC
packages, heat sinks etc. [12]. In this case, the analogy between
thermal and electrical conduction is exploited. According to the
usual modeling rules — used in widespread modeling methods —
voltage represents temperature and current represents heat flux.

It seems straightforward to define the admittance-based ver-
sion of the method as well. In this case, a voltage step excita-
tion is applied and the current response is measured. Here we
use the GC equivalent of our initial RC network, which has
serial capacitance and conductance inserted in each of its par-
allel-coupled stages (see Fig. 8). The response of the network
can be described by using (34) as

j G(-

where ¢ is substituted by exp(z). Deriving both sides by z,

exp exp(z+x))dx (36)

results in
j;:_IG x)exp(—exp(z +x))-exp(z +x)dx  (37)
di
E=—G(z)®exp(z—exp(z)) (38)

If we measure the i(f) response to a unit step voltage excita-
tion, we are able to calculate its time-constant spectrum G(z).
The procedure is similar to the case of Eq. (35).

vnwéééé

Fig. 8 To the admittance-based version of the NID method

-
.

The advantage of this identification process is that it results
in an easier measurement setup for pure electrical networks.
Sometimes it is more simple to create an accurate voltage step
function than a current step function. Of course this method is
not a viable option for the investigation of thermal networks,
since it is difficult to realize a temperature step on thermal RC
structures.

7 Conclusions

The paper presents additions to the theory of distributed
RC one-ports published previously by one of the authors.
Closed-form relations between the characteristic functions
(time-constant spectrum, dipole intensity) have been derived.
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The admittance-based counterparts of the characteristic func-
tions have been introduced. A variant method of network iden-
tification by deconvolution (using voltage step excitation and
recording the current response) is elaborated.

A Appendix
A.1 Proof of Eq. (12)
In Eq. (10) we substitute Z(s) impedance function with (5),
taking into account the following:
* Using (10) we write —exp(X) instead of s since we fol-
low the negative real axis and X is logarithmic,
» S =log(s), thus in place of S we write log(—exp(Z)) =
% + jz. Therefore

0

d:
-[1+exp 2+]7r x) ’ (39)

dx (40)

A.2 Proof of Eq. (13)
The calculation starts with Eq. (11). As a first step the expo-
nential function of both sides is calculated:

exp(log(Z(s))) = (Z(S))
=R, -exp[f -1,(x)

—0

exp(S—x) &
1+exp(S—x)

(41)
Substituting S =X + jz we get

Z(2)=R,- exp[j 1, (x ):’;if(;’;fl)de (42)

After inserting this equation into (4), we found that

R(Z)= %Im {RO exp( T -1, (x)Mj} (43)

2 1-exp(Z—x)

Following some mathematical rearrangements, we have

R(Z)= %RO : Im{exp(]i I, (x)deJ} (44)

l-exp(Z—x

B Examples for the Lumped Circuit Case

In the case of a lumped element network, the integrals in
the (12) and (13) transformation relations can be substituted by
summation. The equation (12) can be written as

arz

1,(Z)=1lim

S0 7 —

1—exp Z+]5 x,) (43)

where R,, 7, are discrete lines of the z-spectrum and x;, =

i

log(1/ 7,) = —log(z,).

This appendix demonstrates that (12) and (13) transfor-
mations are “well applicable” in the case of lumped element
networks as well. The investigated lumped element network
consists of four pairs of RC elements. The example network
is described in our earlier paper [8]. The element values can
be found in Table 1. These values determine the time-constant
spectrum of the example. Each RC element creates a single
spectrum line with an amplitude of R, at the 7z, position.
Applying the (45) transformation formula we obtain the dipole
intensity function of the network. The calculated result is plot-
ted in Fig. 10 along with the analytical function. The applied
sampling rate was 0.02 with 6 = 0.002. The [,(X) < R({)
transformation has also been tested. The problem investigated
in the first test was addressed here as well. We intended to cal-
culate the time-constant spectrum in knowledge of the dipole
intensity function. The integral expression of (13) was evalu-
ated using numerical approximation again. The applied sam-
pling rate was 0.02, with 6 =0.02. Figure 11 presents the result
of the calculation along with the known analytic function. The
agreement is excellent in this case as well.

1kQ

2kQ 1kQ 2kQ

Fig. 9 Lumped RC one-port

T
1.2 HAnalytical -
Calculated

L

0.8 b

Dipole Intensity
o
[e)}
T
|

04 B!
0.2 4
o | ,
1 1 1 1 1 1 1 1
8 8.5 9 9.5 10 10.5 11 1.5 12
2 =log( -o0)

Fig. 10 Dipole intensity function of the one-port shown in Fig. 9

Table 1 Lumped Element Network Parameters

7[us] 316 100 31.6 10
Amplitude

2 1 2
[kQ]
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Time-Constant Intensity

T T
Analytical
2 TCalculated ------ b
1.5 —
1 |
0.5 - -
0 \’ 5 | | — | | | | |
8 8.5 9 9.5 10 10.5 11 11.5 12
¢ =log(T)

Fig. 11 Time-constant spectrum of the one-port shown in Fig. 9. The four

peaks of the calculated result approximate the four Dirac-J functions, their

integrals are very close to the 1-2-1-2 amplitudes.
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