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Abstract

This study has been made to determine the performance of the (Ti-TiB) FGM plate to reduce the J-integral calculated for the crack tip 

emanating from the semicircular notch root in mode I and mixed mode, when the crack is propagated from the notch root. In this 

paper, 3D finite element method is applied to analyze the behavior of a crack emanating from semicircular notch root growing from 

the metal (Ti) and is oriented perpendicularly in direction of ceramic (TiB). The J-integral has been found for several combinations laws 

of FGM plates with respect to the variable combination of the crack length, the plate thickness, the notch radius, Young modulus of 

FGM plate constituents and the crack orientation. These parameters must be optimized in order to improve the best performances.
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1 Introduction
It is well-known that traditional layered composite mate-
rials and metals possessing high strength and toughness 
at room and a moderately elevated temperature becomes 
incapable for employing under the ultra high tempera-
tures. On the other hand ceramic materials demonstrate 
superior properties in heat resistance. However, the use 
of ceramics in engineering applications is usually limited 
due to their low toughness. Combining gradually ceramic 
and metal materials into one material system, so-called 
a functionally graded material (FGM), allows one to get 
advantages of the both materials as an alternative to struc-
tures with a bimaterial interface.

The ceramic constituents of FGMs withstand high tem-
peratures due to their excellent thermal resistance, while 
the metal constituents provide better mechanical perfor-
mance reducing the possibility of catastrophic brittle frac-
ture. FGMs originally developed as thermal barrier coat-
ings for aerospace structures and fusion reactors [1] have 
nowadays received a wide spread as structural components 
in transportation, energy, electronics and biomedical engi-
neering for the general use in high temperature environ-
ments [2]. Hence, studies of thermal-induced stresses in 
FGMs are extremely necessary. Moreover, the existence of 

microcracks and other defects in FGMs due to features of 
fabrication processes can essentially affect their material 
behavior. Therefore, the fracture analyses of FGMs under 
thermal loading conditions are important to ensure their 
durability in engineering applications. A number of issues 
must be addressed in order to effectively model thermal 
cracking in functionally graded materials. These include 
profiles of material gradients and their magnitudes, speci-
men geometry, residual stress distributions, crack-wake and 
process zone effects for advancing crack, etc. In this respect, 
various analytical and computational approaches have 
been employed to investigate crack-tip stress distribution 
and crack propagation in FGMs [3]. The correspondence 
between crack-tip fields in homogeneous and non-homoge-
neous continua, which permits application of standard anal-
ysis techniques in FGMs has been demonstrated in [4, 5]. 
This fact in conjunction with the simplest approximations of 
graded material properties allowed researchers to get ana-
lytically tractable solutions of many practical tasks reduc-
ing them to one dimensional models. For instance, a closed-
form solution of thermal stress intensity factor (TSIF) for 
a strip of metal / ceramic FGM with exponentially varying 
thermo-mechanical properties with an edge crack subjected 
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to steady state thermal load was obtained in [6], while the 
transient thermal problem for such type of graded materials 
was presented in [7, 8] for a cracked semi-infinite plate and 
a plate with an edge crack, respectively. Authors in [9] have 
used an analytical approach based on the layered model to 
study edge cracked strips of ceramic / ceramic and ceramic / 
metal FGMs with constant elastic moduli and thermal prop-
erties graded according to the power law under transient 
thermal loading conditions. Both the distributions of tem-
perature and thermal-induced stresses in vicinity of the 
crack have been found.

The J-integral can also be applied to non-homogeneous 
materials as well as homogeneous materials. Sadowski et 
al. [10] studied the effect of material non-homogeneity in 
numerical computations of the J-integral. Sladek et al. [11] 
employed the J-integral using a domain integral approach 
to obtain fracture solutions for semi-elliptical surface 
cracks contained in FGM structures. Use of the J-integral 
as a fracture parameter in FGMs with notches is the sub-
ject of some other papers [12-15].

Although some experimental and numerical investiga-
tions of fracture of specimens made of FGMs with cracks 
are available in the literature, [16-17] there are a few works 
about fracture assessment of FGMs with notches.

Despite these efforts, a clear description of fracture and 
crack growth in graded materials has remained a challeng-
ing task yet and requires powerful and precise numerical 
methods. The Finite Element Method (FEM) is undoubt-
edly a favorite technique for analyzing mechanical and 
thermal problems including those involving FGMs. 
The main issue encountered in application of the FEM to 
FGMs is concerned with modelling a material with con-
tinuou varying properties. The simplest way involves the 
use of homogeneous elements each with different proper-
ties, however, it leads to a stepwise change in properties 
in the direction of the material gradient. Such models have 
already been used by a number of researchers and reason-
able results have been obtained, e.g. [18] among many oth-
ers. A more advanced way of including property variation 
into a FE model is to utilize elements that themselves con-
tain a gradient in properties. Authors in [19] proposed a 
two dimensional (2-D) graded finite element with material 
properties evaluated directly at the Gauss points. An alter-
native element was developed in [20], a fully isoparametric 
element formulation that interpolates material properties 
at each Gauss point from the nodal values, using the same 
shape functions as the deformations was proposed. One 
can notice that comparisons of graded and homogenous 

elements under various loading conditions with analyti-
cal solutions in the literature showed that graded elements 
give far greater accuracy for modelling FGMs [21].

Moreover, in the case of FGMs, appropriate modifi-
cations accounting for material inhomogeneity must be 
made as compared with the analysis of homogeneous 
materials for predictions of stresses near the crack-tip 
and tracking the path of a crack growing in the mate-
rial, where mode mixity arises not only from geometri-
cal and loading configurations but also from the material 
nonhomogeneity. It has been proven in [22] that when the 
traditional version of the J-integral is implemented into 
the FEM via the domain integration method, it is path 
dependent in the case of FGMs, and it can provide accu-
rate results only if it is evaluated very close to the crack 
tip using small elements. A modified path independent 
J-integral, computed for the nonhomogeneous materials 
was also proposed in [23] later. However, this quantity is 
cumbersome to compute. Previous works on crack growth 
simulation in FGMs includes a number of prediction mod-
els. For example, a local remeshing technique to predict 
the crack path in the quasi-static four-point bending frac-
ture test has been used in [24]. The intrinsic cohesive ele-
ment formulation in the context of finite element method 
can be found, e.g. in [25, 26]. Recently, the novel extended 
finite element method (XFEM) has been applied to model 
arbitrary crack growth in FGMs under thermo-mechani-
cal loading in [27, 28].

This paper introduces an elastic-plastic numerical 
investigation using the 3D finite element method to eval-
uate the J-integral at crack tip in titanium boride (TiB) - 
titanium (Ti) ceramic-metal functionally graded materials 
(FGMs) plate with a semicircular notch at side subjected to 
different mechanical load conditions (mode I and mixed-
mode). Young's modulus of the functionally graded mate-
rial plate varies along the specimen width with a power 
law (P-FGM) and exponential-law (E-FGM) function. 
Further, the Poisson's ratio is taken as a constant in normal 
direction to the hole with a power law function. The rela-
tion of J-Integral with functionally graded material plate 
parameters is highlighted; these parameters must be opti-
mized in order to improve the best performances.

1.1 Geometrical model of the FGM plate 
Fig. 1 illustrates the geometrical model of FGM (Ti-TiB) 
plate with a side semicircular notch in mode I and mixed 
mode loading is considered. The geometrical character-
istics of the FGM plate are the width W = 200 mm; the 
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length L = 2W = 400 mm; and the thickness h = 2 mm. 
To analyze the fracture behavior, a crack of length (c) is 
supposed to be initiated at the notch root with radius (R).

The considered FGM notched plate is requested in dif-
ferent loaded modes:

• Mode (I): σ0 = 100 MPa
• Mixed Mode (I + II + III): σ0 = σ1 = σ2 = 100 MPa.

Under the effect of the applied stress (σ0 = 100 MPa) 
this crack is susceptible to propagate.

The material properties used for modeling and analysis 
of FG structures is presented in the Table 1.

1.2 Finite element model
The analysis involved a three-dimensional finite element 
method by using a commercially available finite element 
code ABAQUS Version 6.9.126 [29].

We used 47538 quadrilateral elements hexahedral 
and 203416 nodes of type C3D 20R with a refined and 

structured mesh near the notch as shown in Fig. 2. In the 
presence of crack, the number of the quadrilateral ele-
ments reaches 32213 of type C3D15 and 911 triangular ele-
ments of type CPS3. The singularity at the crack head can 
be integrated in the solution by replacing the elements at 
the crack head by quarter-point special elements 28.

The mesh was refined near the crack tip area with an 
element dimension of 0.066 mm using at least fifteen such 
fine elements in the front and back of the crack tip.

2 Results 
The results are based on the FE analysis, as discussed in 
the Section 1.2 using Abaqus. Results obtained of different 
analysis have been presented in the following subsections.

It may be a research interest to compare the J-integral 
between FGM plate (Ti / TiB) and homogeneous materials 
Ti and TiB plate with respect to the plate depth is shown in 
Figs. 3 and 4. The mechanical properties of the FGM with 
a power-law (P-FGM) characterized by material param-
eter index (n) and exponential-law (E-FGM) function of 
Young's modulus were considered for three modes of load-
ing (mode I; Mode I + II; Mode I + II + III).

The variation of the FGM properties in the direction of 
notch radius (r-FGM) offers the best favorable choice com-
pared to other directions, as it has been mentioned in our 
previous investigation [30].

In Figs. 3 and 4, it is noticed that the maximum 
J-integral occur at the thickness of the plate edge and 
increase gradually as far as middle of the thickness of 
the plate approaching the asymptotically the value of the 
applied stress. The curves have a parabolic form.

Fig. 1 Geometrical notation of 3D-FGM notched plate Fig. 2 Typical mesh of 3D-FGM notched plate

Table 1 Mechanical properties used for metallic of and ceramic phases 
of FGM material

Constituents Young's modulus (GPa)

Ti 110

TiB 375

Al 72

Cu 124

Ni 215

SiC 420

ZrO2 200

Al2O3 345
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It can be seen also, that the J-integral is more import-
ant for metal plates (Ti) than for ceramic plates (TiB). 
For the P-FGM plate characterized with material parameter 
index (n), the analysis of the obtained result shows that the 
increase in this index causes an increasing of the J integral, 
whereas for n < 6 we observe that the J-integral value at the 
P-FGM plate is lower than that found in the E-FGM plate, 
the value of J Integral for the E-FGM distribution is equal to 
the value of the J-integral for P-FGM distribution for n = 6.

It is well known that the formation of cracks is det-
rimental to mechanical properties of materials and the 
mechanical loading. Consequently, very low J-integral 
intensity is required in order to enhance the mechanical 
properties of FGM plate. To take into account the effect 
of the kind of mechanical loading on the distribution and 
amount of J-integral, it is essential to analyze it under dif-
ferent modes load conditions simultaneously, which is a 
more realistic case.

The variations of the J-integral as a function of three 
modes loading (mode I), mixed mode (mode I + II + III) 
are presented in Figs. 3 and 4 respectively.

It is noticed that the J-integral intensities J (I), and 
J (I + II + III), in FGM plate in the increase with the 
increase in the kind of the modes loading from mode I to 
mode I + II + III. It is noticed also that in the mixed mode 
the J-integral is more affected that of mode I.

The stiffness of the P-FGM plate (with n = 0.5) is higher 
than that of the E-FGM plate. While comparing the results, 
it is noticed that the present work is in good agreement 
with the work of Claydon [31].

As a result, to continue the analysis of the mechanical 
behavior of P-FGM plate we limited our study only for 
power law index n = 0.5.

Fig. 3 Variation of the J-integral along the thickness of FGM plate for a 
normalized crack length. Mode I

Fig. 4 Variation of the J-integral along the thickness of FGM plate for a 
normalized crack length. Mode I + II + III

Fig. 5 Variation of the maximal J-integral according to crack-
normalized length emanating from the notches. Mode I

Fig. 6 Variation of the maximal J-integral according to crack-
normalized length emanating from the notches. Mode I + II + III
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2.1 Effect of the crack emanating from the notch on the 
variation of the J-integral 
The crack is found at the notch root and is propagated on 
the ligament of the plate; in this paragraph, the effect of 
the crack length on J-integral is analyzed. Figs. 5 and 6 
depict the variation of the maximal J-integral at the crack-
tip according to the crack length from the notch

It is noted that the maximal J-integral increases expo-
nentially with the increasing in crack length and reaches 
its maximum for the biggest crack length. The difference 
of J-integral becomes larger and more important with 
the increase of the crack length. This behavior is normal 
because the crack propagation leads to an increase of the 
stress around the crack front, which is the cause of the 
higher values of the J-integral.

2.2 Effect of the plate thickness on the variation of 
the J-integral
To put into evidence the major effect of plate thickness, 
which is one of the most important parameter in design, 
a uniform end plate section is considered with different 
thicknesses. The influence of the thickness of the plates 
on the extent of the J-integral is analyzed in this section.  
Figs. 7 and 8 show the effect of the FGM plate's normal-
ized thickness on the variation of the J-integral in the pres-
ence of a semicircular notch for two modes of loading.

The figures clearly show(s) that for the mode I loading, 
the J-integral is quasi-stable when the normalized thickness 
increases. On the other hand, it is noted that the J-integral at 
the notch root depends much on the thickness for the mixed 
mode loading (I + II + III). An increase of the plate thick-
ness leads to a reduction of the J-integral at the notch root in 

Fig. 7 Variation of the maximal J-integral according to the various 
normalized thickness. Mode I

Fig.8 Variation of the maximal J-integral according to the various 
normalized thickness. Mode I + II + III

Fig. 9 Variation of the maximal J-integral according to normalized 
length emanating from notches for versus notch radius for Ti-TiB plate 

with P-FGM) n = 0.5. (a) Mode I

Fig. 10 Variation of the maximal J-integral according to normalized 
length emanating from notches for versus notch radius for Ti-TiB plate 

with P-FGM) n = 0.5. Mode I + II + III
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the FGM plate .This increase is marked much more when the 
thickness of the FGM plate tends to be a zero value.

2.3 Effect of the notch root radius on the variation of 
the J-integral
The J-integral characterizes the fields of stress and dis-
placement at the crack tip and has an important influence 
over the velocity of crack propagation. In order to compare 
the behavior of cracks emanating from semicircular for 
various notch radii, we study the variation of the J-integral 
in mode I and mixed mode for various radiuses of notches. 
However, the crack length is assumed to be constant as 
c = 10 mm located in the metal side Ti of FGM plate.

Figs. 9 and 10 present the maximum of the J-integral at 
the side semicircular notch root in as a function of notch 
radius under different modes loading for Ti-TiB plate with 
P-FGM n = 0.5 material distribution function.

We can note that the dimensions of the radius of notches, 
the increase in the parameter a leads, systematically, to an 
increase in the J-integral. For the mode I the sensitive is 
smaller for values smaller than 2 (R / c < 2). On the other 
hand, when the geometrical ratio R / c > 2, the J-integral at 
the crack tip is more important.

We can see also, that the difference in the J-integral 
between mode I and mixed mode becomes increasingly 
important with increasing of notch radius.

2.4 Effect of the Young's modulus of FGM plate 
constituents on the variation of the J-integral
To study the influence of the stiffness ratio of FGM plate 
constituents' materials on the variation of the J-integral 
with the existence of crack emanating from semicircular 
notch root. So, the same geometrical model formed by a 
metal /ceramic couple was considered. The elastic proper-
ties of metal and metal are taken as in Table 1.

Elastic modulus of functionally graded plate is assumed 
to vary continuously throughout the width of the plate, 
according to the volume fraction of the constituent materi-
als based on the power law with index n = 0.5.

In the first cases, the crack emanating from the notch is 
present in (Ti) and is oriented perpendicularly in direction 
of ceramic. This crack is susceptible to grow under the 
action of applied load until the ceramic of the metal / TiB 
couple of FGM plate.

The results are presented in Figs. 11 and 12 present the 
variation of the J-integral as a function of the crack length 
emanating from the semicircular notch for various values 
of the ratio (E1 / E2).

Fig. 11 Variation of the maximal J-integral according to normalized 
length emanating from notches for various Young's modulus of ceramic.

Mode I

Fig. 12 Variation of the maximal J-integral according to normalized 
length emanating from notches for various Young's modulus of ceramic.

Mode I + II + III

Fig. 13 Variation of the maximal J-integral according to normalized 
length emanating from notches for various Young's modulus of metal.

Mode I
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It can be seen that the values of the J-integral are 
strongly affected when ratio (E1 / E2) is changed so, the 
J-integral takes a downward curve when the mechani-
cal characteristics of P-FGM) n = 0.5 plate constituent's 
materials ratio (E1 / E2) get stronger. The difference of 
the J-integral becomes important with the increase in the 
geometrical size defect characterizing the initiation and 
propagation of the crack. In other words, the J-integral 
is decreased with the increase of the Young's modulus of 
metal at side of FGM plate.

The results of Figs. 13 and 14 confirm the phenome-
non observed in Figs. 11 and 12. Indeed, when the crack 
goes towards a higher strength material, the J-integral 
decreases in the neighborhood of in the notch for the 
couple (Ti / ceramic). On the other hand, the presence of 
the crack in a rigid material involves an increase in the 
J-integral and the crack propagation energy takes impor-
tance by growing from the material with higher strength 
towards the material with lower strength, this increase 
depends on the elastic properties of the present material.

On one hand, the crack propagation energy takes impor-
tance by growing from the material with higher strength 
towards the material with lower strength. Moreover, this 
increase is higher with the decrease of the Young's mod-
ulus of ceramic.

2.5 Effect of loading on the variation of the J-integral
To analyze the effect of the types of mechanical loading 
applied on the J integral for different modes of a notched 
PFGM) n = 0.5 plate for various sizes of crack, the fol-
lowing cases considered are plotted in Figs. 15 and 16, 

we noticed that the J is affected proportionally with the 
loads whatever the mode. The increase in the loading 
leads to the increase in the J integral.

3 Conclusion 
The results obtained in this study allow us to deduce the 
following conclusions:

• The FGM notched plate properties have significant 
effects on the variation of the J-integral at the notch tip.

• The increase in power law index (n) causes an 
increasing of the J-integral for PFGM plate.

• Summing up the results, it can be concluded that in 
the mixed mode the J-integral is more affected that 
of mode I.

• The increase in the size of the crack led to an apprecia-
ble increase in the J-integral in the FGM notched plate.

Fig. 14 Variation of the maximal J-integral according to normalized 
length emanating from notches for various Young's modulus of metal.

Mode I + II + III

Fig. 15 Variation of the maximal J-integral according to normalized 
length emanating from notches for various applied loading.

Mode I

Fig. 16 Variation of the maximal J-integral according to normalized 
length emanating from notches for various applied loading.

Mode I + II + III
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