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Abstract
In this paper a 1D model is presented for the simulation of 
blood flow in stenosed coronary arteries. The model was 
developed by implementing a special boundary counditions in 
a previously published arterial blood flow model. The steno-
sis as well as the arterioles were modelled as linear resist-
ances. Using patient-specific parameters, blood flow can be 
calculated for different inlet flow rates. The model was used 
to simulate blood pressure waveforms of 5 patients diagnosed 
with coronary stenosis. Simulation results show good agree-
ment with measurement data.
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1 Introduction
Cardiovascular diseases (CVDs) are the number 1 cause of 

death globally [1]. They are caused by atherosclerosis, that is 
the narrowing and/or blockage of the coronary blood vessels. In 
the recent years, fractional flow reserve (FFR) has emerged as 
a reliable index for determining the significance of a coronary 
stenosis [2]. FFR is the ratio of the distal to the proximal pres-
sure before the stenosis (Eq. (1)). In clinical trials, the value of 
FFR below 0.8 is generally recommended as a threshold for a 
revascularisation [3].

 FFR =   
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Recent studies suggest that not only the value of FFR but 
also the blood pressure waveform contains important informa-
tion about the nature of the flow in a stenosed coronary artery 
[4-6]. In this paper, we present a 1D model for the simulation 
of blood pressure waveforms in stenosed coronary arteries. The 
model is based on a previously published model used to simu-
late blood flow in the human arterial network [7].

2 Models and methods
The blood is treated as a Newtonian fluid and the viscoelastic 

behaviour of the vessel wall is modelled by the so called Stuart 
model, a useful tool for modelling viscoelasticity in polymer 
technology [8]. As the detailed description of the model has 
been published earlier [7], only a summary is presented below.

In the original model, pressure and velocity distribution and 
wall deformation for each vessel is calculated by solving the 
following system of partial differential equations simultane-
ously using the method of characteristics:

1. Momentum equation

   ∂ v ___ ∂ t   + v   ∂ v ___ ∂ x   +   1 __ ρ     
∂ p

 ___ ∂ x   + g   dh __ dx   +   32ν ___  D   2    v = 0 

2. Modified continuity equation:

 2   ∂ ε __ ∂ t   + 2v   ∂ ε ___ ∂ x   + (2ε + 1)   ∂ v ___ ∂ x   = 0 

3. Equations of the Stuart model:

 2   ∂ ε __ ∂ t   + 2v   ∂ ε ___ ∂ x   + (2ε + 1)   ∂ v ___ ∂ x   = 0 
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where  D0  and  D  are the initial and instantaneous diameters, 
p  the transmural pressure,  v  the axial velocity,  h  the eleva-
tion,  δ0  the wall thickness,  ν  the kinematic viscosity,  g  the 
gravitational acceleration and  ρ  the density of the blood, E1 , 
E2  and  η2  material properties of the vessel, and  ε1 ,  ε2  and  ε 
represent the elastic, the viscoelastic and the total deformation 
of the vessel wall, respectively.

Earlier studies indicate that cardiac motion does not have a 
significant effect on coronary blood flow [9, 10] therefore it is 
enough to consider a static arterial network.

2.1 Boundary Conditions
At the inlet, the proximal pressure was used as a periodic 

boundary condition. The stenosis as well as the arterioles were 
taken into account using the linear resistance model:

∆p Q RQ= =ρς ,

where  Δp  is the pressure drop at the stenosis (as well as at 
the outlet),  ρ  the blood density,  ς  the resistance term,  R  the 
resistance and  Q  the blood flow.

The original model has been successfully used when the lin-
ear resistance at the outlet was constant [11]. Coronary arteries, 
however, are squeezed by the heart during contraction. There-
fore either time-varying peripheral resistance or time-varying 
pressure should be prescribed at the outlet. Calculating time-
varying resistance for the 5 patients did not prove to be useful 
therefore we applied time-varying pressure at the outlet.

The myocardial pressure  pmyo  at the outlet was calculated  
from the pressure in the left ventricle  pLV . Ghista has used 
an analytic model to approximate ventricular radial stress as a 
function of  pLV . Using this approximation, the average stress 
was  0.4 ∙ pLV  [12]. In our model, the average myocardial pres-
sure was approximated by the average stress, that is:

p pmyo LV= ⋅0 44.

To calculate the value of  pLV , the so-called time-varying 
elastance model was used, which was first introduced by Suga 
[13] and was first applied to the coronary circulation by Krams 
[14]. It has been successfully used in earlier studies for the 
modelling of the left ventricle [15, 16]. In this model the ven-
tricular elastance  ELV  is defined as the ratio of  pLV  to the left 
ventricular volume  VLV , corrected for a “dead volume”  V0 , the 
volume in the ventricle at zero pressure:

E t p t
V t VLV

LV

LV

( )
( )

( )
=

−
0

The left ventricular pressure is calculated in each cardiac 
phase differently [17]. The different phases can be seen in Fig. 1.

Fig. 1 Phases of the cardiac cycle (adapted from [18])

Phase I - Isovolumetric contraction: The beginning phase 
of the contraction lasts between the closing of the mitral valve 
(a) and the opening of the aortic valve (b). During this phase 
the left ventricle is completely full and its volume is maximal, 
therefore  pLV  can be calculated using the following formula:

p t E t V VLV LV( ) = ( ) ⋅ −( )max 0

Several models can be used to approximate elastance during 
this phase. For the studied patients best results were achieved 
using the sinusoid approximation [17]:
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where  Trise  is ca. 83% of the duration of systole and  Emax  is the 
ratio between the blood pressure measured during the closing 
of the aortic valve (c) and the minimal volume difference:

E
p

V V
c

max

min

=
−

0

Phase II – Ventricular ejection: This phase lasts between 
at the opening (b) and the closing (c) of the aortic valve during 
systole. During this phase the pressure in the ventricle is simi-
lar to the aortic pressure, and therefore can be used for estimat-
ing  pLV  .

Phase III - Isovolumetric relaxation: This phase lasts 
between the closing of the aortic valve (c) and the opening of 
the mitral valve (d) during early diastole. During this phase the 
volume of left ventricle is minimal, and therefore  pLV  is calcu-
lated using the following formula:

p t E t V VLV LV( ) = ( ) ⋅ −( )min 0

Elastance is calculated using the sinusoid approximation 
[17]:
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where  Tfall  is ca. 17% of the duration of systole and  Emax  is 
calculated similar to Phase I.
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Phase IV – Ventricular filling: This phase lasts between the 
opening (d) and the closing (a) of the mitral valve during dias-
tole. During this phase the left ventricular pressure is approxi-
mately 0, and therefore the elastance is 0.

The minimal volume of the left ventricle  Vmin  was set to 40 
ml, and the maximal volume  Vmax  to 120 ml. These values did 
not have significant effect on the results. Using the pressure at 
the opening and closing of the aortic valve during systole – that 
is at (b) and (c) in Fig. 1, respectively, the value of  V0  can be 
calculated as:

V
p V E p V

p E p
b b c

b b c
0
=

−
−

min max

where  Eb  is the normalized elastance that is calculated at (b) 
in Fig. 1:
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The graph of  Eb  normalized by  Emax  for patient BME1 can 
be seen in Fig. 2.

Fig. 2 Normalized elastance for patient BME1

3 Measurement data
Consecutive patients were studied with a wide range of sus-

pected or known coronary artery diseases, which were referred 
to the Hemodynamic Laboratory of University of Debrecen, 
Department of Cardiology and Cardiac Surgery. All patients 
underwent a diagnostic coronary angiography at the centre 
according to the local protocol.

All clinical and procedural data were prospectively stored in a 
dedicated electronic database and were retrospectively analyzed 
in this study. Coronary angiographies were performed through 
the radial or femoral access according to the feasibility of the 
radial approach or the patient suitability and operator preference.

All patients gave written informed consent to the invasive 
procedure in accordance with the protocol approved by the 
local ethics committee.

The geometry of 5 stenosed coronary vessels were acquired 
via CT angiography. Average diameter and length was calculated 
from CT-data. In addition, proximal and distal blood pressure 
were measured, from which the value of FFR was determined.

For each patient, blood flow was calculated using vessel 
geometry and the propagation speed of the contrast dye. FFR 
and blood flow values for each patient can be seen in Table 1.

Using measurement data, the value of stenosis resistance  
Rsten  and terminal resistance  Rterm  was calculated in the fol-
lowing way: first, the average value of the total pressure drop  
Δptotal  was calculated as the difference between the average 
proximal pressure and the average myocardial pressure:

∆p p p p ptotal prox myo prox LV= − = − ⋅0 44.

The pressure drop is caused by the resistance at the steno-
sis and the terminal site as well as the friction loss along the 
vessel (Δpfric ). After decreasing the total pressure loss by the 
friction loss, the sum of the stenosis and terminal resistance can 
be calculated as the ratio of the remaining pressure loss to the 
average blood flow  Q :

R R
p p

Qsten term
total fric+ =

−∆ ∆

The sum of the resistances can be determined after calculat-
ing the value of the right hand side of the formula. Next, the 
sum was divided into two parts so that the distal blood pres-
sure and the average blood flow calculated from the simulation 
results would approximate the measured data.

4 Results
The values of resistances and the measured as well as the 

calculated FFR values can be seen in Table 1 and Table 2. Sig-
nificant differences could be observed between the resistance 
values for each patient. Calculated FFR values and blood flow 
showed very good agreement with measurement data. The root 
mean squared error (RMSE) between measured and calculated 
distal blood pressure was less than 9 mmHg for each patient, 
which accounted for 3-13% of the average distal pressure.

Measured and calculated distal blood pressure graphs can 
be seen in Fig. 3.a)-d) and Fig. 4. Qualitative agreement was 
found for each patient. The agreement was very good in case of 
patients BME1, BME2 and BME4.

Table 1 Measured and calculated values of FFR and blood flow

Patient
Q (ml/s) FFR (-)

Measured Calculated Measured Calculated

BME1 2.88 2.89 0.53 0.53

BME2 3.49 3.48 0.87 0.85

BME3 3.21 3.23 0.81 0.84

BME4 2.73 2.79 0.93 0.92

BME10 4.66 4.65 0.73 0.73

(15)

(16)

(17)

(18)
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Table 2 Resistance and error values

Patient Rsten (Ns/m5) Rterm (Ns/m5) RMSE (mmHg)

BME1 1.73E+09 1.49E+09 5.40 (8%)

BME2 5.25E+08 2.49E+09 2.91 (3%)

BME3 1.05E+08 1.79E+09 8.81 (13%)

BME4 3.15E+08 4.52E+09 6.94 (5%)

BME10 3.78E+08 9.98E+08 4.45 (8%)

5 Discussion
The model presented above can be used to approximate distal 

blood pressure in stenosed coronary arteries. The model is based 
on a previously published numerical method, which can be used 
for the simulation of blood flow in the human arterial network.

For the simulation, patient-specific parameters were used 
based on the vessel geometry and measurement data. Elastic 
properties of the vessel also has an effect on the distal blood 
pressure graph but up to 50% changes in the value ofs the elas-
tic modulus had little effect on the results.

One of the main advantages of this model is that, using 
patient-specific parameters, the distal blood pressure can be 

calculated for different values of average blood flow at the 
inlet. The average simulation time is less than 2 minutes on a 
personal computer which makes it possible to perform param-
eter studies and analyze the effect of blood flow on the distal 
blood pressure. This can provide useful information for medi-
cal research.

Fig. 3 a)-d) Proximal and distal pressures of patients BME1-BME4

Fig. 4 Proximal and distal pressures of patient BME10
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