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Abstract

The analytical investigation of bifurcations is a very chal-
lenging task for many applied scientists and engineers. Often,
numerical simulations cannot clarify the complicated dynamics
of mechanical systems, in this cases, preprogrammed softwares
can be of valid help during the investigation. Also, in the liter-
ature, methodology to study bifurcations are presented for most
of the cases. However, the presented procedures, are often very
hard to be understood from applied scientists with low math-
ematical background. In this paper we present in details the
typical procedure to analyze single and double Neimark-Sacker
bifurcations. Especially regarding the double Neimark-Sacker
bifurcations of maps, very few sources can be found in the liter-
ature, although this kind of bifurcation is very common in many
dynamical systems.
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1 Introduction

In the last decades, several authors [2}4,5,9,/11] presented
methodologies and practical procedures to analytically investi-
gate bifurcations. The typical approach, to analyze a Neimark-
Sacker (NS) bifurcation, consists in reducing the order of the
system through a center manifold reduction, and then to trans-
form the system into its normal form, in order to analyze the type
of motions occurring. This procedure is well known and it has
been implemented in several softwares for automatic computa-
tion of the bifurcation structure. Nevertheless, in the procedure
presented in the literature, many passages are hidden and can
be hardly understood from a reader with a weak mathematical
background. Especially regarding the double Neimark-Sacker
bifurcation, up to our knowledge, the only analytical procedure
shown in the literature is in [6]], where, although the analysis
is considering most of the existing features of a double NS bi-
furcation and proofs are provided, many basic passages are not
explicit and the procedure can be very hard to be understood by
engineers or applied scientists.

The aim of this paper is to provide a practical guide for in-
vestigating single and double NS bifurcations, according to the
most typical approach used in the literature. In the first part of
the paper, we present the procedure to investigate a single NS bi-
furcation, highlighting the passages between the different steps
of the analysis that are: transformation to Jordan normal form,
center manifold reduction, elimination of nonlinearities through
a near identity transformation and transformation to an ampli-
tude map. An analysis of the amplitude map gives information
about the behavior of the original system.

In the second part of the paper, we present a procedure to
investigate a double NS bifurcation. The main steps are analo-
gous to those of the first part, but the increased dimension of the
system makes the procedure much more lengthy. Especially the
analysis of the normal form, in case of a double NS bifurcation,
can be very complex and very hard to be generalized.
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2 Neimark-Sacker bifurcation
2.1 Mathematical model
We consider a generic map

Xj41 = f(x;; p) Q)

wheref = [fi(x; p) ... f,(x; P)17, x = [x] ... x,]7, pis ascalar real
number and n > 2. The trivial solution xo = [0...0]7 satisfies
the equation

xp = f(Xo; p). ()

We consider the case for which the trivial solution x of (I) is

stable for p < p.,, while it is unstable for p > p.,. We call p the

control parameter of the bifurcation occurring at p = p.,.
Assuming that fi..., f;, are sufficiently smooth, we expand

them in their Taylor series around 0, with respect to xi, ..., X,
up to the third order, so we can rewrite Eq. (I)) as
Xj+1 = A(p)X; + b(x;) (3)

where the vector b(x) contains all the nonlinear terms. The sta-
bility of the trivial solution depends on the eigenvalues of A(p):
the solution is asymptotically stable if and only if all the eigen-
values of A are inside the unite circle of the complex plane, i.e.
luil < 1fori =1,...,n. We consider that

for p<pes <0 Vi=1,..,n

for p=pe lml=lwl=1 wm=p #=+l
dusl) g “)
dp 'P=Per

luil <0 Vi=3,..,n

If the conditions in Eq. (@) are satisfied, according to Floquet
theory, a Neimark-Sacker bifurcation is occurring for p = p,
[2].

2.2 Jordan normal form

Following the procedure indicated in basic textbooks, it is
possible to reduce the system to its Jordan normal form, i.e. to
reorganize the linear part of the system, in order to decouple the
variables related to the bifurcation from the others.

WecallH = A|,-,, ands;, i = 1, ..., n the eigenvectors related
to the eigenvalues y; of H. In the case the eigenvalues us

real and have algebraic multiplicity equal to 1, we can define the
transformation matrix

T=] Rs)) Js1) s3 -+ s | ®)

It can be easily verified that

R Su) 0 - 0
Sa) Rw) 0 -+ 0

T'HT = 0 0 i - | (6)
: : .0
0 0 0w,

Applying the transformation

=T 'x 7

X = Ty’ y= [yl '"yn]T

we can rewrite the map in Eq. (3 in Jordan normal form
Yj+1 = T'HTy; + T'b(y)). ®)

If the eigenvalues us—, are not real or have algebraic multi-
plicity larger than 1, the procedure to obtain the Jordan normal
form is slightly different, we refer to [§]] for these cases. The
matrix T-'"HT controlling the linear part will still be a block
diagonal matrix.

In Eq. (@) the two variables related to the bifurcation are y;
and y,, and are linearly decoupled from the other variables.

2.3 Center manifold reduction

Following the procedure outlined in [2]] and [11]], we want to
reduce the dynamics of the system to its center manifold, i.e. to
the two variables related to the bifurcation, y; and y,. Of course,
if the system is already two dimensional, this passage can be

skipped.
‘We define the local center manifold in the form
Y3,j
=t(y1,j,y2,j) =
Yn, J

©))

2 2
8320)7 ; T 8311Y1,1)2,j + 83023

2 2
8n20)7 + &n11)1,jY2,j t 8n02Y7

where t satisfies Eq. (8) only for small values of y; and y,. The
cubic terms are neglected, since, after the transformation, they
would produce terms higher than the third order.

In order to define the coefficients g;;x, we substitute the n — 2
equations of (9) into the first two equations of (§). Then, we
substitute these two new equations and the equations in (9) into
the remaining n — 2 equations of (8). Collecting terms with the
same power order, we obtain 3(n — 2) equations in the 3(n — 2)
unknowns g;ux. These equations are organized in a linear system
that can be solved in closed form. If now we substitute again the
equations in @]) (where g are now known) into the first two
equations of @]) we obtain

( V1,j+1 ]:( Ru) 3 ]( Y1, )+
Y241 Sa)  Ra) )\ ¥,
( Zk=23 ahky’il,jylé’j

(10
Dhk=2.3 bhky}f,jyé,j

) +h.o.t.
that is the system in Eq. (8), limited to its center manifold, i.e.
a two dimensional surface in the n dimensional space. Terms
higher than the third order, are generated during the transfor-
mation and can be neglected. The dynamics of the system in
Eq. @]), for small values of y; and y;, is the same of the sys-

tem in Eq. (§).
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2.4 Elimination of nonlinear terms

In order to transform the system into its normal form, we fol-
low the steps outlined in [[11f] and [4]. First of all, we rewrite
Eq. (I0) in complex form

Zjyl = VZj+ CL’Q()Z? +@112;Z; + 010223-1-

3 22 ) 3
@307} + @212;Zj + @122;7; + @03 (11)
where
2=y +1i = &
- 1 .y2 N V1 Z%Z (12)
=1~ 2 Y2 =5

and v, a;; € C.
Substituting the variables y; and y,, as expressed in Eq. (12),
into Eq. @), the coeflicients v and «;; can be easily defined as

hence we obtain

2

j+1
2 = =2

(v + o0V +C1vivj+ cogvj)+

= 2 _
Virl €20V T C11Vj+1Vjs1 T Co2Viyy =

2 = ~2\2
ax(; + o0V +C1vivj+ cozvj) +

2 = =2
a“(vj+020vi +c11vjvj+c02vj) 23)
B+ Coni2 + E11V Vs + Byl
(Vj + 20V + C11vjV;j + Copvi)+
(102(\7]' + 5‘20\73 + E’]]Vj\_/j + 502V§)2+

3 22 =2 =3
@30V} + @21 ViV + @y + asv; + h.o.t.

where h.o.t. indicates terms higher than the third order. Since
we want to eliminate the second order terms, we impose that

2-2

— ~ 3 ~ A -2 A =3
Vsl = povj+ Q3ov; + @21 viV; + @aviv; + Qo3 24)

where the &;; are the coeflicient of the third order terms, after
the effect of the transformation in Eq. (ZI). So we obtain

foll _ o
OLlows Vil + Czoﬂ%"? + Clipaf2Vjvj + Coz#%"? =
2 5 =2
Vi CpoVvi + cpivivj + coaV)+
V= (13) Ha(vj + c20 i 1Yy con 122
| azo(vj+czovj+c11vjvj+cozvj) +
@0 = Z(QZO_a02+bll)+ a“(Vj+CQQV§+C11Vj1_/j+C0217§) (25)
Ut R T, |
1 (Vj+6‘2()\/~ +C11V‘/'V]‘+C()2V.)+
+i— (=aiy + by — bpo) (14) o
4 (1/02(\/]‘ + Czovj + v+ Cozvj) +
1 1 3 22 =2 =3
= 5 (ax + agy) + li (byo + bgo) (15) (Y30Vj + clevjvj + alzvjvj + 0/03vj + h.o.t.
1 Collecting terms with the same power order, we obtain
an =7 (a2 — apx — b11) +
2 2
1 v, — Co0My = CooM2 + @20
+ig (ar1 + bz — bo2) (16) ! B B
1 Vivi — CliMaf2 = Cl11M2VjVj + )
@ = ¢ (asp — aix + bay — bos) + \7? - coofly = cog,uzfz? + g
1
+ig (=az1 + aos + bz — b12) (17)
1 s0, in order to eliminate the second order terms, we must impose
a1 = < (3azo + ain + by + 3bg3) +
8 @20
1 €0 =—""7>,
+3 (=az1 = 3aps + 3b30 + b12) (13) H2 = 15
1 cir = an
n=-——-,
@ =g (Baszp + a2 — ba1 — 3bp3) + Mo — Hofl
ap2
1 Co2 = ——0_2- (26)
+ig (a21 + 3aps + 3b30 + b12) (19) M2 — [
@ = g (a30 — aps — byy + bos) + Tl.len, collecting the coeflicients of the third order terms, we
1 obtain
+i=(az —ags + b3 —b 20 _ 2
g (@21 — apz + b3 — b12) (20) s Tt 203,
Vi @30 = @30 - ——5 — 5 27)
The next step consists of eliminating all the nonlinear terms H2=Hy  H2=H
. . azoar (1 =2,
not related to internal resonances. This can be done through the V?\_;j — Gy = any + M+
near identity transformation. In order to eliminate the second Hy —H2
. 2 2 2
order terms, we apply the transformation |t ] oo (28)
1= p5—p
zj=vjt hl(vj’vj) (2D i) R 2011 1@
Vjvj—>a/12=(112— [1 1 - = =
2= 2 —
to Eq. (TT), where Ha =
2
@ 2ayae 29)
= 2 = 2 — T T
h(vj,vj) = coov; + c11vvj + coavj, (22) po =1 o — i
2@ aa
3. 20002 11002
Vi@ =a3 - ————5 = (30)
H2 — [y M2 — [y
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we remind that fi, = g and pou; = 1, so the previous equa-
tions can be slightly simplified. The transformation in Eq. (2]
modifies also the higher order terms, that can be neglected in
this procedure. After the transformation, Eq. will become

A 3 A 20 a2 a3
Vsl = M2vj+ Q3ov; + @21V + Qv + Qosvi. 31

With a similar procedure, we can eliminate most of the third
order terms. We apply the transformation

Vj =Wj+h2(Wj,Wj) (32)

to Eq. (31)), where

hz(Wj, Wj) = C3QW3 + 021W3Wj + Clzw‘jW% + CQ3W;. (33)

Neglecting terms higher than the third order, we obtain
3,3 2= 2= R} =3-3 _
Wijrl T C30H, W5 + Co1floHaWiW s + ClofloflyWjiW5 + CosHy W5 =
3 2 —2 -
Ho(w; + C30W; + CAWi W+ Cow W5 + CQ3W;)+
&30\4/; + C’i’le?Wj + &miji + &()3\/7/; +h.o.t.
(34)

Collecting terms with the same power order, we have

w; - Cao,ug = pac3o + @30
W?"T’j - OB = Hoca) +
Wﬂ’? - Ciofolly = focn + @

W? - co3fly = HaCo3 + o3

In order to eliminate the third order terms, we must impose

L))
C30 - = 3
H2 = |5
3 ap
Clp=———"7,
2 — pafi3
Qo3
Cco3 = — —3 (35)
Ha — My

while, to eliminate the term related to W?W j» we should have
= —Qo1 /(W — ,u%ﬁz) that has no mathematical sense, since
M2 —,u%ﬁz =0, so ¢31 — oo. This is due to the internal resonance
between the terms uyw; and &21“’3“’/‘- So we let ¢; = 0.

It is possible to generalize the value of the coefficients used
for the near identity transformation. While eliminating the sec-
ond order terms, we had

923

— (36)
o — A

Chk = —

where in case of the third order terms, @y is substituted by &.

After the transformation in Eq. (32)), Eq. becomes
Wil = How; + @21W§Wj. 37

For the sake of simplicity, from now on we substitute the nota-
tion O;, = f(O;) with O = f(O).

p <0 S

Der P D Der
Fig. 1. Typical bifurcation diagrams of a supercritical (left) and a subcritical
(right) NS bifurcation.

2.5 Reduction to an amplitude map
We now introduce the parameter k, where

so, in the vicinity of the bifurcation, Eq. (37) can be approxi-
mated with the map

w i w(l + ke + aywiwl? (39)

where e = u,. In order to simplify the calculation, k can be
linearized in the following way

_ i
dp

The next step consists of reducing Eq. (39) to an amplitude map.

k (P = Per)- (40)

To do so, we introduce the polar coordinates (r, ) € R, where

w = re" (41
which gives us the following
re” = r(1 + k)e'*? + a, e (42)
or
e s e [(1 + k) + dare 0] (43)

Selecting the absolute value of the map, considering that r >
0, we obtain

resr \/((1 + k) + PR e) + (P3(Ga1e7))*  (44)
then, expanding in Taylor series the square root, we have
re (1 +kr+ pr3 + h.o.t. 45)
where
p = R(@ue™). (46)
Instead, selecting the phase of Eq. (43), we have
r’3(ay1e7)
- + arct - 47
Y —¢ =+ arc an((l+k)+r2‘.}{(d21e"¢)) 47)
and expanding the arctangent in its Taylor series we have
J(@2e™) ,
+yY +|————=r"|+hot 48
XAy ( Co | o (48)

Eq. (@)) is the normal form of the NS bifurcation.
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2.6 Bifurcation diagram

The analysis of the bifurcation, is reduced to the analysis of
the amplitude map in Eq. (@5). The trivial solution of Eq. #3),
corresponds to the trivial solution of Eq. (I), while nontrivial
solutions of Eq. (43)), correspond to periodic solutions of Eq.
(I). We remind that k > 0 for p > p,,, while k < 0 for p < p,,.

Analyzing Eq. (3), it is clear that the trivial solution exists
for each value of k and p, while it is stable only for k < 0, i.e.
for p < p.r. At the same time, to have nontrivial solution, we

— = ,/—]—‘. (49)
P

Nontrivial solutions of Eq. exist, if and only if k/p < 0. So
there are two different possibilities:

must have

=1+ kyr +pr*

r*Afork>0 —

A fork<0 —

p<0= supercritical bifurcation

p>0= subcritical bifurcation

The stability of the nontrivial solution can be analyzed consid-
ering the first derivate of Eq. @5) for r = r*

Jhor <1 & (1+k)+3pr'=1-2k<1 & k>0 (50)

so, the solution is stable for £ > 0 and unstable for £k < 0, as
expected according to standard bifurcation theory. As a prac-
tical consequence, we would like to point out that subcritical
bifurcations limit the basin of attraction of the trivial solution
in the stable region, compromising its robustness and causing
unexpected motions, if not properly analyzed.

For a direct use of the steps just outlined, in order to define
the type of bifurcation occurring, after the center manifold re-
duction, it is enough to collect the coefficients a; and by in
Eq. (I0) and apply Eqgs. (T4)-(20), (28) and (@6), that allow to
directly derive p. Case studies for this kind of bifurcation are
presented in [[10] and [3].

3 Double Neimark-Sacker bifurcation

A double Neimark-Sacker bifurcation is a codimension-2 bi-
furcation of a fixed point of a discrete time dynamical system,
i.e. a fixed point of a map. It occurs in a two dimensional pa-
rameter space, when two branches of NS bifurcations are inter-
secting, as shown in Fig. 2] In correspondence of a double NS
bifurcation, two pairs of complex conjugate eigenvalues are on
the unit circle of the complex plain, while the other eigenvalues
are inside the unit circle. As Fig. E] shows, in order to have a
double NS bifurcation to occur, two parameters should be tuned
to the critical value at the same time, this event has zero proba-
bility to occur, so our analysis is concentrated in studying what
happens in the vicinity of the bifurcation point, where the two
NS bifurcations are interacting with each other. Being a finite
region of space, it is possible to set the two parameters to be in
this region, also in real applications.

P2

Single NS

Poer Double NS |
‘| Stable

Single NS

I plcv'l pl

Fig. 2. Typical stability diagram in correspondence of a double Neimark-
Sacker bifurcation.

3.1 Mathematical model
Similarly to the previous section, we consider the generic map

X1 = f(xj; p1, p2) (5D

where f = [fi(X; p1,p2) . fu%s pr, p)I's x =[x 07, o
and p, are scalar real numbers and n > 4. The trivial solution
xp = [0...0]7 satisfies the equation

xo = f(Xo; p1, p2). (52)

We consider that the stability properties of the trivial solution of
the system, are analogous to those shown in Fig. 2} p; and p,
are the control parameters of the bifurcation under study.

The first steps of our analysis are analogous to the ones re-
ferred to the single NS bifurcation, we repeat them in this sec-
tion in order to let the procedure be more understandable.

Assuming that fi..., f, are sufficiently smooth, we expand

them in their Taylor series around 0, with respect to xi, ..., X,
up to the third order, so we can rewrite Eq. (51) as
Xjr1 = A2(p1, p2)X; + ba(x;) (53)

where the vector b,(x) contains all the nonlinear terms. In some
cases, it may be needed to expand the Taylor series up to the
fifth order and keep, during all the procedure, terms up to the
fifth order, as explained in [|6]. We will come back later to this
point, during the analysis of the normal form.

The stability of the trivial solution depends on the eigenvalues
of Ay(p1, p2): the solution is stable and hyperbolic if and only if
all the eigenvalues of A, are inside the unite circle of the com-
plex plane, i.e. |u;| < 1 fori = 1,...,n, otherwise it is unstable or
nonhyperbolic. We consider that

il = luol =1 py = i # £1
dlural

_ dp lip1.p2)=Prerp2e) # O
P1 = Pler _
for 3 sl = lual =1 pz = j1g # 1 (54)
P2 = Per dlus 4]

dp lip1.p2=prer-p2er) # O
luil <0 Vi=5,..,n

If the conditions in (54) are satisfied, a double NS bifurcation is
Occurring for (pl’ pZ) = (plcrs pZCr) [4]

Analytical investigation of single and double Neimark-Sacker bifurcations
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3.2 Jordan normal form

As we did in the previous section, we reduce the system to its
Jordan normal form, in order to linearly decouple the part of the
system related to the bifurcation from the rest of the system.

We call Hy = Aoy, p0)=(prorpae) @Nd i, i = 1, ..., 1 the eigen-
vectors related to the eigenvalues y; of H,. In the case the eigen-
values us_, are real and have algebraic multiplicity equal to 1,
we can define the transformation matrix

Ty =| R(s)) 3I(s1) R(sz) I(s3) ss -+ sy (55)
It can be easily verified that
J, o 0 - 0
o J 0 --- 0
T,'H,To=| 0 0 pus (56)
. 0
0 0 0 pu,
where
RN 3 R 3
I =( N(m) (1) )andh:( @(m) (u3) ] 57
S(u2)  R(uo) S(ug)  R(ua)
Applying the transformation
x=Tay, y=Diyl =T,'x (58)
we can rewrite the map in Eq. (53) in Jordan normal form
Vi1 = T3 HoToy; + T3 ' ba(y ). (59)

As in the previous section, if the eigenvalues us_, are not real
or have algebraic multiplicity larger than 1, the procedure to ob-
tain the Jordan normal form is slightly different (see [§]]), but the
matrix T;leTz, controlling the linear part, will still be a block
diagonal matrix. In Eq. (59), the variables related to the bifurca-
tion are (y1, ¥2, 3, Y4), and are linearly decoupled from the other
variables.

3.3 Center manifold reduction

If the dimension of the system is larger than 4 (n > 4), we
can reduce it to 4 through the center manifold reduction, as we
showed in the case of a single Neimark-Sacker bifurcation. The
procedure to be used in the case of a double NS bifurcation is
very similar to the one already shown, with the difference that
the center manifold is now a 4 dimensional subspace of the n
dimensional space, so it has much more coefficients than in the
previous case. The general form of the center manifold, approx-

imated to the second order terms, is as follows

Ys.j
= (V1> ¥2.5> ¥3.j> Vaj) =
Yn,j
2 2 2 2
852000)71,; + 8502003 ; + 850020)3 ; T 850002V ;
+851100)1,jY2,j + 851010Y1,;Y3,j t+ 851001Y1,Y4,j
+850110Y2,jY3,j T 850101)2,;Y4,j + 850011Y3,jY4,;

2 2 2 2

8n2000Y71 j + 8n0200Y3 ; + 8n0020)3 ; T 8n0002Yy ;
+8n1100Y1,jY2,j T 8n1010Y1,;Y3,j t+ 8n1001Y1,Y4,j
+8r0110Y2,jY3,j + 8n0101Y2,jY4,j + £n0011Y3,/Y4,j

(60)

In order to define the 10(n—4) coefficients we substitute the n—4
equations of (60) into the first four equations of (59). Then, we
substitute these four new equations and the equations in (60)
into the remaining n — 4 equations of (59). Collecting terms
with the same power order, we obtain 10(n — 4) equations in the
10(n — 4) unknowns giuxm- These equations are organized in a
linear system that can be solved in closed form. Substituting
again the equations in (60) into the first four equations of (59),

we obtain

Vi j+l R  S) 0 0 YL
v || S R 0 0]y
V3js1 0 0 Rus) Swz) || v,
Vajs1 0 0 3(us) Rua) )\ ya,

Dhekstsm=2.3 Wkam; Vs Vs Vi

h k  m

N Dnk+lem=23 bwm¥y Y5 V3 V4 +hot. (61)

h o ko\oym
Dhtk+l+m=2.3 CrkimYy Y2 Y3 V4,

WK
Dekstrm=23 AnkimY' 13 V3 V4.

that is the system under study, limited to its center manifold. The
dynamics of the system in Eq. (6I) is the same of the system
in Eq. @, for small values of (yi,y2,v3,v4). As we did in
the previous section, from now on we substitute the notation
Oj,1 = f(30;) with O — f(0).

3.4 Elimination of nonlinear terms
Similarly to the case of a single NS bifurcation, we rewrite the
system in complex form, according to the change of variables

. 2142
a=y+tiyy o on= =
- 7 _ 2~
A =Y1= Y2 =75 (62)
— - — 2t
2=Yy3t1ys4 N y3 ===
- . _ 2=
2 =Y3—1)4 Y4 = 5
the system in Eq. (61)) becomes
Z Wz + X Q2 Z* 7
1 o 221 h+k+1+m=2,3 Chkim< <1424 (63)
hk I =
2 HaZ2 + Dipeksiem=2,3 BrkimZ1 212525

where apim, Brkim € C.
Substituting the variables (y,y»,y3,v4), as expressed in
Eq. (62), into Eq. (6I) we can define the values of the
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coefficients ayy,, and Buu,. For the second order terms we

have the coefficients

identity transformation

Z1 = vi + hi(vi, V1, v2,92)

2000 = Z (—aop00 + iay100 + a2000 22 = vy + ha(v1, V1, v2,2) (78)
— ib200 = b110o + ib2o00) (64) toEq. (63), where
. h = CniamV VLT
@200 = — (=a0200 — 1100 + A2000 ! hidm*17172%2
4 htk+l+m=2
= ibo20o + b1100 + iP2000) (65) hy = Z StV AT (79)
1 . htk+1+m=2
@0020 = 7 (=aooo2 + oo + dooan— As in the case of a single NS bifurcation, choosing properly the
— iboooa — boot1 + iboono) (66) values of the coefficients e, and fim, all the second order
' terms can be eliminated. Of course, this procedure will modify
@o002 = 7 (=doo0z = idoon + doozo— the terms higher than the second order. The procedure is similar
— iboooa + boo11 + ibooao) (67) to the one shown in the previous section, but in this case it is
1 . much more lengthy due to the higher dimension of the system.
1100 = 5 (@200 + a2000 + i (bo2oo+ For this reason, we skip this passage and we write directly the
+ baooo)) (68)  values of the coefficients, which follow the same rule of Eq. (36),
ie.
@010 = 7 (=ao101 + iao110 + iaip01— ~ Uhiim
. . Chkim =~ T (80)
= aio10 — iboto1 + bor10 + broo1 + ib1o10) (69) H2 = HaHoHaHy,
1 ki = Bhim 81
1001 = — (@001 + ido110 — iaioo1 + aioro+ hklm = = Tk T em 81
1001 = 7 (ao101 0110 1001 + @1010 g — gl
+ ibg101 — bo11o + b1oo1 + ib1o10) (70)  As a result of this transformation we will obtain the system
A hko =
@o110 = — (do101 — fao110 + @101 + dro10+ Vi 2V + Dsketem=3 ChkimVy V1oV
3 - T2 Lo (82)
. . V2 Hav2 + Xpskstem=3 BrkimVi V1V, V)
+ ibo1o1 + borio — bioo1 + ibio10) (71) . . .
) As we did before, we write only the values of the coefficients
o101 = I (—ao101 + i (—ap110 — a1001 — ia1010— related to the bifurcation, that are
2 2
. ; 1% 2a; 100 2]
= boio1 — ibor1o — ibioor + b1010)) (72) &2100 = @2100 — |_ uool” _ 2e110002000 _ _| 0200|2
1 Ao —1 Ho—1 f2 = 15
@011 = 5 (do002 + dooz0 + i (boooz + boo20)) (73) 002000 @100181100  @010150200  @1010B1100
_ 2 e — 1 -2 1
while, for the By coeficients, it is enough to substitute in (64)- K2 = H4 Ha =3 Ha
. . . . . @
(73) a with ¢ and b with d. Regarding the coefficients of the third —MMZOO (83)
order terms, we write here only those that will not be eliminated Ha —_,u 2
in the next passages, i.e. @100, @1011, Boo21 and Bi119. These are &ro11 = @011 — ao?“a“oo _ Za0011@2000 _ 01?01,30011
o —1 po — 1 fa—1
1 2
@100 = g(alzoo + 3az000 — 3b0300 — b2100 _ 0121010 @101080011 2002081000 X110
Ho — Hofl4 Ha—1 Ha— pofla Mo — fofls
+ i(3agzoo + azi00 + bi200 + 3b 74 P
. (3dos00 + 2100 + b1200 3000)) 74 _leoion awn@ion  2a002Bo01
@011 = Z(aIOOZ + a1020 — boion Hy —pops Mo = fiopl4 fl4 = Hofl4
. ) ) 2 @oo11Borio  @oo11Bi010 84)
+i(a + + T =
(a0102 + b1oo2 + b1020)) (75) fia — fhofia fla — flotia
1 A a a 2
Booa1 = §(60012 + 30030 — 3dooos — doozi Booat = Booat — 05)11,30110 _ @oo11B1010 _ 2Bo011B0020
fo—1 po — 1 Ha— 1
+i(3co03 + Cooa1 + door + 3doozo)) (76) _@on2Boior 002081001 2|Boooal” (85)
1 - _ 2 _ 2 - _ 2
Bt = Z(COZIO + 2010 — do2o1 — daoo1 2= Hy Ha=Hy Hamly
+ i(co201 + c2001 + do210 + d2010)) ) Buito = Biiro — @1100B0110 _ @110081010 _ 2B0020B1100
f2—1 2 — 1 Ha—1
The next step consist in eliminating all the nonlinear terms not _@i001B1100 2011082000 1810011 _ BotioBioto
related with internal resonances. We apply the following near fo — fofly Mo — Mg 4 — Hofly M4 — fofs
2a0i01Bo00  @101081100  Boroi* BoiioBioo (86)
o — popla Mo — Mopa 4 — Hofly M4 — Hofy
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With an analogous transformation, we eliminate the third order
terms not related to internal resonances, i.e. we apply the trans-
formation

Vi = wi + h3(wy, Wi, wa, W2)

Vo = wyp + hy(wi, Wi, wa, W2) (87)
to Eq. (82)), where
Bk ] -
hs = Z ChkimW| Wi Wo Wy
hk++m=3
_ hk. | —m
ha= > fuamwi Wy (88)
h+k+1+m=3
The values of the coefficients in the transformation are
Qpiim
ehkim =~ (89)
H2 — Ho oy
B
Sikim = — - (90)

pa — A EA UL
This procedure allow us to eliminate all the third order terms,
except the ones related to W%Wl and ww, W, in the first equation
of l) and related to wéwz and w;w;w; in the second equation
of (82). These terms are related to internal resonances and can-
not be eliminated. From Eqs. (89)-(90) we can easily identify
the terms related with internal resonances, in fact, to eliminate
those terms, the coefficient ey, should tend to infinit. For ex-
ample, to eliminate the term related to w;w,w,, we should have

eront = — Q011 _ Qo

M2 — M2 ats M2 — 12

After this lengthy procedure, and considering that ww = |w|?,

oD

we obtain the following system

It is possible to reduce the map in Eq. (94) to an amplitude map.
To do so, we introduce the polar coordinates (ry, 7, ¥, ¥2) € R,
where

wy = rie?, wy = e, (96)

Applying the transformation in Eq. to Eq. (94), we have

i eiWi=¢2)
(g

rzel'(l//z—¢4)

. . . 97
rle"”‘ (1+k)+ &21006—1452,‘% + &10118_l¢27’§ 7
rae"2 [(1+ ky) + Brinoe ™ rd + Booare 12

Separating the absolute value from the phase, considering that

ri, r» > 0, we have

. . 2
rl[ ((1 + k1) + R(@a100¢ )] + S33(61/10116_"”)@)
o e
+ (5(@’210067’¢2)r1 + S(07101167“752)5) ]

. A . . 2
rz[ ((1 + ko) + R(Brioe 4 )ri + 9%(,300216_"@‘)73)

12
N . N . 2
+ (\S(ﬁl 1o )t + ~5(ﬂ0021€_’¢4)r§) ]

98)
expanding the square roots in Taylor series we obtain
1+k d 3
) f (ke mn “”rg) +hot.  (99)
19 r (1 +k2+a21r1 +a22r2)
where
arr = R(e " az00), a2 = Rie P aon) (100)
az = R Bio), azn = R(e™ Boon)- (101)

A 2, 4 2 . .
( wi ] m (/12 + @a100lw1l” + @011 w2l ) +hot (92) Wenow consider the phase of the map in Eq. ©7), so we have
%) wa (H4 + Britolwi +50021|W2|2)
( Y1 — ¢ ] L
3.5 Reduction to an amplitude map Yo — ¢y
. I(@a100€”2)r+3(@1011€72)r3 (102)
We introduce two parameters W + arctan ( NG B T e
SBuioe” ) +3Booare=4)r ’
kl = |/12| - 17 k2 = |/'l4| - 1 (93) 1102 + arctan ( 1+k2+‘)i(,3]|lge’i¢4)r%+ﬂt(ﬁg()2|e”"”4)r§
so, in the vicinity of the bifurcation, Eq. (92) can be approxi- expanding the arctangent in its Taylor series we obtain
mated with
+ 1+ (b117? + biar?
0 [ v )H Gt di+{bn VTR b hot. (103)
wi e wi(l + ky)e'? + /53 s+ Yy + b21r1 +b22r2
wo wo(1l + k2)€l¢4
N 2 N 2 (94) where
wi <02100|W1| + 1011 |wal ) thot
wa (ﬁmolwll2 +50021|W2|2) _ (e am100)
by =—— (104)
. . 1+ k]
where €”2 = pp and €% = py. In order to simplify the fol- (e o)
lowing calculation and have a direct relationship between ki, k> bir = 1+ Kk (105)
and the bifurcation parameters pi, p», we linearize ki, k, in the ~ I(emits ﬁmo) 106
following way 2T T e k (106)
d d RICLY:
kl = %(Pl - plcr) + %(1’2 - chr) b22 = —( 180021) (107)
k —M( _ )+M( _ ) (95) 1+k2
2= 3, P17 Pler ap, P2 = P2er)-
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3.6 Analysis of the normal form

It is possible to investigate the effect of the double NS bifur-
cation, analyzing the fixed points of Eq. (99). If there are fixed
points different from the trivial solution, the map in Eq.
admits periodic solutions. If the fixed point is semitrivial, i.e. it
lays on one axis, the map in Eq. (51I) will show a periodic mo-
tion, while, if the fixed point is nontrivial, the map in Eq. (51)
will show a quasiperiodic motion. According to the scheme:

fixed point (71, 0) periodic motion with amplitude 7,
xed point (71,0) — ]
P ! and frequency depending on Eq. (I03})

fixed point (0, F,) — periodic motion with amplitude 7,
p P and frequency depending on Eq. (I03})

quasiperiodic motion given by two
periodic motions with amplitudes 7}

fixed point (r{,r5) — . .
and r; and frequencies depending on

Eq. (T03)
The stability properties of these motions are analogous to the

stability properties of the fixed points of Eq. (99).
There exists a fixed point on the r; axis (71, 0) for

~ ~ ~ ~3 ~ kl
r1=r1+k1r1+a11r1<:r1= -,
ar

so, in order to have a fixed point on the r; axis, we must have
k] / ap < 0.
The semitrivial fixed point is stable if and only if the eigen-

(108)

values of the Jacobian matrix have absolute value less than 1,

)z

ie.
1+k1 +3a117’% 0

me( 170

1+k2 +61217’%

109
1 = 2%, 0 (109
0 1+ kz - Z—ﬂkl ’
ki >0
(1,0) is stable &= { ' (110)
kz - ﬁkl <0

If only one of the two inequalities is verified, the fixed point
is a saddle, if both are not verified it is totally unstable. Con-
sidering that #/ = vk, /a;; and the conditions for stability in
Eq. @]), if a;; > 0, this semitrivial fixed point is necessarily
unstable, otherwise its stability depends also on a,; and k.

We now verify the existence of semitrivial fixed points on the
ry axis (0,7,). There exists a semitrivial fixed point on the r,

2 =Nt tapnr @n= P
22

similarly to the previous case, in order to have the semitrivial

axis for

(111)

fixed point, we must have k;/a; < 0.
The Jacobian matrix in correspondence of (0, 7,) is

Jh :[ 1+k2+a127§ 0 ):
" 0 1+ k + 3axni 112
[1+k1—%2 0 ]

0 1-2k )’

SO

k2>0

113
kl—%k2<0 ( )

(0, 7) is stable <— {
If only one of the two inequalities is verified, the fixed point is
a saddle, if both are not verified it is totally unstable. As in the
previous case, considering that 7, = v/—k/a,; and the condi-
tions for stability in Eq. (??), if ay > 0, this semitrivial fixed
point is necessarily unstable, otherwise its stability depends also
on aj, and k.

There exists a general fixed point (r7, ;) for

{ ry=r +kir}+ anr’f3 + alzrfrzz

f o % s« 2k *3
5 =71, +kors + anri°ry + anr;

2 2 _
a”rT +a|2r§ = -k (114)
azerZ + 61221’;2 = -k, ’
whose solution is
2 kiaxn — kai,
s
aiaip —apa
k,ay — kia
2 2011 1421
ry = — (115)

azidajp —apnax

*2
1

To analyze the stability of this fixed point, we have to study the

In order to have real solution we must have = > 0 and rzz > 0.

eigenvalues of the Jacobian matrix

1 +k] +3a]1rT2+a12r§2 261121‘1‘1‘3
Jliry = 2ay (75, 1+ =
ky + 6121VT2 + 361221‘;2
1+k1+A 2(1123 (116)
2612]3 1+ k2 +C
where
A= ki(Banax — azain) — 2aya12k;
aziay — dpan
B= (kyaz — kaain)(kaar — kiaz)
azidip —dpaxn
C= ky(3ay1ax — az1arz) — 2az1axnk

az1di2 — d1az

If both the eigenvalues are inside the unit circle of the com-
plex plane, the nontrivial fixed point is stable, and it corresponds
to a stable quasiperiodic motion of the map in Eq. (51). If only
one eigenvalue is out of the unit circle, the nontrivial fixed point
is a saddle, so the corresponding quasiperiodic motion of the
map in Eq. (51) is unstable. If both the eigenvalues are out of
the unit circle, the fixed point is a repellor. As better explained
in 6], the nontrivial solution (r}, r}) arises from a pitchfork bi-
furcation of one of the two semitrivial solutions (7, 0) or (0, 7).

In Fig.[3] we show an example of a possible bifurcations struc-
ture in the vicinity of a double NS bifurcation. In the figure, the
two single NS bifurcations are both supercritical. In regions B
and F there is no interaction between the two bifurcations. In
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Fig. 3. One possible bifurcation diagram of a double NS bifurcation, in the
case of supercritical bifurcations. The letters from A to F indicate regions with
different behaviors. The shaded area indicates stability of the trivial solution.

regions C and E there are two coexisting periodic solutions, one
stable and one unstable, while in region D, the interaction be-
tween the two bifurcations generates an unstable quasiperiodic
solution ((¥},7;) is a saddle in this case), which coexists with
two stable periodic solutions. A similar bifurcation structure has
been obtained in [1] in correspondence of a double Hopf bifur-
cation (of a continuous time system). The possible bifurcation
structures are several and it is out of the scope of this paper to
exhaustively show all of them in details. For more details we
address the readers to [6] and [7]].

In case of instability of the nontrivial fixed point (r],r3), it
is important to analyze the values of the eigenvalues. If they
are complex conjugate, the fixed point undergoes a NS bifurca-
tion, adding one more period of vibration to the quasiperiodic
motion of the map in Eq. (5I), which will have three periods
of vibration. In order to analyze this quasiperiodic motion with
three periods, it is necessary to include in the analysis terms up
to the fifth order, starting from the Taylor expansion in Eq. (53).
In this case, the procedure is extremely lengthy. More details,
about this very special case, are given in [6].

The dynamics occurring in the case of a double NS bifurca-
tion can be very complex, for this reason it is very hard to gen-
eralize the analysis of its normal form. Anyway, the guidelines
given in this section, show how a map, undergoing a NS bifurca-
tion, can be transformed into its normal form. After substituting
the actual parameter values of a specific case study, even a reader
with low experience in bifurcation, may be able to analyze the
occurring bifurcation.

4 Conclusions

In this paper, we presented in details the typical analytical
procedure to investigate single and double Neimark-Sacker bi-
furcations. We showed most of the common features of this kind
of bifurcations, that typically appear in discrete time dynamical
systems. The shown procedure is not exhaustive regarding all
the possible motions that the system can assume during such

bifurcations, neither it can be applied to any dynamical system
(described with a map) which undergoes a Neimark-Sacker bi-
furcation. Also, similar procedures have been already presented
by other authors, especially regarding a single Neimark-Sacker
bifurcation. Nevertheless, in the procedure presented in this pa-
per, some passages, which are not explicit in other textbooks,
are clarified, allowing a larger number of scientists to directly
investigate such bifurcations with an analytical approach, with-
out any need of specific softwares.
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