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Abstract

In this work, we study the effect of the thickness variation of viscoelastic layer inserted in a laminated multi-layer beam in forced
vibration on the vertical displacements and on the natural frequencies. The new structure is a sandwich structure composed by two
external layers (top and bottom facesheets) of aluminum and viscoelastic core of 3M ISD112 polymers. The viscoelastic model
used to describe the behavior of the core is a four-parameter fractional derivative model. The finite element method including
the viscoelastic model of fractional derivatives for modeling the sandwich structure is used. The system resolution of the nonlinear
equations of motion of the sandwich structure is required to use a numerical integration method as the explicit method of Newmark
to obtain the transient response. Also, ANSYS finite element modeling is applied to the sandwich structure to calculate the frequency

response in harmonic vibration. The increase in the thickness of the viscoelastic layer leads to a decrease in the amplitudes of vibration.

The natural frequencies found by the two methods are very close to the frequencies found experimentally in the literature.
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1 Introduction

In recent years the research community has manifested
a sound interest in the investigation of dynamic behavior
of slightly damped structures [1-3]. Many researchers have
shown that the employment of viscoelastic materials can
improve the dynamics of such structures [4—7]. These mate-
rials can be incorporated into different types of structures
by means of a number of methods and techniques [8, 9].
According to Amrane [10] and Trindade [11], the pas-
sive vibration damping techniques structural systems use
the integration or addition of materials to the structure
to be damped without any additional external intervention,
and the vibratory energy is dissipated in the form of heat.
This is the principle of passive vibration control.

The use of the fractional derivative concept, in the
context of viscoelasticity, was commonly applied as an
effective technique for curve-fitting of experimen-
tal data [12—14]. Bagley and Torvik [15, 16] developed
a one-dimensional model for a viscoelastic material
using fractional derivative operators. Since then, this
model for viscoelastic solids was incorporated in many

structural applications as well as specific implementation
of fractional constitutive models into computational pro-
cedures such as finite elements. Galucio et al. [17] devel-
oped a finite element formulation to analyze the transient
dynamics of a sandwich beam with viscoelastic embed-
ded layer whose material behavior was modeled with frac-
tional derivative operators. They used the four-parameters
model of Bagley and Torvik [15] to characterize the fre-
quency-dependence of the viscoelastic layer.

This work presents a finite element modeling of a sand-
wich beam with a viscoelastic core (Fig. 1) in forced vibra-
tion. We used the fractional derivative model to describe
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the frequency dependence of the viscoelastic layer [17].
The Newmark explicit integration method is adopted
to obtain the approximate numerical solution in the tem-
poral domain of equations of motion [4, 17]. The algo-
rithm of the Newmark method is already programmed
in MATLAB to obtain the temporal response of the sand-
wich beam in transient vibration for different thicknesses
of viscoelastic layer. Finally, another finite element model-
ing with ANSYS applied on the sandwich structure in free
vibration to calculate the natural frequencies and har-
monic vibration to calculate the frequency response.

2 Fractional derivative viscoelastic model

According to Bagley and Torvik [15], the one-dimensional
constitutive equation used to describe the behavior of
a viscoelastic material can be written as:
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where o and ¢ are the stress and the strain, £ and £_ are the
relaxed and non-relaxed elastic moduli, « is the fractional
order of the time derivative and 7 is the relaxation time.

After calculating the Fourier transform of Eq. (1), one
obtains the expression of the complex modulus of elastic-
ity for the four-parameter model [14, 15]:
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where ¢" and ¢" are the Fourier transforms of o(f) and
&(?), respectively. Its behavior in the frequency domain is
described between two asymptotic values: the static mod-
ulus of elasticity E, = E" (@ — 0) and the high-frequency
limit value of the dynamic modulus E, = E (0 — ).
The statements 0 < o < 1, > 0 and £ > E, must hold
to fulfill the second law of thermodynamics.

The fractional operator derivative d*/(dt*) appearing in
the constitutive Eq. (1), is approximated by the Griinwald—
Letnikov definition as [4]:
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where Az = t/N is the time step increment, N, is the max-

imum number of terms of the Griinwald approximation
(N, < N), and
given either in terms of the gamma function or by the

A;‘jf represents the Griinwald coefficients
recurrence formulae:
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In order to avoid working with the stress history arising
from the approximation of Eq. (1), let us introduce the fol-
lowing variable change [4, 17]:
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such that the constitutive Eq. (1) can be rewritten in a dis-
cretized form as [17]:
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This change of the strain variable leads to the presence
of only one fractional derivative operator in the consti-
tutive expression of Eq. (6) instead of the two fractional
operators in Eq. (1). Using the Griinwald approximations,
by substituting Eq. (3) in Eq. (6), and taking into account
that 4, = 1, it is possible to arrive to the following discret-
ized form of the constitutive relation [4, 17]:
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It should be stated that the Griinwald coefficients
in Eq. (7), which are strictly decreasing when j increases,
describe the fading memory phenomena. In another
words, the behavior of the viscoelastic material at a given
time step depends more strongly on the recent time history
than on the distant one [17].

3 Finite element modeling of the viscoelastic

sandwich beam

3.1 Modeling by finite element with incorporation of
the fractional derivative model

The implementation of the constitutive relation of the vis-
coelastic material provided by Eq. (7) in the context of finite
elements is developed in the works of Galucio et al. [17],
Faria [4] for purely viscoelastic structures or composite
sandwiches. At the elementary level, the incorporation of
viscoelastic behavior into the finite element formulation
results in Eq. (9) of motion [4, 17]:
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where the element mass matrix:

(M, =M ]+ [l ][ M ], (10)

and the element stiffness matrix:

[k J=[&]+[&: ]+ K2 ]. (11)
With the modified stiffness matrix [ K ] and loading

vector {I:"ev (t+ At)} , arising from the viscoelastic behav-
ior of the core, are given by:
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In Eq. (9) the terms written as a function of the history
provided by Eq. (13) are located in the right hand side.
At the global level, the equation of motion of the
damped system including the viscoelastic model of frac-
tional derivatives is given by [4]:

[A_lg}{iig (t)}+[1?g (t)}{ug (t)}={17“g (t)}, (14)

where []V[g] , []?g (t)} and {Fg (t)} symbolize the global
mass matrix, stiffness matrix, is the global loading vec-
tor, respectively. {ug (t)} is the global vector of degrees
of freedom.

The Newmark time-integration method is employed
to solve the global system governing nonlinear equa-
tions of motion (Eq. (14)), whose the nonlinearity is pres-
ent in the matrices of stiffness [I?g (I)J and in the vector
{F‘g (t)} depending on time and temperature. The algo-
rithm of Newmark explicit numerical integration applied
in this work to the dynamic study (transient responses)
of sandwich structures is presented in much publica-
tions such as Faria [4] and Galucio et al. [17], the classical
Newmark algorithm is modified to have a new parameter
for the storage of the anelastic displacement history.

3.2 Modeling by finite element of ANSYS Parametric
Design Language (APDL)

The ANSYS 12.0 finite element software package is used
to model the multi-layered beam structure with integral
damping layer [18-20]. In this case, the facesheets (elastic
layers) are modeled using shell element SHELL281, which
has 8 nodes with six degrees of freedom at each node.
While solid brick element SOLID186 are used for mod-
eling the viscoelastic core, is defined by 20 nodes having
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three degrees of freedom per node: translations in the
nodal x, y, and z directions [19]. Fig. 2 shows the schematic
of the sandwich beam model.

The shell elements by default place the nodes at the mid-
plane of the top and the bottom facesheets. if the nodes
of the shell elements were shared with the solid brick ele-
ment, half of the facesheets element in the thickness direc-
tion would penetrate into the solid brick element [18].
Fig. 3 shows the enlarged view of the sandwich beam
under ANSYS using the shell element SHELL281 (denoted
by 1) to model the facesheets and the solid brick element
SOLIDI186 (denoted by 2) to model the viscoelastic core.

For coupling the degree of freedom of shell elements
SHELL281 with the degree of freedom of solid brick ele-
ments SOLIDI86, we used the rigid constraint equations
command CERIG developed in APDL (Fig. 4) [19].

In ANSYS the Prony series is widely used for the ana-
lytical representation of functions characterizing visco-
elastic materials. The complex shear modulus based on the
generalized standard model in the frequency domain for N
terms can be written as [9]:

G(w)=G{l—ign+iiwg—"T”} (15)

1 +iot,

with 7z relaxation times, g relative moduli, w is fre-
quency, N number of terms and G is the instantaneous
shear modulus.
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Fig. 2 A sandwich beam and corresponding finite element model

utilizing rigid constraints between the shell and solid elements [18, 19]
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4 Numerical application

In this application, we use a cantilevered sandwich beam
with viscoelastic core (3M ISD112 polymer at 27 °C) and
symmetrical elastic faces (aluminum). The geometrical
parameters of the beam are: length L = 457.2 mm, width
b = 25.4 mm, thickness of top and bottom face sheets
h,=h, =0.794 mm and thickness of core & varies between
0.051, 0.127 and 0.254 mm [8, 11].

4.1 Application with using the finite element modeling
incorporating the fractional derivative model

The structure is discretized using the finite elements for-
mulated by Faria [4], whose model consists of 6 x | finite
elements. The beam in free vibration is needed to calculate
natural frequencies, and the transient vibration to calcu-
late the temporal response function.

The beam is subjected to a transverse load, applied at the
free end as a triangular impulse form for 4 ms and then
released, as shown in Fig. 5. The observation time is 5 s.

The parameters of the fractional derivative model are:
0.=0.7915 and = 1.40 x 1072 ms. The mechanical proper-
ties of the elastic aluminum faces and the viscoelastic core
are tabulated in Table 1.

The time step is taken from the example as At = 1 ms
and the number of terms in the Griinwald approximation
N, = 5000. The transient response is computed with the
implicit time integration scheme described in numerous
publications such as Faria [4] and Galucio et al. [17].

The first three natural frequencies, shown in Table 2,
are calculated for the three thicknesses of the viscoelastic
layer (2, = 0.254, 0.127 and 0.051 mm) by using the finite
element modeling incorporate the fractional derivative
model [4]. The results are then compared with those cal-
culated by the finite element method and experimental
tests presented in [8, 11].

The results of natural frequencies obtained by this
model are very close to the experimental results of
Wang and Wereley [8], and are very close to finite ele-
ment method results of Trindade [11]. It can be seen that

F(N)

2 4 2500 #(ms)

Fig. 5 Sandwich cantilever beam is subjected to a triangular impulse load



Table 1 Material properties of visco-aluminum sandwich beam [11, 17]

Face sheets Viscoelastic core

. ISD112
Property Aluminum Property (@t 27 °C)
E, (GPa) 1.5
E (GPa) 75.8
E_(GPa) 69.9495
v 0.3 v 0.5
p (kg/m?) 2800 p (kg/m?) 1600

Table 2 Natural frequencies (Hz) of the sandwich beam has different
thicknesses of the viscoelastic layer

MEF ANSYS Experimental I\El]l;:]F
Modes [Present work] [Present work] [8] Freq
Freq (Hz) Freq (Hz) Freq (Hz) (Hz)
Viscoelastic layer to 0.051 mm
1 5.93 6.34 6.64 6.90
2 38.03 39.45 36.21 39.27
3 110.96 96.56 85.23 103.30
Viscoelastic layer to 0.127 mm
1 6.03 6.68 6.84 7.05
2 38.07 41.11 35.62 36.62
3 109.22 95.29 92.42 92.25
Viscoelastic layer to 0.254 mm
1 6.20 7.24 7.22 7.30
2 38.18 43.76 36.79 34.62
3 107.43 93.27 89.50 84.66

by increasing thickness of viscoelastic damping layer /_,
natural frequencies are increased.

The transverse displacement (the transient response) of
the cantilevered sandwich beam is shown in Fig. 6 for the
three different thicknesses of the viscoelastic layer 4 .
We note that the increase in the thickness of the viscoelas-
tic layer leads to the decrease of the response (the ampli-
tudes of vibration).
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4.2 Application with using ANSYS

The meshing of the viscoelastic sandwich beam involves
2 elements through the width and 20 elements along the
length (Fig. 7). Material constants for aluminum facesheets
are listed in Table 3. The viscoelastic damping material
used is 3M ISDI112, and represented by Prony series con-
stants are listed in Table 4, where shear modulus and loss
factor are dependent on frequency and temperature.

Modal analysis is carried out using the Block Lanczos
method of ANSYS for finding the natural frequencies
and mode shapes. The fixed free boundary condition was
applied by constraining the nodal displacements in both x
and z directions (Fig. 7).

Harmonic analysis is used to calculate the Frequency
Response Functions (FRFs) with different thicknesses of
damping layer by applying a harmonic load (with mag-
nitude equal 10 Newton) at the end of the beam (point P,
DOF of translation u_) as shown in Fig. 8. The frequency
of the load varies from 1 Hz to 300 Hz. The full ANSYS
APDL method is used for this analysis.

The first three eigenmodes and eigenfrequencies are
listed in Table 2, and the First four mode shapes are shown
in Fig. 9. The natural frequencies obtained by finite ele-
ment ANSYS modeling are very close to the experimental
results of Wang and Wereley [8].

Fig. 10 shows the frequency responses of multi-layered
beam with and without damping layer plotted for point P
in the frequency band of interest [0-300] Hz, where the
insertion of viscoelastic damping layer in multi-layered
beam leads to the decrease of the frequency response.

The Frequency Response Functions (FRFs) of multi-
layered beam with different thicknesses of damping layer
(h,=0.127 and 0.254 mm) are shown in Fig. 11.

The increase in the thickness of the viscoelastic damp-
ing layer leads to the decrease of the frequency response
of sandwich beam (the amplitudes of vibration).

=
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Fig. 6 Transient response of fractional derivative model of the sandwich beam with different /2,
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Fig. 7 Clamped-free sandwich beam finite element model

(meshing, constraints relating and boundary conditions)

Table 3 Material properties of facesheets [8, 17]

Property Aluminum facesheet
Young modulus £ (GPa)

Density p (kg/m?®) 2800
Poisson ratio v 0.345

Table 4 3M ISD112 Material parameters required for Prony series

expressions at room temperature with N =8 and G = 173¢6 Pa,

v, =0.499, p_ = 1600 kg/m’ [9]

g, 7, (s
1 Term 3.103e-3 0.6073
2" Term 6.900e-3 0.1511
3" Term 1.231e-2 3.038e-2
4t Term 3.534e-2 8.172¢-3
5t Term 6.562¢-2 1.821e-3
6" Term 0.1541 4.810e-4
7" Term 0.2612 1.201e-4
8" Term 0.4540 3.014e-5

ELEMENTS AN

TYPE NOM FEB 28 2017
11:43:42

Fig. 8 Applying the excitation load in the extremity of the sandwich
beam (point P)

5 Conclusion
In the present work, a finite element modeling of a visco-
elastic core sandwich beam in transient vibration is per-
formed. The fractional derivative model DF to describe
the frequency dependence of the viscoelastic layer is used.
The Newmark time-integration scheme is used to solve the
assembled global equation of motion in the time domain
to obtain the transient response of the beam. A finite ele-
ment modal analysis with ANSYS is adopted to compute
the natural frequencies and harmonic frequency responses.
The numerical application shows that the increase
in the thickness of the viscoelastic layer inserted into the
multi-layered beam leads to a decrease in the amplitudes
of vibration and small increase in the natural frequencies
due to the damping properties of this embedded layer.
These properties coupled to the structure (the multi-lay-
ered beam) in such way the vibrations are damped pas-
sively (passive vibration control).
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Fig. 9 The first four mode shapes of the clamped-free sandwich beam (for /2, = 0.254 mm)
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