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Abstract

This article is devoted to the solution of the thermal field of a particle for Bi > 0 with an ideal spherical shape and the behavior of the
temperature in the fluid phase with countercurrent contact.

After establishing the underlying simplified assumptions and defining the initial and boundary conditions in the form of dimensionless

criteria, a mathematical formulation of the problem is transformed into a suitable and solvable form. The formulation is then used in

the analysis.
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1 Introduction

In the mathematical formulation of the problem, a few
simplifications are assumed: The granular material is
monodisperse, with an ideal spherical shape, existing
in direct contact with the fluid of a countercurrent heat
exchanger. The particles of the material are homogeneous
and isotropic. The thermal-physical properties of the par-
ticles are not dependent on temperature. It is assumed that
the heat transfer coefficient a is constant over the entire
surface of the particle.

In the upper part of the exchanger a granular mate-
rial enters with spherical shape of radius R, mass flow M,
and an increasing solid phase temperature 7, throughout
the entire volume of the particle. In this cross section 0,
the fluid phase exits with a mass flow M, of known (out-
put) temperature 7;,. The required variables are indicated
in Fig. 1 in order to write the balance equations for the
temperature. It is assumed that the countercurrent move-
ment of the particles and fluid phase occur with respect to
the law of piston flow, with ideal mixture of both phases
assumed in the transverse direction of the heat exchanger’s
cross section. Heat exchange occurs only between the par-
ticles and the fluid phase while the whole heat exchanger
is perfectly insulated. The thermal-physical variables of
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Fig. 1 Schematic of the contact in a countercurrent heat exchanger

the solid material and fluid phase (specific heat, coefficient
of thermal conductivity) are assumed to be constant and
independent of the temperature.

Applying the aforementioned assumptions and known
parameters of the contacting phases within a cross section
of the heat exchanger creates quasi-static thermal condi-
tions. The article strives to analytically describe the ther-
mal fields of these conditions.
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2 Mathematical formulation of the problem

We used the following notations in the mathematical descrip-
tion of the temperature fields of the solid and fluid phases:
coefficient of temperature diffusivity [m?s™]
specific heat [Jkg' K]

integration constant

Young’s modulus [MPa]

function value

shear modulus [MPa]

thermal capacitance ratio of the contact phases []
mass flow [kg s™]

radius of the sphere [m]

outer radius of the sphere [m]

time [s]

temperature [K]

coefficient of heat transfer [W m2K™']
dimensionless radial coordinate [—]

heat conductivity [Wm=K™]

dimensionless temperature [—]
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Subscripts:

value with regard to the cross section 0
value with regard to the cross section 1
calorimetric

fluid phase

variable value on the surface
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solid phase

The thermal field of a particle with spherical shape
existing in the aforementioned conditions can be described
in terms of the Fourier-Kirchhoff equation for heat con-
duction (in spherical coordinates) [7]

oT, o’T. 20T,
—=a| —+— . )]
ot or~ r or
The equation is solved with the following initial
conditions
1=0, T, =T, =T, Ty =Tyo- @

In the process of heat exchange, the thermal profile is
symmetric therefore,

r=0, [GTSJ ~0. 3)
or r=0

Heat exchange on the surface of the particle is deter-
mined by Fourier’s condition for heat conduction

oT,
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The temperature of the fluid and solid phases are mutu-
ally related with the heat equation in the form:

~M e, (T ~T,) =M, (T, ~T,,). ®)

The introduction of the mean calorimetric tempera-
ture 7 _at any arbitrary cross section in the heat exchanger
results in a comparison between thermal capacities of a
particle with constant temperature 7, with the thermal
capacity determined by the real temperature distribution
over the particles

R
4
gﬂR3cspS e = J.47rrzcspsTsdr. (6)
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3 Solution of the problem
A differential equation (Eq. (1)) in this form is solvable
however it is not possible to introduce boundary and initial
conditions. In order to introduce them into the equations,
dimensionless variables are introduced to the calculation:

Identically defined dimensionless variables are often
used for analytical solution of the temperature field in a
couple problems in technical literature [5, 6]. The solution
of such problems can be found for instance in [1-3], which
also allow for the determination of the stress field of the
solid phase [4]. The introduction of dimensionless vari-
ables also makes it easier to generalize the experimental
results of heat transfer measurements [7].

After introducing these variables a system of equations
similar to concurrent contact is obtained [1]:
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1
0, =3[p’0,dp.
0

After further substitution into Fourier’s method, it is
possible to find a solution to Eq. (7) and after inserting
the boundary and initial conditions for the solid phases
thermal behavior a solution can be found in the form of an
infinite series.



Table 1 Dimensionless variables

. oaR .
Bi= 2 Biot number
at .
Fo= 2 Fourier number
m= M, ratio of thermal capacities of the
Mc, contacting phases
r . . .
p= z dimensionless coordinate
® = L-T, relative temperature difference of
* T, -T, the solid phase
o = T.—T, average calorimetric relative
* T,-T, temperature difference
_ T, T, surface relative temperature
Y T,-T, difference
O = T, -T, relative temperature difference of
! T, —T, the fluid phase.
T 2k’ [sin (k) —k.cos(k,) ] sin(kp) _p
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(12)
The mean calorimetric temperature of the solid phase
becomes:
o :L73i 2k,l[sin(k,)—k,cos(k,)] (sin(kl) cos(k,) S

l=m 35 . 2 sin(k )oos(k)] .| & k,
~6m(sin (k, )~ kcos (k) | —[l—ki,}g

(13)
And from this, using Eq. (10), the relative temperature
difference of the fluid phase can be determined:

1

0, =
" 1-m

+3mi 2k’ [ sin (k, )~ k,cos (k) | (sin(lq)i cos(k, )} i
- —6m[sin(k,)‘k,cos(k, )]1 —{1 —7&“(/{’ )l:os(k’)}k,‘ L k K
(14)
In Egs. (12)-(14), k; is the root of the transcendental
equation

LA . T— (15)
Bi  k  [1—k, cotg(k,)]

The solution of Eq. (15) differs to that of the ratio of
conductive equivalents of both contact phases and also
obtains a differing temperature behavior of the contact
phase. If m <1 all roots of the transcendental equation
are real numbers. The equation is represented in Fig. 2 for
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the ratio of thermal capacities of both phases m =0.5 and
Biot number Bi=3.

This graphical representation was performed using a
software Mathematica considering the first 25 roots of
Eq. (15) for m=0.5 a Biot number of Bi=3 obtaining
the solution for dimensionless relative temperature differ-
ence of the solid phase © (p,Fo) which is represented in
Fig. 3. Fig. 4 represents the behavior of dimensionless rela-
tive temperature difference of the fluid phase and behavior
of the relative temperature difference of the solid phase at
the center and surface of the spherical particle.

In the case where the ratio between thermal capaci-
ties of the contacting phases are m >1 then the charac-
ter of the temperature changes over the length of the heat
exchanger. In this case the first root of the transcendental
equation (Eq. (15)) is an imaginary number. Equation (15)
for m=2 and Bi =3 isrepresented in Fig. 5.

ﬂx}

Fig. 3 Behavior of the relative temperature difference of the solid phase
©, dependent on the radius p and Fo number
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Fig. 4 Behavior of the temperature of spherical particles for a chosen
radius and temperature of the fluid phase at m = 0.5 and Bi = 3
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Fig. 5 Roots of the transcendental equation for m =2 and Bi =3

In these cases, Eqs. (12)-(14) also allow for the solu-
tion of quasi-static thermal fields of a granular material
O, = f(m,p,Fo) and temperature of the fluid phase
O, = f(Fo) over the entire length of the heat exchanger
for the given boundary and initial conditions.

A graphical representation of the case where m =2 and
Bi =3 can be seen in Fig. 6.

Fig. 7 shows the behavior of particle temperature O, for
chosen parameters of the radius p, as well as the behavior
of the fluid phase temperature ®,dependent on time Fo .

4 Analysis of the results

The analytical results provide the temperature distribu-
tion in a spherical particle along the height of the heat
exchanger. For the heat capacity ratio of the phases m <1
the temperature of the particles is gradually brought to
equilibrium in the overall volume of the exchanger. The
temperature gradient in the particles steadily decreases
with time and finally the particle temperature reaches

Fig. 6 Behavior of the relative temperature difference of the solid phase
®, dependent on the radius p and Fo number
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Fig. 7 Behavior of dimensionless relative temperature difference
of the solid phase ©, for chosen radiuses p and fluid phases O,
dependent on Fo number

the temperature of the fluid phase. In case, when the heat
capacity ratio of the phases m >1 and Fo >0 the tem-
perature gradient in the particles increases with time and
as aresult, the temperature of the solid phase never reaches
the temperature of the fluid phase. During heating, cool-
ing and drying processes it is therefore always necessary
to carry out a detailed thermal analysis in order to deter-
mine the temperature distribution over the volume of the
exchanger. Increasing temperature gradients in particles
may lead to overheating/overcooling of their near surface
layers and eventually cause inadmissible thermal stresses
in these areas.



Acknowledgments

The publication is the result of the project implementation:

Research of friction stir welding (FSW) application as an
alternative to melting welding methods no. 26240220031

References

(1]

(3]

Elesztés, P. "Analyza teplotovych a napitovych pomerov v tepel-
nom nosi¢i gulového tvaru" (Analysis of the temperature and
stress conditions in the heat medium spherical shape), Strojnicky
Casopis - Journal of Mechanical Engineering, 38(5), pp. 603610,
1987. (in Slovakian)

Elesztés, P., Ecsi, L. "Temperature fields of the extruded pipe
under conditions of co-current cooling", International Journal of
Heat and Mass Transfer, 51(3-4), pp. 969-972, 2008.
https://doi.org/10.1016/j.ijheatmasstransfer.2007.09.041

Shih, T. M., Arie, M., Ko, D. "Literature Survey of Numerical Heat
Transfer (2000-2009): Part II", Numerical Heat Transfer Part A -
Applications, 60(11-12), pp. 883-1096, 2011.
https://doi.org/10.1080/10407782.2011.636720

Elesztés, P. "Thermal stresses at the extrusion of an infinite cyl-
inder", International Journal of Mechanics and Solids (IJM&S),
1(1), 2006.

Elesztés et al. | 19
Period. Polytech. Mech. Eng., 64(1), pp. 15-19, 2020

supported by the Research & Development Operational

Programme funded by the ERDF. The paper was supported
by a grant from Grant Agency of VEGA no. 1/0740/16 and
Grant Agency of KEGA no. 017STU-4/2018.

(5]

(7]

Kleckova, M. "Nestacionarni teplotni pole a napjatost ve stro-
jnich ¢astech" (Non-stationary heat field and stress distribution in
mechanical constructions), SNTL, Praha, Czech Republic, 1979.
(in Czech)

Nowacki, W. "Thermoelasticity", 2nd ed., PWN-Polish Scientific
Publishers, Warsawa, Poland; Pergamon Press, Oxford, UK, 1986.
Eleszt6s, P. "Prestup tepla pri sipradnom kontakte zrnitého
materialu a vzduchu v aparate s helicoidalnym tokom faz" (Heat
convection at co-current contact of granulates material with air
in equipment with helicoidal flux of phases), PhD Thesis, Slovak
University of Technology in Bratislava, 1977. (in Slovakian)
Janco, R., Ecsi, L., Elesztés, P. "FSW simulation of aluminium
plates by SYSWeld - part I", In: The International Conference on
Numerical and Experimental Solution of Welding (Friction Stir
Welding), Bratislava, Slovakia, 2014, pp. 15-19.


https://doi.org/10.1016/j.ijheatmasstransfer.2007.09.041
https://doi.org/10.1080/10407782.2011.636720

	1 Introduction
	2 Mathematical formulation of the problem
	3 Solution of the problem
	4 Analysis of the results
	Acknowledgements
	References

