
PERIODICA POLYTECHNICA SER. MECH. ENG. VOL. 46, NO. 1, PP. 37–44(2002)

THE COMPOSITE RATIONAL CURVES AND THEIR
SMOOTHNESS
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Abstract

A model for computing the weights of the control vertices of a rational curve with respect to the
continuity constraints is presented. The described method generates for one control polygon a family
of curves created from many rational curve segments. The join points of the adjoining curve segments
lie along some edges of the control polygon and each curve segment can be controlled by different
number of vertices. An initial presentation of the (2,2)-rational patch and the conditions of positional
and cross-derivative continuity for linking two patches is offered.
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1. Introduction

Many different models of spline curves have been introduced in CAD and these
models provide an interpolation or approximation of the given set of the points
(control polygon). In some applications we are asked to suggest a curve that copies
the shape of the control polygon very closely. So closely that the curve can touch
some edges of the control polygon. For some applications or some users, the
popular models of splines do not give full satisfaction as to the shape of the curve
with respect to the foregoing demands. In this situation a composite curve created
from the single curve segments presents an available tool.

The main characteristic of this model is that the curve as a whole is created
from the curve segments (rational), and the common points of the adjoining curve
segments lie along some edges of the control polygon and each curve segment can
be controlled by different number of control vertices. The continuity constraints
(G0, C1, G1, curvature) in the join point depend on the end-user’s demands and
they are considered to be the degree of freedom offered by this model. Thus,
concentration on computing the weights of some control vertices with respect to
the continuity constraints is presented.
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2. Preliminary Considerations

The control vertices of a Bezier curve are in an ordered sequence and are connected
in succession to form a control polygon. Let the verticesV0, . . . , Vn, with coordi-
nates(V x

i , V y
i , V z

i )be the given points of the Euclidean 3-space andwi , i = 0 . . . , n,
be their weights. The points̄Vi [V x

i , V y
i , V z

i , wi ], i = 0, . . . , n, are defined in the
Euclidean 4-space as vertices of the control polygon of the curve which is expressed
by the form

R̄(t) =
n∑

i=0

V̄i Bn,i(t) t ∈ 〈0, 1〉, (1)

whereBn,i(t) are Bernstein polynomials and the curveR̄(t) is an integral Bezier
curve.

Now we define a central projection with the centreO(0, 0, 0, 0) and a hyper-
planeρ : x4 = 1. This central projection maps the verticesV̄i , i = 0, . . . , n, of the
control polygon in 4-space into the verticesVi , i = 0, . . . , n, in the hyperplaneρ,
and the image of the curve (1) in the hyperplaneρ has the analytic representation

r̄(t) =
n∑

i=0

Vi
wi Bn,i(t)

n∑
i=0

wi Bn,i(t)
t ∈ 〈0, 1〉 (2)

and the curvēr(t) is known asa rational Bezier curve.

3. Modification of the Blending Functions

With respect to the next considerations, we deal with the control polygon defined
by verticesVo, . . . , V2k, k = 1, 2, . . . , n = 2k [HOSCH]. The weight vector
W (w0, w1, . . . , w2k−1, w2k) has the prescribed value of the weights:w0 = w2k =
1, wi > 0, i = 1, . . . , 2k −1 [JOSC]. Now we carry out the following substitutions
in expression (2)

− wi B2k,i(t) = wi

(
2k

i

)
t i(1 − t)2k−i = αi t

i (1 − t)2k−i , (3)

whereαi = wi

(2k
i

)
.

Using this substitution, the defined weight vectorW (1, w1, . . . , w2k−1, 1) and
the identity

(1 − t)2k+1 + t2k+1 = (1 − t)2k +
2k−1∑
i=1

(−1)i t i(1 − t)(2k−i) + t2k
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the sum of the combinations (3) can be supplied by the function

ω(α, t) = (1 − t)2k+1 +
2k−1∑
i=1

(αi − (−1)i )t i (1 − t)2k−i + t2k+1.

Now the rational curve (2) has the parameter representation

r̄(α, t) =
2k∑

i=0

Vi RB2k,i(α, t), t ∈< 0, 1 >, (4)

whereRB2k,i(α, t) are the rational functions of the form

RB2k,0(α, t) = (1 − t)2k+1

ω(α, t)
,

RB2k,i(α, t) = (αi − (−1)i )t i(1 − t)2k−i

ω(α, t)
i = 1, . . . , 2k − 1, (5)

RB2k,2k(α, t) = t2k+1

ω(α, t)
,

and the curvēr(α, t) is calleda modified rational curve.

We note that the rational functionsRB2k,i(α, t) are not negative over the
interval〈0, 1〉, form a partition of unity and depend on the parametersαi = wi

(2k
i

)
,

wherewi are the weights of the control vertices.

4. Why Do We Look for Such Curves?

The basic geometric properties of these rational curves in the endpoints of the given
control polygon are as follows:

• the curve interpolates the endpoints;
• the first derivative of the curve in the endpoints is

r̄ ′(α, 0) = (α1 + 1)(V1 − V0),

r̄ ′(α, 1) = (α2k−1 + 1)(V2k − V2k−1);
• the curvature of the curve in the endpoints is defined as

k(α, 0) = 2(α2 − 1)|V1 − V2|| sinγ1|
(α1 + 1)2|V1 − V0|2 ,

k(α, 1) = 2(α2k−2 − 1)|V2k−2 − V2k−1|| sinγ2k−1|
(α2k−1 + 1)2|V2k−1 − V2k |2 ,

γi = \Vi−1Vi Vi+1, i = 1, 2k − 1, andαi = wi

(2k
i

)
(seeFig. 1).
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Fig. 1.

These properties of the curve have been applied to ‘sew together’ two rational
curves of this kind. LetC P[Pi , i = 0, . . . , 2l, l = 1, 2, . . .] be a control polygon
and r̄ P(αP, t), t ∈ 〈0, 1〉 its curve, and the weight vector has the prescribed form
W P(1, wP

1 , . . . , wP
2l−1, 1) wherewP

i = αi/
(2k

i

)
.

This curver̄ P(αP, t) is joined with the second one. Its control vertices are
calledQ0, . . . , Q2m, m = 1, 2, . . . and the weight vector isWQ(w

Q
0 , . . . , w

Q
2m).

The aim is to compute the weightswQ
i , i = 0, 1, 2, of control verticesQi

according to the demands of continuity:

1. G0: geometric continuity

P2l = Q0 and the weightswP
2l = w

Q
0 = 1

2. C1: parametric continuity
verticesP2l−1, P2l, Q1 are collinear, and the equivalence of the first deriva-
tives in the endpoints offers:

P2l − P2l−1

Q1 − P2l
= α

Q
1 + 1

αP
2l−1 + 1

G1: geometric continuity
to have more flexibility for the composite curve, a coefficient of homothety
k, k > 0 (later a ratioκ) can be applied. It means

|P2l − P2l−1| = k|Q1 − P2l |



COMPOSITE RATIONAL CURVES 41

and the weightwQ
1 of the control vertexQ1 is

w
Q
1 = k(2lwP

2l−1 + 1) − 1

2m

3. Equivalence of curvatures
by equating the values of the curvature in the endpoints, the value of the
weightwQ

2 of the control vertexQ2 is computed

w
Q
2 = 1

m(2m − 1)

[
1 + (l(2l − 1)wP

2l−2 − 1)|P2l−2 − P2l−1|| sinγ P
2l−1|

|Q1 − Q2|| sinγ
Q

1 |

]
.

After computing the weightswQ
0 , w

Q
1 , w

Q
2 of the control verticesQ0, Q1, Q2,

the composite curve with respect to the demands of continuity can be constructed.
Now we concentrate on the application of the foregoing curves. We suggest

a piecewise curve created from modified rational curve segments of formula (4).
The resulting composite curve will mimic a shape of the given control polygon so
closely that the curve will touch some edges of the control polygon. The selection of
the touching points along the edges of the control polygon will depend on the user’s
demands, and these points will be the join points of the adjoining curve segments.

Let us have a control polygonC P[Vi , i = 0, . . . , n]. A composite curve
of a sequence of(r + 1) segments is constructed so that its segments will touch
ther-edges(1 ≤ r ≤ n − 2) of the control polygonC P[Vi , i = 0, . . . , n] and the
adjoining curve segments in the common point will fulfill the conditions for smooth
connection.

Now the control polygon is divided into(r +1) subpolygons. With respect to
the described method for generating the curve segment and computing the weights,
it is important to have odd number of control vertices for each control subpolygon.
This problem can be solved by the method –degree elevation [FARIN]. Using this
method the new control vertices and their weights can be immediately derived:

V̄ ′
i = wi−1si Vi−1 + wi(1 − si )Vi

wi−1si + wi(1 − si )
,

w′
i = wi−1si + wi(1 − si),

i = 0, . . . , d + 1, si = i/(d + 1), d – number (odd) of the endpoints of the control
subpolygon.

Now having the control subpolygons with odd number of control vertices
(it can be different for each control polygon) we can compute their weights for the
weight vector according to the demands of continuity applied in the join points. The
coefficient of homothetyk (G1 continuity) is computed by a ratioκ of three collinear
vertices of two adjoining subpolygons andk = −κ. The ratioκ is computed for
each edge along which a join point of two adjoining curve segments has been
chosen. According to the constraints of continuity the weights of the first three
control points are computed.
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As results, the points on the curve segments are computed and a smooth com-
posite curve copying closely the shape of the original control polygon is constructed.
An example:
Fig. 2: two single modified rational curves, the shape is modified by the different
weights of the control vertices.
Fig. 3: two composite curves given by the same control polygon, only the join
points are different.

Fig. 2. Fig. 3.

5. How to Extend These Results to the Patch?

The extension of the model from curves to patches is straightforward. In the first
approach, we start with the parametric representation of the patch

r(α, u;β, v) =
2∑

i=0

2∑
j=0

Vi j RB2i(α, u)RB2 j (β, v),

u, v ∈ 〈0, 1〉 × 〈0, 1〉,
whereVij are the vertices of the control net (polyhedron) andRB2i (α, u), RB2 j(β, v)
are the rational blending functions of formula (5).

The patch is called(2,2)- rational patch. The expression of the patch is similar
to the representation of a tensor product patch but the denominator in the rational
blending functions causes the difference [FARIN].

Some of the geometric properties of the (2,2)-patch are as follows:
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• the patch coincides with four given vertices of the control net;
• the boundaries of the patch are rational curves, and the vertices of their control

polygons are the corresponding boundary vertices of the control net;
• the tangent vectors of the boundary curves at the patch corners are in the

direction of the corresponding polyhedron edges.

Now the (2,2)-patch is defined in terms of the corner vertices, tangent vectors
of the boundary curves at the patch corners. These properties of the (2,2)-patch can
be used for linking two patches of this kind. Let the control nets of the patches be
defined by the verticesV (1)

i j , V (2)
i j , i = 0, 1, 2, j = 0, 1, 2. The verticesV (1)

i j of the

first control net are given and the verticesV(2)
i j of the second one will be computed.

It means that after applying the conditions of

• positional continuity
• cross-derivative

(or tangent continuity in the cross-direction across the common boundary curve of
two adjoining patches) the 0-thread (control verticesV(2)

i0 , i = 0, 1, 2) and 1-thread
(verticesV (2)

i1 , i = 0, 1, 2) of the second control net are determined [LARR]. Only
the control verticesV (2)

i2 , i = 0, 1, 2 of the 2-thread are suggested according to the
user’s demands.

This method can be extended to create one patch wide but long stripe-surfaces
(linking of m (2,2)-patches in one direction) and to control the shape of the surface
with two parametersα, β.

6. Conclusion

In this paper, a model of the composite curve has been presented. This model
includes many classic properties of rational curves and concentrates on suggesting
a family of the smooth composite curves. It works with constraints of continuity
applied in the join point of two adjoining curve segments. According to the user’s
demands on degree of continuity in the join points lying along some edges of the
given control polygon, the weights of the control vertices are computed, and one
curve from a family of the curves copying the given control polygon is constructed.

The extension of this model to patches is intended in future. More precisely,
the following topics will be discussed:

• conditions for mosaic surface patches;
• patches as tensor product of two modified rational curves (generalized tensor

product);
• computing the weights of the vertices of the control net with respect to smooth

connection across the common boundary curve.
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