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Abstract
Impact of FACTS devices on the voltage stability is usually 
determined with the power-flow calculations. Results, gained 
in this way, is sometimes difficult, if not impossible, to explain 
in qualitative way and to draw the general conclusions. There-
fore analytical approach using simple basic models may submit 
more insight into basic features of tested device behavior in 
an electric power system (EPS) than numerical calculations at 
real-like system model. The paper presents such an approach 
for Unified Power-Flow Controller (UPFC), which may be 
considered a synonym for multi-parameter controlled FACTS 
device. The basic goal is to acquire impact of an UPFC on 
voltage stability enhancement and voltage control respectively. 
Therefore it is positioned into the standard model, widely used 
for voltage stability representation purposes. In the paper the 
mathematical solution of the problem is explained and the 
impact of the UPFC on voltage stability is shown.
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1 Introduction
Consequences of voltage instability can lead into a system 

blackout in an electric power system (EPS), which can cause a 
leakage of electricity supply thousands of consumers and mil-
lions euros of economical losses. Voltage instability is a well 
known phenomenon described in Refs. [1-3] and reports [4-8], 
but less theoretically explained in cases that in the EPS operates 
a FACTS device (Flexible AC transmission system), such as a 
static VAr compensator (SVC), a static synchronous compensa-
tor (STATCOM), a controllable series compensation (CSC), a 
static synchronous series compensator (SSSC), a serial-parallel 
device - unified power-flow controller (UPFC) or others. Ref. 
[9] explains the impact of parallel and serial FACTS devices 
on the voltage stability; while the present paper introduces the 
mathematical background and analyses the impact of the UPFC 
on voltage stability in the EPS.

The UPFC device combines the features of a serial device 
SSSC, a parallel device STATCOM and a phase-shifting trans-
former in one device. The UPFC has three independently con-
trollable parameters and can operate in different ways [10-12]:

• a simultaneous and independent power-flow control of 
the transmission line,

• a simultaneous and independent voltage control,
• an optimal operation of an EPS based on a transmission 

angle and a power-flow control,
• improving angle and voltage stability,
• direct voltage injection,
• a voltage regulation in the selected busbar,
• a compensation of the line impedance,
• a phase angle control and others.

Figure 1, adopted from [9, 12], illustrates the basic struc-
ture of an UPFC which consists of two frequency convert-
ers: a parallel transformer (denoted as TRP) with a frequency 
converter 1 and a serial transformer (denoted as TRS) with 
a frequency converter 2. The converter 1 and 2 are operated 
from a common DC link provided by a DC storage capacitor: 
parallel CP and serial CS condenser battery. The ideal conver-
sion AC–DC–AC between the converter 1 and 2 provide an 
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independent generation or absorption of a reactive power at 
each converter output.

The serial branch (converter 2 and TRS) injects in the line a 
voltage phasor UT  with controllable magnitude UT Î [0, UT max ] 
and angle 0° ≤ φT ≤ 360°. If the phasor UT  leads the line current 
I
UPFC

 it causes an effect of into a line connected parallel induct-
ance and in case the phasor UT  lags the current I

UPFC
 an effect 

is as parallel to the line connected capacitor.
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Fig. 1 The principle sketch of the UPFC.

The parallel branch controls an injection of a capacitive or 
an inductive reactive power into the grid which affects a volt-
age phasor  UA . A current phasor  IQ   of the parallel branch 
denotes the reactive current that can lead or lag the voltage 
phasor  UA   for 90 degrees.

The frequency converter 1 adjusts the active power by con-
trolling an angle between the phasor  UA   and  UP   by the 
parallel branch.

The UPFC itself does not produce any active power; the 
equilibrium of the active power is achieved by injection into 
or from the parallel branch with the transformer TRP with the 
frequency converter 1. The active power of the serial converter 
is provided by a current IT from the parallel branch in accord-
ance with:

U I U IA ⋅ = ⋅ 
∗ ∗
T T UPFC
Re ,

I U
T A

.

The real part Re U I
T UPFC
⋅ 

∗  is an active power that is trans-
ferred from the parallel branch U I

A T
⋅ ∗  and is injected by the 

serial branch into the EPS. The current phasor IT  in Figs. 1 
and 2 has only real component Re I

T[ ]  and is in phase with the 
voltage UA . The phasor IT  illustrates a transfer of active power 
U I
A T
⋅ ∗  from the parallel into the serial branch (1).

The parallel branch controls the reactive power indepen-
dently of the serial branch, with the assumption that the current 
in the serial branch I I

T Q
+( )  is independent of the voltage UA . 

The balance of the reactive power is achieved with the introduc-
tion of the current phasor IQ :

I I
Q T
⊥ ,

I U
Q Q A

j= ⋅B .

The phasor  IQ   is in addition to  UT  and  φT  the third param-
eter of the UPFC [10]. In mathematical derivation the current 
IQ   is expressed with the susceptance BQ that enables the ana-
lytical solutions of equations. The sum of the currents  IQ   and 
IT   of the parallel branch is denoted as  I

PAR
.

I I I
PAR Q T

= +

The absolute value of the current I
PAR

 does not exceed 
IPARmax:

I I I I
PAR T Q PAR max

= + ≤2 2
.

The value of IPAR max is determined by the maximum value of the 
injected voltage UT max of the serial branch, the nominal volt-
age of the grid UN and the maximal apparent power Smax of the 
UPFC:

I
U S

UPAR max

T max max

N

=
⋅
2

The maximal power of UPFC is calculated:

S U U
X Xmax

1 2

1 2

=
⋅
+

⋅ ( )sin .δ
12

In (8) the value of the angle  δ12  between the voltage phasor at 
the beginning U1  and at the end U2  of the line is often chosen 
30 degrees. The reactance X1 and X2 denote the reactance of the 
line before and after the UPFC.

The nominal IN current of the UPFC is calculated from the
maximal power Smax of the UPFC and the nominal voltage UN:

I S U
N max N
= .

The current of the serial branch IUPFC does not exceed the 
nominal current IN:

IUPFC ≤ IN .

By setting the maximum injected voltage UTmax, the nominal 
power of the serial branch can be calculated:

S U I
N ser T max N

= ⋅ .

The nominal power of the parallel branch is calculated:

S U I U I
N par A PAR N N par

= ⋅ = ⋅ .

As the active power of the serial and parallel branch is bal-
anced [12], the value of the nominal power of the serial and 
the parallel branch is the same SN ser = SN par. It follows that the 
nominal current IN par of the parallel branch is calculated:

(1)

(2)

(3)

(4)

(5)

(6)

(7)

(8)

(9)

(10)

(11)

(12)
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I S U
N par N par N

= .

The nominal power SN of the UPFC is the sum of the nomi-
nal power of the serial and the parallel branch:

S S S
N N par N ser
= + .

A mathematical model for the voltage stability of the EPS is 
driven based on previous described knowledge of the operation 
of the UPFC, its parameters (UT, φT, BQ) and variables.

2 Derivation of the mathematical model of an UPFC
The basic mathematical model of the UPFC for voltage 

stability analysis is presented on the extended SLIB (Single 
Load Infinity Bus) model, Fig. 2. The UPFC is connected 
through the π model of the transmission line with the parameters 
R1, R2, X1, X2, B10 and B20. The SLIB model is suitable for the 
voltage stability studies in which the voltage dependence of 
the load bus U2(P2) is presented, depending on the network 
conditions (load flows) and the characteristics of the loads [12]. 
To find out how the device UPFC affects the voltage U2 , the 
UPFC is placed in the line at an arbitrary distance from the 
slack, the parameters R1 and R2, X1 and X2, B10 and B20 are in 
general different. By placing an UPFC in the two-bus model, 
the SLIB model extends to the four-bus model with the UPFC 
connected between the buses A and B. On the buses A and B 
the susceptances B10 and B20 are connected, as shown in Fig. 2.
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Fig. 2 The SLIB model with the UPFC.

An UPFC is modelled as a continuously controlled injected 
voltage UT  and current IQ  with a fast response [10]. The deri-
vation of the analytical equation for the voltage U2 with the 
UPFC is based on the model shown in Fig. 2, for which the 
Kirchhoff current (15) and voltage (16) laws are described as 
follows:

I I I I I I I I
1 10 0 0 0 2
= + + + + + +

A Q T B 2
,

U U R X I I I I I I

U R X I I
2 1 1 1 0 0 0 2

2 2 2 0 2

= − +( ) ⋅ + + + + +( )
+ − +( ) ⋅ ⋅( )

j

j

A Q T B 2

2

The currents in (15) can be substituted with the known vari-
ables P2, Q2, U1 , with the parameters of the network: R1, X1, R2, 
X2, B10, B20, with the parameters of the UPFC: UT, φT, BQ and 

with the unknown variable – voltage U2. After the analytical 
derivation the solutions can be presented in the form of two 
equations:

f U R X B R X B P

U B U U
1 1 1 1 10 2 2 20 2

0

, , , , , , , ,

, , , ,

(
) =T T Q 2 Re 2 Im

ϕ

f f U R X B R X B P

U B U U U
2 1 1 1 1 10 2 2 20 2

, , , , , , , , ,

, , , ,

(
( ) ) =T T Q 2 Re 2 Im 2 Im

ϕ 00

The analytical function (18) consists of two solutions – imagi-
nary part U2 Im

up  of the voltage phasor for the upper PV curve:

U U R X B R X B P

U B U
2 1 1 1 10 2 2 20 2

2
0

Im

up

T T Q Im

up (0)

, , , , , , , ,

, , ,

(
) =ϕ

and imaginary part U
2 Im

low  of the voltage phasor for the lower 
PV curve:

U U R X B R X B P

U B U
2 1 1 1 10 2 2 20 2

2
0

Im

up

T T Q Im

low (0)

, , , , , , , ,

, , ,

(
) =ϕ

With the introduction of the solutions (19) and (20) in (17) 
the voltage phasors for the upper U

2

up  and the lower U
2

low  
PV curves are calculated. Determination of the initial values 
U
2 Im

up ( )0  and U
2 Im

low ( )0  are crucial for the calculation of the proper 
values U

2

up  and U
2

low .

3 Voltage-stability analysis for the extended SLIB 
model with the UPFC

A voltage stability analysis for the extended SLIB model 
with an UPFC is performed with the calculation of (17-20) 
iteratively with increasing a value of the load  P2 = λ ∙ P2 0 . 
A voltage collapse occurs when the load factor  λ  takes the 
maximum value max  λ = λmax  at which the values of the roots 
of (19) and (20) become imaginary  U2 Ï Re .

A study of an effect of the UPFC on the voltage stability in 
the extended SLIB model is based on the nominal power SN, 
which is also a key indicator for the costs of FACTS devices. 
The nominal power SN=2.5 p.u. and the nominal current IN= 2.5 
p.u. of the UPFC are calculated at the values of the reactance 
X1 = X2= 0.1 p.u., at the nominal voltage  U1 = U2 = 1 p.u. and 
at the (maximal) transmission angle  δ12 = 30°.

For the numerical calculations, the following values of the 
line parameters are used; see the model in Fig. 2:

R1 = R2 = 0.0001 p.u.
X1 = X2 = 0.1 p.u.
B10 = B20 = BA0 = BB0 = 0.05 p.u.
A linear dependence of the active and reactive power for 

the load bus  Q2= k·P2  is taken. The value of  k=0.25  meets 
the load-power factor  cos(φ) =0.97. The active load power 
is increased  P2 = λ ∙ P2 0  from  λmin = 0.01 to the maximum 

(13)

(14)

(15)

(16)

(17)

(18)

(20)

(19)

.

,

,

,

,
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value  λmax  at which the voltage collapse occurs. The slack 
bus is defined by a constant value of the voltage magnitude  
U1 = 1 p.u. and the angle  δ1 = 0°. The values of the parameters 
of the UPFC are:

UT = UT max = 0.2 p.u.,
φT= [0 10 30 60 90 110 135 150 180 230 350]°,
IPAR max = 0.5 p.u. (7),
IN = 2.5 p.u. (9),
SN = 1 p.u. (14),
| IQ | ≤ IPAR max .
According to a time consuming and the complex calculation 

of PV curves for the selected parameter values of the UPFC, 
the values of the angles  φT  are selectively chosen by means to 
demonstrate the operation of the UPFC in each quadrant.

The following initial values and constants are used:
P20 = 1 p.u.,
λ(0) = λmin = 0,01,
BQ (0) = 0.0001 p.u.

3.1 PV Curves for the UPFC
The results of the simulation U2(P2) with the UPFC are 

shown in Fig. 3, where each PV curve corresponds to a spe-
cific value of the parameter of the UPFC. The PV curve also 
known as nose curve consists of an upper U2 UP and a lower
U2 LOW curve. In Fig. 3. the upper curve are denoted with solid 
and the lower curve with dotted line. The latter do not satisfy 
the constraints (6) and (10) which means that are outside the 
scope of an operation of the UPFC and are limited to a theoreti-
cal consideration.

0,0

0,1

0,2

0,3

0,4

0,5

0,6

0,7

0,8

0,9

1,0

1,1

1,2

1,3

0 0,2 0,4 0,6 0,8 1 1,2 1,4 1,6 1,8 2 2,2 2,4 2,6 2,8 3

U 2
 / 

p.
u.

 

P2 / p.u. 

IUPFC > IN 

α = 22°  

Umax= 1,1 p.u. 
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Fig. 3 PV curves for different values of the parameter φT for SLIB
with the UPFC at UT= 0.2 p.u.

The black curve denotes the voltage U2, without the UPFC 
operation (UT=0, φT=0, BQ=0) and distinguishes the opera-
tion of the UPFC in inductive (90°<φT<270°) and capacitive 
(0°<φT<90° and 270°<φT<360°) mode. In Fig. 3 the blue upper 
curves above the black curve denote an operation in the capaci-
tive mode and below the black curve denote an operation in the 
inductive mode.

The solutions of (18) enable the calculation of PV curves, 
which are the basis for the analysis of voltage stability [1]. 
The upper U2 UP and the lower U2 LOW PV curve for the model 
in Fig. 2 is calculated at the constant parameters of the UT , 
φT and BQ. By variation of the angle  0° ≤ φT ≤ 360 and the 
injected voltage  0 ≤ UT ≤ UT max  at the selected values BQ the 
multitude of curves U2 UP are calculated. Since the parameter 
BQ replaces controllable parameter IQ, it can vary in capacitive 
BQ>0 or inductive BQ<0  mode until the constraints (6) and (10) 
are satisfied. In case of  BQ>0  the maximal upper curve  U2 UP max  
is calculated and in case of  BQ<0  the minimal upper curve  
U2 UP min  is calculated. Thus the entire operating range of the 
UPFC is simulated, that extends the possibility of varying the 
upper voltage U2 UP between the voltage U2 UP min and U2 UP max.

The permissible band of the bus voltage in the EPS is set 
between minimal Umin = 0.875 p.u. and maximal Umax =1.1 p.u. 
value.

In the Figure 3 the area marked with the blue curves, which 
is the scope of possible operating regime of the UPFC, is lim-
ited with two curves:

• U2 UP max  at  φT = 10° and
• U2 UP min  at  φT = 180°,

between them are situated the PV curves calculated at the oth-
ers angles φT .

Ability of the UPFC for maintaining a voltage stability (at 
UT = 0.2 p.u.) is estimated by observing the voltage range of 
±ΔU according to the black PV curve when the UPFC is out of 
operation. Figure 3 shows that:

• at low load (E.g. P2=0.11 p.u.) a voltage change up is 
+ΔU=0.25 p.u. and down is -ΔU=0.18 p.u.

• at high load (E.g. P2=1.27 p.u.) a voltage change up is 
+ΔU=0.27 p.u. and down is -ΔU=0.4 p.u.,

which demonstrates a notable contribution of the UPFC to 
maintaining a voltage stability in the EPS.

In Figure 3 can be seen that the lower and upper PV curves 
do not converge in the proximity of the voltage collapse; the 
reason is the constraint (10).

The result of the operation of the regulation of IQ at a con-
stant angle φT=10° and an injected voltage UT=0.2 p.u. is illus-
trated in Fig. 3 with three PV curves:

• U2 UP , fit=10; the curve at constant IQ=0.0001 p.u.,
• U2 UP max , fit=10; the curve at BQ>0, IQ is increased as long 

as (6) and (10) are satisfied,
• U2 LOW max , fit=10; the curve at BQ<0, IQ is decreased as 

long as (6) and (10) are satisfied.
Figure 3 reveals an interesting feature of an UPFC: all peaks 

of the upper curves end up on the straight line (denoted with 
green colour) at the angle α=22° irrespective of a value of the 
angle φT . This new finding is verified by another calculation in 
which the resistance of the lines are increased R1= R2= 0.01 p.u. 
The results of re-calculation are shown in Fig. 4.
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Fig. 4 PV curves for different values of the parameter φT for SLIB with the 
UPFC at UT= 0.2 p.u., X= 0.1 p.u., R= 0.01 p.u.

Figure 4 shows that due to increase of the line resistance the 
voltage range of operation of the UPFC is shorter, which is an 
expected result, but it is interesting that the slope of the straight 
line on which all peaks of the upper curves end up is changed 
only for one half of the angular degree.

Further explanation of the  PV  curves gives Fig. 5, which 
shows the current  IUPFC(P2). The blue curves denote the current 
IUPFC  at the angle  φT=10°  and  φT=180°  at which the maximum 
and minimum upper curves are calculated, between them are 
placed the  IUPFC(P2)  curves calculated at the others angles  φT.

Figure 5 clearly shows the current limitation (10) of the 
UPFC at which the current IUPFC is set to nominal value IN=2.5 
p.u. The dotted red curves denote the current IUPFC at the angle 
φT=10° and φT=180° corresponding to the lower PV curves. 
The values of the currents corresponding the lower PV curves 
are significantly higher than the nominal current IN.
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         Fig. 5 Maximal and minimal current-power curves for parameter values
φT = 180° and φT = 10° at UT= 0.2 p.u.

4 Conclusion
The motivation for this paper is to present the voltage stabil-

ity response of a simplified electric power system with an UPFC 
included. A mathematical derivation of the analytical equations 
of the PV curves for the extended SLIB model is described and 
a dependence of load bus voltage U2 of the load power, network 
parameters, and the parameters of an UPFC is shown.

The impact of the UPFC on voltage stability is explained 
taking into account the possibility of varying all controllable 
parameters of the UPFC: UT, φT and IQ.

Explicit equation for the real and imaginary part of phasor 
U2 allows an insight view into the actual UPFC response on a 
change of load power P2, that classical power-flow programs 
do not allow.

Based on the analysis of PV curves for different values 
of the UPFC parameters, we came to the conclusion that the 
UPFC may have significant influence on voltage stability in the 
electric power system.
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