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Abstract 
This study presents a numerical investigation of flow and 
rheological behaviour of activated sludge. These materials 
are usually driven by pumps in wastewater treatment plants. 
Because of the correct sizing of the pipeline systems, which 
is of great importance from the point of view of efficiency, the 
friction losses and loss coefficients of the components have to 
be known. These are well-known in the case of Newtonian flu-
ids but few data are available if the rheological properties are 
non-Newtonian. Three non-Newtonian models (Ostwald, Bing-
ham, Herschel-Bulkley) are investigated related to the friction 
factor of a straight pipe, the loss coefficients of an elbow and to 
the pressure drop on this element. For our study the rheological 
data were used from the literature, where the same sample ori-
gin was diluted or concentrated to achieve three different TSS 
(total suspended solids) contents for the same sludge (7.4 g/l; 
6.2 g/l; 3.6 g/l). Moreover, modified Reynolds-number defini-
tions are tested related to the non-Newtonian models in the case 
of the laminar, transition and turbulent regions.

Keywords 
activated sludge, CFD simulation, loss coefficient, non-New-
tonian flow, rheological parameters

1 Introduction
Knowing the hydrodynamic behaviour of sludge is essential 

to design and operate cost-efficient processes and machines. 
For system design computational fluid dynamics (CFD) mod-
elling has to use the appropriate rheological models to predict 
the hydrodynamic behaviour accurately [1-3]. The sludge has 
non-Newtonian rheological characteristics meaning different 
behaviour from Newtonian fluids during flow in pipes, mixing 
and sedimentation processes [4]. Ratkovich et al. [1] reviewed 
the literature from the latest period and found that replacing 
the sludge viscosity with that of plain water is a very crude 
approximation and may cause intolerable deviations from real-
istic process behaviour.

There is a relatively large volume of published studies 
describing the flow of non-Newtonian substances in engineer-
ing applications, such as egg [5], fruit juice [6] and dense slurry 
from power plants [7]. By contrast, only a few data are available 
about activated sludge flow in hydrodynamic systems [8, 9]. 
However, for correct sizing of wastewater treatment plants 
(WWTPs) the friction losses and the loss coefficients of the 
components have to be known.

The most frequent non-Newtonian rheological models to 
describe sludge behaviour in steady state laminar flow are the 
Ostwald (power-law), the Bingham, the Herschel-Bulkley, the 
Casson, the Sisko, the Carreau and the Cross models [8].

The activated sludge technology can be applied by differ-
ently loaded wastewater because the parameters of the process 
can be adjusted in a simple way, so that this is the widely used 
biological method in wastewater treatment. Due to the fact that 
the different sludge substances have complicated structures 
and the solid content, temperature and shear stress influence 
the rheological properties, quantitative characterization has 
many difficulties [4, 10-12]. Solid concentration was found to 
be one of the critical parameters (beside the temperature) in 
determining the rheological characteristics of mixed sludge by 
Baroutian et al. [13].

The Herschel-Bulkley model is applied primarily to describe 
rheological sludge behaviour in the case of high solid concen-
trations, while Bingham's model is more frequently adapted to 
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the description of the weakly concentrated sludge from aera-
tion tanks of WWTPs [9, 14].

The main aim of this study was to investigate, how the own 
applied rheology model influences the predicted friction fac-
tor ( f ) and loss coefficient ( ξ ) of an elbow with an R/D = 1 
relative radius of curvature. For our research the rheological 
data of sludge were taken from a literature source. Guibaud et 
al. [9] measured the rheology of activated sludge from WWTPs 
aeration tanks. Three of the seven above-mentioned rheologi-
cal models were chosen and these models were fit to the pre-
sented rheograms of activated sludge samples at different TSS 
(total suspended solids) contents. CFD simulations were carried 
out with the determined rheological parameters in one given 
pipe geometry; thereafter the computed friction factors, loss 
coefficients and pressure drops of the elbow were compared.

2 Materials and methods 
2.1 Rheological measurements

In their study, Guibaud et al. [9] reported measurement data 
of activated fresh sludge from WWTPs aeration tanks with dif-
ferent TSS contents. For determining the rheological parame-
ters they were used a PAAR Physica system MC100 rotational 
rheometer coupled with an US200 Software, which consist of 
a coaxial cylindrical device with double gap. The temperature 
was constant (20 ± 2 °C); the sample volume was 17 ml for 
each measurements. The investigated shear rate range was 
1-500 1/s, so laminar shear flow conditions were ensured 
during the measurements. The measured rheograms had a very 
low hysteresis surface. The same sample origin was diluted or 
concentrated to achieve three different TSS contents for the 
same sludge (7.4 g/l; 6.2 g/l; 3.6 g/l).

2.2 Rheological models
Based on the literature recommendation [13, 15] three rheo-

logical model were fit to the measured data: the Ostwald (pow-
er-law PL), the Bingham (B) and the Herschel-Bulkley (HB) 
models. The describing equations are the followings:

τ γ= k n
 ,

τ τ µ γ= +
0B B ,

τ τ µ γ= +
0HB HB

nHB
 ,

where τ is the shear stress, γ  is the shear rate, k is the flow 
consistency index in case of power-law model, τ0B and τ0HB are 

the yield stresses, μB and μHB are the dynamic viscosities of 
Bingham and Herschel-Bulkley fluids, respectively, and n and 
nHB are the flow behaviour indices of PL and HB liquids.

2.3 Numerical method
The 3D structured numerical mesh (generated in ICEM CFD, 

see Fig. 1) included 1.2 m cells which earlier proved to be sat-
isfactory, considering that the results were compared with own 

laboratory measurements [16]. At the inlet the fully developed 
turbulent velocity profile for Newtonian fluids [7], at the outlet 
the average static pressure were prescribed as boundary condi-
tions. The pipe was modelled as a no slip, hydraulically smooth 
wall. The SST turbulence model was used, which was tested 
for non-Newtonian flows [7]. Steady state computations were 
performed with the commercial ANSYS-CFX 17.2 software; 
high-resolution spatial scheme was used for all equations. The 
software solves the Reynolds-averaged Navier-Stokes equa-
tions, the continuity equation, and the transport equations asso-
ciated with the actual turbulence model.

It has been previously demonstrated by the authors [7] 
that using a turbulence model at laminar flow has no nega-
tive influence to the results. This is due to that the software 
automatically "switches off" the turbulence model in case of 
laminar flow conditions.

Additional straight pipes of 50D length were added to the 
upstream and 10D length to the downstream sides to allow proper 
boundary conditions (see Fig. 2). This length for the upstream 
section was adequate [7], and made the model suitable to verify 
the accuracy of our results in a simple, good controlled way.

Fig. 1 3D structured numerical mesh

Fig. 2 Sketch of the geometry
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(2)
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2.4 Definitions
The friction factor ( f ) was calculated from the pressure drop 

in a 1D length straight pipe section before the fitting, where the 
flow was already developed:

f p
L
D

v
=

∆
ρ
2

2

in which Δp is the total pressure drop in the pipe section, 
ρ is the fluid density (which was approximated with the water's 
density), L is the length of the section, D is the diameter of the 
pipe and v  is the average velocity.

The loss coefficient ( ξ ) was defined as the non-dimensional 
difference in total pressure caused by the fitting:

ξ
ρ

=
∆p

v

e

2
2

in which Δpe is the total pressure drop caused by the element. 
It was calculated between the beginning of the fitting and a 
plane after the elbow in 9D distance. The loss caused by the 
wall friction was subtracted from it but the forward disturbance 
of the fitting was taken into consideration. (It was verified by 
the authors that beyond 9D the forward impact of the elbow is 
negligible because there the Δpe changes less than 5 %.)

Theoretically, the Reynolds-number is the ratio of iner-
tial forces to viscous forces, for Newtonian fluids is given as  
Re = v D ρ / μ. For laminar and fully developed flow, the Darcy 
friction factor ( fD = 64 / Re ) is defined, which is generally given 
for fluids independent of their viscosity characteristic [17]. 
For pipe flow Metzner and Reed [18] introduced a modified 
Reynolds-number valid for PL fluids. In addition, Madlener 
et al. [17] introduced an extended version of the generalized 
Reynolds-number (Regen) for PL, B or HB type of fluids as well. 

Based on their studies in the case of the PL fluids the gener-
alized Reynolds-number is defined as:

Regen PL

n n

n
n

v D

k n
n

_
;=

+







−

−

2

1
8

3 1

4

ρ

for Bingham liquids:

Regen B
B

B

vD
D
v

m
m

_
,=







 +

+







ρ
τ

µ0

8

3 1

4

with m
v D
v DB

B

B B

=
( )

+ ( )
µ

τ µ
8

8
0

/

/
;

and for Herschel-Bulkley (HB) fluids:
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where D is the diameter of the pipe, ρ is the fluid density, v  is 
the average velocity, k is the flow consistency index in case of 
power-law model, n is the flow behaviour index, τ0  is the yield 
stress and μ is the dynamic viscosity; furthermore m is the local 
gradient of the shear stress-shear rate in a log-log diagram.

The friction factor traditionally depends on the Reynolds- 
and Hedström-numbers (He) [19]. Besides, in the case of 
Bingham fluids the Bingham-number (Bi) can also be defined, 
as the ratio of the previous two dimensionless specific numbers:

He
D

B

=
2

0

2

ρτ
µ

;

Bi He D
vB

= =
Re

τ
µ
0 ,

with the previous annotations. (The He / Re dimensionless 
parameter is generally used by HB fluids as well, but in these 
cases the ratio is not called as Bi-number.)

3 Results
3.1 Apparent viscosity

The apparent viscosity is by definition the ratio of the shear 
stress and shear rate. Based on the measured data [9] there is 
a decrease in the material apparent viscosity when the strain 
rate is increased (see Fig. 3), so shear-thinning model can be 
suitable to describe the rheology.

3.2 Rheological parameters
All the three previously specified models were fit to the mea-

sured three rheograms. These fits were performed using linear 
and nonlinear (trust region reflective) least squares algorithms 
in MATLAB software.

The specified rheological parameters and the coefficient of 
determination (R2) of the fits can be seen in Table 1. The least 
good fit was experienced by the power-law model suggesting 
that the τ0 yield stress is not negligible. Though the HB model 

(4)

(5)

(6)

(7)

(8)

(9)

(10)

(11)

(12)

Fig. 3 Apparent viscosity at different TSS contents
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has three parameters, there was no significant difference between 
the coefficient of determination of HB and B rheological fitting.

3.3 Friction factor
There are many explicit forms of laminar friction factor for B 

and HB fluids. For instance in case of laminar flow of Bingham 
plastic fluids friction factor is given by the Buckingham-Reiner 
equation ( fBR ), where fBR is the function of Re and Bi [20]. 
For Herschel-Bulkley laminar flow Swamee and Aggarwalt 
give an explicit equation for friction ( fS ), which is also Re and 
He / Re dependent [21]. (It should be noted that the non-dimen-
sional numbers used are individually defined by the different 
authors in these works.) The difference between our calcu-
lated friction factors and the fBR was below 3 % by the B flu-
ids; and was not more that 15 % by HB model. The calculated 
friction factors as the function of the traditionally defined Re 
showed good accordance with the literature; the outlined pat-
tern (the markers are around lines) of the laminar friction factor 
were separated by the He-number (see Fig 5.) [22-24]. In case 
of PL fluid (when He is zero) the calculated friction factor val-
ues were on the 64 / Re line.

These predicted friction factors also can be presented as the 
function of the Regen. As expected, introducing this generalized 
Regen arranges the calculated friction factors to fD = 64 / Regen 
curve in case of laminar flow conditions (see Fig. 6). One of the 
most interesting aspect of this graph is that an arranged layout 
can be observed in turbulent conditions as well.

For turbulent non-Newtonian flows there are relatively few 
explicit forms for the friction factor. Tomita evaluated the 

coefficients of pipe friction losses for power-law fluids (with the 
flow behaviour index between n = 0.2-0.9) [25]. The Tomita 
friction factor ( ft ) includes the rheology of the fluid by the 
extended Tomita Reynolds-number (ReT). Turbulent friction 
factors (including the Tomita's) were experimentally examined 
by Leal et al. [26], and it was demonstrated by the authors that 
the formulism of Tomita a little bit overestimates the friction 
factor. It can be seen on Fig. 6 that our calculated values were 
also below the ft , showing the same tendency.

3.4 Laminar-turbulent transition
The laminar-turbulent transition range appeared to shift as 

the He value changes in case of using the traditional Re defini-
tions [22]. Although the He-numbers changed only one order of 
magnitude (were between 7 × 105 - 1.3 × 106) in our simulations, 
this was recognisable in our results, shown in Fig. 5.

On the other hand, the traditional (also called Hedström) tech-
nique has many limitations, see e.g. [17, 27, 28]. From the data in 

Fig. 4 Measured and fit rheograms at different TSS contents: 
+ 7.4 g/l; ♦ 6.2 g/l;  3.6 g/l; 

blue: fit power-law; red: fit Bingham; green: fit Herschel-Bulkley model.

Table 1 Fit rheological parameters and the coefficients of determination (R2)

Parameters of the power-law model

TSS 7.4 g/l TSS 6.2 g/l TSS 3.6 g/l

n
[-]

k
[Pa sn]

n
[-]

k
[Pa sn]

n
[-]

k
[Pa sn]

0.32152 0.24105 0.39989 0.12023 0.41398 0.07649

R2 R2 R2

0.9613 0.9579 0.9515

Parameters of the Bingham model

TSS 7.4 g/l TSS 6.2 g/l TSS 3.6 g/l

µB

[Pa s]
τ0B

[Pa]
µB

[Pa s]
τ0B

[Pa]
µB

[Pa s]
τ0B

[Pa]

0.00279 0.66580 0.00245 0.42793 0.00179 0.27223

R2 R2 R2

0.968 0.984 0.982

Parameters of the Herschel-Bulkley model

TSS 7.4 g/l TSS 6.2 g/l TSS 3.6 g/l

µHB

[Pa sn
HB]

τ0HB

[Pa]
µHB

[Pa sn
HB]

τ0HB

[Pa]
µHB

[Pa sn
HB]

τ0HB

[Pa]

0.00050 0.76617 0.00178 0.44775 0.00090 0.30158

R2 nHB [-] R2 nHB [-] R2 nHB [-]

0.975 1.27279 0.984 1.04982 0.983 1.10773

Fig. 5 Calculated and analytical friction factors as the function  
of the Re-number; 

Calculated:+ 7.4 g/l; ♦ 6.2 g/l;  3.6 g/l; red: B; green: HB; blue: PL model 
Analytical: fBR: Buckingham-Reiner friction factor [20], B model; 

fS: friction factor by Swamee [21], HB model
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Fig. 6, it is apparent that introducing the generalized Regen seems 
to be an appropriate tool to get the locus of the transition range at 
Regen ≈ 2200. In addition, Fig. 6 provides that Regen is applicable 
both of the three rheological models.

3.5 Loss coefficient of the elbow
Fig. 7 shows the dimensionless loss coefficient ( ξ ) of the 

elbow calculated with the three different models (with blue, 
red and green colours), with the three different TSS contents 
(with different symbols). It is apparent that Regen covered the 
properties caused by the different concentrations here, so that 
curves of the same colour cannot be distinguished.

Because of the different Regen values at the various rheo-
logical models, the quantitative comparison was not relevant. 
Even so it can be stated that the results by the Bingham and 
Herschel-Bulkley models showed good agreement, while the 
power-law model gave distinct values for the loss coefficient in 
the region of Regen = 90-2100.

3.6 Pressure drop caused by the elbow
For adequate sizing of hydraulic systems in WWTPs the 

pressure drop caused by the elements has to be known at dif-
ferent velocities (see Fig. 8). In our work the non-Newtonian 
pressure losses were in every point above those calculated 
with water, which was also computed and considered as a 
reference. In the laminar region (where Regen < 2200; which 
means v ≈ 0-0.5 m/s) there was no more than 15 Pa difference 
between the Newtonian and non-Newtonian losses (including 
all the three rheology models).

In contrast at turbulent flow conditions there were remarkable 
differences between the water and the sludge. The highest dif-
ference in pressure drop was between the HB and water fluids: 
it was around 2600 Pa at 10 m/s velocity. At lower velocities the 
non-Newtonian pressure drop was 30-98 % higher, than that of 

the water. These findings are in good agreement with Ratkovich 
et al. [1] and in contrast with the statement of Leal at al. [26], 
who concluded that the pressure drop of an elbow can be calcu-
lated using the loss coefficients for Newtonian fluids. (It should 
be noted that their investigation was carried out in a very low 
velocity range, where the flow was supposedly laminar.)

To take a closer look at Fig. 8 it could be observed that the 
B and HB curves at a given TSS content were very close to 
each other: the highest – 3 % – difference was in the transi-
tion region. On the other hand, the differences between the PL 
and the other two models were also not too significant by the 
lower TSS contents: they were no more than 9 %. By the 7.4 g/l 
TSS content in high velocity range 10-12 % difference can be 
observed, here the calculation based on PL model was expected 
to underestimate the losses.

The higher the TSS content was, the more pressure drop 
was caused by the elbow, as can be seen in Fig. 9. In review-
ing the literature, similar data were given previously for pipe 
losses [29, 30] but there much less information was given about 
the pressure drop caused by pipe fittings.

Fig. 6 Calculated and analytical friction factor as the function of the 
generalized Re-number

+ 7.4 g/l; ♦ 6.2 g/l;  3.6 g/l; blue: PL; red: B; green: HB model; 
black line: Darcy friction factor fD = 64 / Regen; 

circles: Tomita friction factor ft [25];

Fig. 7 Calculated loss coefficients of an elbow with an R/D = 1 relative radius 
of curvature as the function of the generalized Re-number 

+ 7.4 g/l; ♦ 6.2 g/l;  3.6 g/l; blue: PL; red: B; green: HB model;

Fig. 8 Pressure drop on the elbow as the function of the average flow velocity; 
highlighted the laminar region. 

+ 7.4 g/l; ♦ 6.2 g/l;  3.6 g/l; blue: PL; red: B; green: HB model;
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4 Conclusions
Due to increasing urban populations and tightening of envi-

ronmental rules wastewater treatment plants are under pressure 
to treat larger volumes of sludge. In this field there is still much 
to do, e.g. to give better estimation of the losses of pipes and 
elements. The present study has shown that the computational 
fluid dynamics codes seem to be suitable for such purposes.

The present study was designed to determine the effect of 
applied rheology models and the TSS content to the friction 
factor, to the loss coefficient and the pressure drop of a given 
elbow using CFD. Even though this investigation was carried 
out on the activated sludge, the results can be used in a wide 
range of the given dimensionless parameters.

The power-law, Bingham and Herschel-Bulkley models 
were fit to measured rheograms of activated sludge at three dif-
ferent TSS contents, which were reported by Guibaud et al. [9]. 
The best fit was achieved by the Herschel-Bulkley model.

Our findings suggested that among the many existing defini-
tions the generalized Re-number Regen arranges the friction fac-
tor values appropriately. Using the definition from the work of 
Madlener et al. [17] the laminar-turbulent transition zone was 
appeared at Regen ≈ 2200. The computed friction factor values 
showed good agreement with the literature.

From the engineering point of view the major finding of our 
study was that the pressure loss caused by a pipe element was 
significantly higher in case of non-Newtonian flow than those 
with water. Our results complemented the existing literature 
with giving the pressure drop for sludge with different total 
suspended solid contents as well.

In our work the calculated pressure drops by the Bingham 
and the Herschel-Bulkley models were very close two each 
other. Considering that the numerical simulations applying 
Bingham model require less computing capacity (because it is 
described with only two parameters) it can be recommended 
to use the Bingham model for hydrodynamic simulations at 

similar rheological parameters. (The power-law model also 
can be applied by low TSS contents, but using of it not rec-
ommended by higher concentrations, because it supposedly 
underestimates the losses.)

The limitation of this study was that only one given material 
was investigated at three different relatively low (3.6 g/l -7.4 g/l) 
TSS content. The small range of Hedström-numbers also did not 
allow reaching general conclusions. A further study could assess 
the effect of He more precisely, taken into consideration a larger 
range of rheological and geometrical parameters.
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