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Abstract
In spite of the benefits of the implementation of the power mar-
ket, the biggest threats for the security and safe working of 
power grids still rests in the congestions of cross-border lines, 
as well as the network itself. The occurrence of the congestion 
is a result of the limited network transfer capacities that are 
result of increased power transactions. There are other meas-
ures that can mitigate the congestion, but still it is a problem 
and cancelling or lowering the power transactions should be 
no solution. This problem arises from the assumptions and 
simplifications made in the methodologies for total transfer 
capacity calculation which reflects to unreal cross-border 
capacities. In this paper, we propose an iterative optimization 
algorithm for a total transfer capacity calculation in case of 
market-based units, which consider the reactive power flow 
and all the constraints that, comes forward. The results and 
the conclusion that shall be presented in this paper are made 
on the IEEE test network, RTS_96.
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1 Introduction
More than thirty years ago, started the process of liberaliza-

tion of the electricity market. About twenty years ago European 
Union started a union wide process with the intention to create 
Internal Electricity Market. As expected, the main motivation 
to introduce the power markets was to increase the competi-
tiveness of the power sector, reducing the prices, attracting new 
investments and developing new efficient technologies.

The benefits of the implementation of the power market are 
obvious, but the biggest threats for the security and safe work 
of the power grids still rest in the congestions of cross-bor-
der lines as well as the network itself. The occurrence of the 
congestion is a complex problem that derives from the limited 
network transfer capacities which comes forward by increased 
power transactions, as a cheaper generation gain the advantage 
and the methodology for cross-border capacity calculation. 
Therefore, the network congestion threats power transactions 
to be cancelled or lowered and that is not a solution in the lib-
eralized power market. To sort-out this problem, auxiliary ser-
vices measures were introduced as an apparatus to lower the 
consequences in case of congestion. Nevertheless, there are 
still technical challenges in the methodology for cross-border 
capacity calculation in a market based environment [1] that 
need to be solved.

From technical aspect, this problem arises from the assump-
tions and simplifications in the methodologies for total trans-
fer capacity calculation which reflects to unreal cross-border 
capacities merely to get results in real-time even in case of large 
systems. The Available Transmission Capacity (ATC) is defined 
as a part of the Net Transfer Capacity that remains available 
after each phase of allocation procedure, for further commercial 
activity. The ATC is given by the following equation, [2]:

ATC NTC AAC TTC TRM AAC= − = − − ,

where NTC is the Net Transfer Capacity, AAC is the Already 
Allocated Capacity, and TTC is the Total Transfer Capacity and 
TRM is the Transmission Reliability Margin.

Computation of the ATC should be considered as a limit 
imposed by the system components, the thermal line limits, 
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bus voltage limits and stability limit, as well as load forecast 
uncertainties. In addition, the methodology for calculation of 
TRM, indirectly affects the final result in (1).

In the beginning deterministic approach was favoured, and to 
acquire fast results in real-time for ATC, DC model was used as 
a simple and fast solution [9, 12, 13]. One of the deficiencies of 
this approach was a result of the assumptions and simplifications 
of the network model that were leading to unreal ATC values. 
For more accurate computations the AC model was introduced. 
Another approach for the ATC computation was introduced 
by the continuous power flow (CPF) algorithm, that trace the 
power flow solution, starting at the base load and leads to a 
steady-state voltage stability limit or critical maximum loading 
point of the system. The CPF overcomes the possible singular-
ity of the Jacobian matrix, but on other hand, it involves com-
plex parameterization, predictor and corrector factors [3]. The 
Monte-Carlo method also could be used for computation of the 
ATC as a representative of probabilistic methods [4]. Another 
technique of getting results that are more accurate is by apply-
ing the optimization method (OPF) in the procedures of obtain-
ing ATC. In all, all well-known methods have their positive and 
negative sides but somehow the OPF-based methods might be 
the most promising for computation of the ATC’s values.

In this paper, an algorithm based on the OPF linear program-
ming is introduced with consideration of reactive power flow and 
all the constraints that follow to sustain system’s stability in case 
of market based units (generators). The proposed algorithm pro-
vides solutions in cases, when for a network set point we would 
like to utilize as much as possible cross-border line capacities.

This paper is organized as follows. In Section 2, the formula-
tion of the problem is introduced and followed by the system’s 
constraints, as in Section 3 the network model is presented. In 
Section 4, the proposed algorithm is introduced as well as the 
results from the applied methodology. The Conclusion is given 
in Section 5.

2 Problem formulation
For clarity reasons let us classify the nodes into three cate-

gories: source nodes, sink nodes and other nodes. Source nodes 
are the generators that shall increase their generation while sink 
nodes are the generators that shall decrease theirs. Other nodes 
are the generators that shall retain their generation unchanged. We 
need to highlight that loads and generators could be connected 
at same node, but only generators can shift their power in the 
market-based environment. In case of power market targeted gen-
erators, the generators are able to shift their active power in both 
directions (increase and decrease) appropriately of their cost.

Let us assume that TTC calculations are made for a given 
network set point, for which the system has sufficient large sta-
bility margin that provides system voltage stability. In the pro-
cess of generation shifting, limits as power generation, thermal 
branch and bus voltage limits must not exceed set limits. 

Mathematical formulation of the TTC problem is expressed 
by the following equation:

TTC xi
i

ng

=
=
∑max ,
1

where, xi is the active power injection change for generator i; 
ng is the number of generators that can change their production.

In market based systems, the computation of the TTC should 
be related to generation costs, as well. In the network model 
(Section 3), along with the generation cost curves represented 
with the second order polynomials, the optimization problem is 
simplified to a quadratic program [15], with linear constraints and 
quadratic cost function (2). With this in mind, the mathematical 
formulation of the problem (2) can be redefined as

TTC a P b P ci i i i i
i

ng

= ⋅ + ⋅ +( )
=
∑min .

2

1

The active power generation of generator i is denoted by Pi, 
while its generation costs are represented by ai , bi and ci .
While generators change their generation, the system must stay 
stable and operate without violation of the constraints. The first 
constraint that imposes from power generation shifts (decision 
variables) is defined as

SG SG SG i ngi i imin max , ,..., ,≤ ≤ =1

where  SGi  is the apparent power generation, whereas  SGmini  
and  SGmaxi  are the respective lower and upper generation 
limit of generator i. The Equation (5) may be rewritten as

PG PG x PG i ngi i i imin max , ,..., ,
( )≤ + ≤ =0

1

QG QG y QG i ngi i i imin max , ,..., .
( )≤ + ≤ =0

1

PGmini and PGmaxi are the minimum and maximum active 
power generation limits and (0)

iPG  is the base case active power 
generation of generator i. Similar notation applies to the reac-
tive power generation. If we express generator’s apparent power 
by its power factor, the base case active power and the genera-
tion shifting, Equation (5) could be rewritten in a matrix form as

SG PG x SGmin cos max cos PG ,⋅ −



 ≤ ≤ ⋅ −





( ) ( )ϕ ϕ0 0

where x is the vector-column of generation shifts for the gen-
erators which are included in power transactions.
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In their final form, all constraints shall be expressed in 
accordance to the active power generation shifting.

In term of the power flow direction, for each branch, we 
define starting node as  from  and ending node as to, denoted 
as  f  and  t, respectively. For each branch-end, the branch con-
straints are expressed as

− ≤ + ≤ =

− ≤

PB PB PB PB k nb
PB PB

k
f

k
f

k
f

k
f

k
t

k

max max , ,...,

max

( ),

( ),

0

0

1∆
tt

k
t

k
tPB PB+ ≤∆ max

where (0), f
kPB  and (0),t

kPB  are the branch active power flows 
in the base case for branch k, f

kPB∆  and t
kPB∆  are changes in 

the branch active power flows, max f
kPB  and max t

kPB  are the 
branch active power flows limits at both branch ends respec-
tively and  nb  is the number of lines.

The limits for the branch active power flows are calculated 
using the base case solution and MVA branch limits in the 
following way

PB SB QB
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where max f
kPB  and max t

kPB  are the branch k MVA limits, 
(0), f
kQB  and (0),t

kQB  are the branch k reactive power flow in the 
base case at both ends, respectively. If we introduce the PTDF 
matrix for the active (HGP) and the reactive (HGQ) power gen-
eration (Section 3), we could express the branch constraint in 
terms of the generation shifting as
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By doing so, we take into consideration the effect of the 
branch reactive power flow as it is neglected in many cases 
[4]-[8]. To sustain the system stability during the generation 
shifting, the nodes voltage must be in the defined limits as it 
is an essential system voltage stability not to be affected. The 
node voltage constraint is given by

U U U j njj j jmin max , , , ,≤ ≤ =1

where  Uminj  and  Umaxj  are the lower and the upper node 
voltage boundary for a given node j and nj is the number of 
nodes in the network. If we acknowledge the sensitivity of the 
bus voltage from the reactive power shifting, the constraint ex-
pressed by (12) could be rewritten in a matrix form as

U U Cg y U

Cg Fdg tg

min max U ,−



 ≤ ⋅ ≤ −





= −[ ] ⋅

( ) ( )

−

0 0

1 ϕ

where  Cg  is the diagonal sensitivity matrix in terms of the 
reactive power generation shifting y. Fdg  is the matrix with 
dimension nj x ng and its elements represents the nodes voltage 
change in accordance to the reactive power generation shifting 
and  tgφ  is the diagonal matrix formed by the power factors of 
generators which are involved in the power transaction.

3 Network model
In general, differing on the network model, two classes of 

transmission network models are used. The AC model is the 
“accurate” power flow model, where all network peculiarities 
are taken into account. With this model, the voltage magnitudes 
and angles as well as the active and the reactive power flows 
are obtained. On the other hand, the approximate DC model 
takes into account only the voltage angles and the active power 
flows. The main advantage of the DC model include non-iter-
ative approach, which is reliable, gives unique solutions with 
acceptable accuracy for heavily loaded branches that might 
constraint the system operation and simple and efficient opti-
mization procedures [14].

In this paper, we use the standard AC power flow. Net active 
and reactive power injections in node  j  are

P U U G Bj j m jm jm jm jm
m

nj

= ⋅ ⋅ ⋅ + ⋅( ) 
=
∑ cos sin ,θ θ
1

Q U U G Bj j m jm jm jm jm
m

nj

= ⋅ ⋅ ⋅ − ⋅( ) 
=
∑ sin cos ,θ θ
1

where  U  denotes voltage magnitude and  θjm  is the differ-
ence in the voltage angles of the nodes  j  and  m; and  G  and 
B  denote real and imaginary elements of the  Y  bus matrix. To 
achieve linearization of the optimization model, we use the as-
sumptions of the standard fast-decoupled load flow model [16].

It should be noted that nodal power injections increments 
occur only at generator nodes, since only the generators that 
are eligible for power transactions can shift their generation. 
Consequently, from (14) and (15), the perturbed system for a 
set of independent nodes is represented by two sets of linear 
equations, represented in matrix form as

∆ ∆P E= ⋅ θ ,

∆ ∆Q F U= ⋅ ,

where  E  and  F  are the sensitivity matrices, while  Δθ  and  
ΔU  are the voltage phase angle and the voltage increments, 
respectively [10]. The general equations for the active and the 
reactive power flows in the branch that directly connects the 
nodes j  and  m  respectively, are

PB U G U U

G B
j m j j m j m

j m jm j m jm

− −

− −

= ⋅ − ⋅ ⋅

⋅ ⋅ + ⋅( )

2

cos sinθ θ
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j m
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sin cosθ θ

By applying the assumptions in [16], (18) and (19) can be 
written in matrix form as [10]

∆ ∆PB D= ⋅ θ ,

∆ ∆QB H U= ⋅ .

Since the network model is linear, it yields linear sensitivi-
ties of the branch flows to change in the node power injections 
[10] and [14]. These sensitivities are packed in a matrix called 
PTDF. If we express voltage and voltage-phase angle incre-
ments from (16) and (17), (20) and (21) can be expressed in 
terms of the generator’s active power shifts, as 

∆PB HGP x= ⋅ ,

∆QB HGQ tg x= ⋅ ⋅ϕ ,

where  ΔPB  and  ΔQB   are the active and reactive branch power 
flow increments as a result of the active power generation shift-
ing respectively,  HGP  and  HGQ  are the active and reactive 
generation PTDF matrices respectively,  tgφ  are the power fac-
tors of generators that are involved in the power transaction. 
The concept of the PTDF matrix is well explained in [10].

4 Proposed algorithm and results
The proposed algorithm is based on the OPF linear program-

ming code packed in a suitable form for the program package 
MATPOWER. Figure 1 depicts the algorithm, which is com-
prised of five steps.

Step 1: Reads the input file and makes routine checks for 
input errors.

Fig. 1 Principle schematics of proposed algorithm

Step 2: AC power flow for the base case scenario is calcu-
lated. Furthermore, the correction procedure for zonal power 
losses is implemented under the assumption that every zone 
needs to cover its own power losses. The base case exchange 

procedure, base case cost analyses are administrated as well as 
the base case solution check

Step 3: for determining shifting limits (capabilities) for the 
generator’s active and reactive power, the branch free space 
and the node voltages are performed. 

Step 4: Procedure for non-linear constraints runs before 
optimization. Global limits are defined, as the total generation 
active power shifting shall be in these limits. At the beginning, 
the lower limit is set to zero and the upper limit is set to the total 
sum of the generator’s active power shifting reserves. These lim-
its shall change with the optimization process as we are nearing 
to the global solution during optimization. The global solution 
is obtained in few iterations. During the iterations, every solu-
tion is checked by the AC power flow and correction steps are 
made in the constraints as a result of the reactive power. In addi-
tion, correction procedures for zonal power losses, exchange 
procedure, cost-function as well as global limits correction pro-
cedure, are implemented. As a global solution is reached, no 
constraints shall be violated and the system’s security shall not 
be impaired (compromised). The optimization problem defined 
with (3) associated by (7), (8), (11) and (13) is solved using the 
MATPOWER’s active-set solver (QUADPROG) implemented 
in the Matlab code, derived from the MEX implementation of 
the corresponding algorithms in [17].

Step 5: After the optimization process, the output data is 
sublimated in a proper output file.

For testing purposes, the IEEE RTS 96 test network was used. 
The IEEE RTS-96 is able to provide a single-area, two-area, and 
three-area configurations. The full system consists of 73 buses, 
120 branches, and 96 generating units with a total generating 
capacity of 10 215 MW (3 405 MW in each area) for a system 
peak load of 8 550 MW (2 850 MW in each area), [15]. For an 
easier network losses allocation, we added a fictitious zone. This 
zone consists of a single node (generator) that represents the 
global slack bus. Based on a previous statement in this paper, that 
every zone needs to cover its own zonal losses, practically the 
active power generation in this fictitious zone should be zero. The 
value at this fictitious node represents the precision of applied 
algorithm. The global slack bus is connected to the original slack 
bus, by a branch with very low (practically zero) impedance, so it 
does not affect real power flows of the test network.

Results from base case calculations are presented in Table 1. 
For each zone, total generation, load and losses are given as 
well as zone export/import active power. Exchanges between 
each zone, calculated before correction procedure, are shown 
in Table 2. The total exchange in the base case between the 
zones is 11.9 MW without zone 4, as the purpose of the fourth 
zone is to cover total system’s power losses. 

Generators 1, 2, 7, 13, 14, 15, 16, 18, 21, 22 and 23 in zone 1 
and generator 74 in zone 4 are export generators, while genera-
tors 25, 26, 31, 37 and 39 in zone 2 and generator 71 in zone 3 
occurs are import generators.

(19)

(21)

(20)

(22)

(23)

.
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Table 1 Results for AC Base Case Scenario (in MW)

Zone Generation Load Losses Export/Import

1 2653.4 2565 33.5 88.4

2 2360.6 2565 55.5 –204.3

3 2680.9 2565 53.5 115.9

4 142.5 0 0 142.5

Table 2 Exchanges Between Zones in Varouse Scenarious
(case 1, case 2 and case 3) (in MW)

Scenario
Zone exchange

Total
1-2 1-3 2-3 1-4

DC base case 8.0 80.4 –196.3 0 –107.9

DC Case 1 250.0 250.0 –215.8 0.3 284.2

AC base case 74.4 122.9 –185.4 0 11.9

AC Case 2 173.2 245.1 –175.8 –0.1 242.5

AC Case 3 129.4 179.7 –208.5 0.2 100.6

Table 3 Active Power Generation Cost in Varouse Scenarious
(in Currency Units)

DC 
base case

DC 
Case 1

AC 
base case

AC 
Case 2

AC 
Case 3

Cost 237 346 228 754 240 767 238 573 239 691

Benefit – 8 592 – 2 194 1076

The functionality of the algorithm was tested on the IEEE 
RTS_96 test network using both DC and AC load flows, and 
with and without taking into consideration the impact of reac-
tive power flows. In case of the DC load flow (case 1) the num-
ber of constraints is 238. After the optimization, the increase 
of generation at source nodes is 411.6 MW, while the decrease 
of generation at sink nodes is –411.6 MW, which results in 
increase of total exchange between zones of by 392,1  MW 
(from –107,9 MW to 284.2 MW). The generation costs in vari-
ous scenarios are given in Table 3.

In case of AC load flow without taking into consideration 
the reactive power constraints of the generators (case 2), the 
number of constraints is 476. In this case, after the optimiza-
tion, the increase of generation at source nodes is 274.5 MW, 
while the decrease of generation at sink nodes is –274.5 MW, 
which results in increase of total exchange between zones of by 
230.5 MW(from 11,9 MW to 242,5 MW) The optimal solution 
was obtained in three iterations. In addition, the algorithm was 
tested taking into consideration constraints related to reactive 
power – generator var limits and voltage constraints (case 3). 
The number of constraints in this case is 624. After the optimi-
zation, the increase of generation at source nodes is 167.4 MW, 
while the decrease of generation at sink nodes is –167.4 MW, 

which results in increase of total exchange between zones of by 
88.6 MW (from 11.9 MW to 100.5 MW). The optimal solution 
was obtained after seven iterations.

Generation cost data for active power were taken from IEEE 
RTS_96. The advantage of taking the reactive power con-
straints are perceived in more accurate computation of total 
transfer capacities of interconnected lines. In such cases, it is 
possible to avoid possible congestion appearance, which shall 
cause to lower/cancel power transactions.The benefits of taking 
reactive power flows in the TTC calculations are recognized in 
more accurate TTC values, avoid possible congestion, indirect 
financial benefits, etc.

5 Conclusion
In this paper, we propose an iterative optimization algorithm 

for total transfer capacity calculation that can be used market 
driven power systems. The algorithm considers reactive power 
flows and all related constraints. The algorithm is based on 
OPF linear programming, which provides global solution for a 
given network configuration in case to realize additional power 
transactions. This is done in such manner by using network lin-
ear model, supplemented with consideration of reactive power 
flow. Taking reactive power flows into consideration, as con-
straints in the optimization procedure, we are able to obtained 
more accurate total transfer capacities of the interconnected 
lines and in that manner to prevent possible congestions in the 
network. By this we gain indirect financial benefit as we are 
able to prevent possible congestion which shall reflect by low-
ering/ cancelling power transactions. In this case, we have used 
large testing network for obtaining the results of implemented 
algorithm, which in most cases the proposed methods offers a 
smaller problem size and faster calculation times.
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