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Abstract

This paper presents the shape memory phenomena, and their crystallographical background. Fur-
thermore a new model which is able to reproduce the basic responses of shape memory materials on
both micro- and macrostructural aspects is also presented. The model is based on a local finite strain
continuum description. A multiplicative decomposition of the total deformation gradient is used
which involves elastic, plastic and phase transitional parts. The latter is given from microstructural
measurement. For the elastic behavior of the material a coupled hyper-hypoelastic model and an
objective logarithmic rate developed recently are used. Finally a constitutive equation is presented
which consists of the kinetics of phase change process given by thermodynamical basis.
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1. Introduction

In the recent years there has been active research work in the field of shape memory
alloys (SMA). A good review of the work in this area up to 1997 can be found in
the paper by BRMAN [3]. These types of materials show unusual but ‘intelligent’
material behaviour which is required by the new developing technologies.

Behind the shape memory effects (SME) there is a crystallographical reason,
namely the martensitic phase transition. The research that focussed directly on the
investigation and measurement of the transition itself carries out more and more
results, which grounds the basis of the theoretical modelling.

This modelling has started in both micro- and macroscopical way: based on
micromechanics (E.ATOOR, 1987; M. BERVEILLER, A. EBERHARDT, 1994), on
statistical mechanics and kinetical methods (LIMER, 1980; M. ACHENBACH,

1980), and on nonequilibrium thermostatics (J.8RE, 1985; J.L. MCNICHOLS,

1987). The development of the numerical methods, like finite element method,

induced to improve constitutive models based on continuum descriptions and often
use internal variables: models based on the free energy of phases AnDAL,

M. FREMOND, 1989; F. ALK, 1983; P. ®LLI, M. NIEZGODKA, K.-H. HOFF

MANN, 1990), and models using martensite volume fraction as internal variable

(K. TANAKA, 1990; C. LANG and C.A. ROGERS 1991; L.C. BRINSON, 1993),
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or models based on macroscopical similarities of plastic flow (BRBRAM, 1982
[2]; F. TROcHUanNd Y.-Y. QAN, 1997 [17]; J. lUBLINER and F. AURICCHIO, 1996
[8]). The latest developments are based on a finite strain description EVITAS,
1996 [6], 1998 [7], MAsuUD et al., 1997 [9]). (Citations which are not given here
can be found in [3].)

Most of the models mentioned above are restricted to one dimension, since
the generalization for two or three dimensions yields great difficulties.

The object of the present study is to develop a more general constitutive model
for the shape memory materials, based on micro-macro description.

The paper is organized as follows. In Section 2 the three types of shape
memory effect will be introduced. The phenomena will be explained by a crystal-
lographic way in Section 3. The model based on a continuum description, using
some micromechanical properties will be shown in Section 4.

Throughout this paper the following notation will be used. Tensors are de-
noted by bold-face characters.alandb are second-order tensors atds a fourth-
ordertensorthe(ab)ij = aikbkj, a:b= a;j bij , (a®b)ijk| = gjj by, (a®b)ijk| =
akbj, llall = va:a, (H: a)j = Hjwau, (@: H)jj = agHgij. The su-
perposed dot denotes the material time derivative. The supers@riptsd —1
denote transverse and inverse, the subsce@iad a denote symmetric and an-
tisymmetric parts. § = §; is the second-order unit tensor (Kronecker delta),

I = liju = 1/2(6ikdj1 + 8 j) is the fourth-order unit tensor.

2. Shape Memory Phenomena

There are three groups of shape memory effects [13]. All of them have one com-
mon speciality, namely at least one shape (macroscopic state) of the material is
recoverable.

In the case obne-way effect the material gets a permanent deformation by
applying mechanical load in a relative cool temperatute < ;). But this
deformation can disappear by heating abdyeand it remains unchanged during
the cooling to the start temperatued. 1.a).

When the start temperature is aba¥%g, mechanical load can cause defor-
mation, but it disappears during unload. It seems like an elastic behaviour, but the
deformation can be unusually great. This effect isgbaeidoel asticity, which does
not concern only shape memory propertiesy(1.b).

The third effect is théwo-way effect that requires only thermal load to change
between two stable shapes. One of the shapes is stable @lyased the other one
is stable below a different temperatutg; < 9a¢. It has to be mentioned that this
effect can be produced only after a special treatmieigt (.c).

It's important to know that the deformations which take place in the effects
can be finite, and the temperature distangg (— 9w¢) is usually very narrow
(< 50°K).
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Fig. 1. Shape memory phenomena: a, one-way effect; b, pseudoelasticity; ¢, two-way
effect

3. Crystallographical Background of Shape Memory Effects

Behind these effects there is a crystallographic transformation, namely the marten-
sitic phase transition. The main properties of this phase change are as follows:

» non-equilibrium, diffusionless transition (the latter induces that the process
isvery quick),

* reversible in crystal structure, but not in general (in energetical respect, due
to dissipation, see Fig. 2),

* it has ahabit plane, which isinvariant during the process,

* thereisdirect correspondence between the parent (austenit) and result (mar-
tensit) phases,

* the properties of transition depend strongly on the amount of alloying mate-
rials.

Asit can be seen from the phenomena, the phase transitions can be induced by
mechanical and thermal load. Fig. 2 showsthe effectsin astress-strain-temperature
gpace. The forward (austenit to martensit, A — M) and backward (martensit to
austenit, M — A) transitions and their temperatures are also illustrated. It isim-

Fig. 2. Shape memory phenomenain stress-strain-temperature space: a, one-way effect;
b, pseudoel asticity; c, two-way effect

portant to mention that twinning in the martensit phase and slip in both phases can
occur beside the martensitic transition.
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4. Theoretical Description and Constitutive Model

On the basis of the statements of the former sections, an elastoplastic model seems
to be useful to extend for the description of the shape memory effects.
The new model has the following general features:

* local description,

» complex material behavior: eastic, plastic, phase transformational parts,
finite strain description,

» direct connection between hypo- and hyperelasticity.

4.1. Kinematics

There is a lot of multiplicative decomposition of the total deformation gradient
in the case of elastoplastic material. When phase transition can also occur in the
material, a new part has to appear in the decomposition. The general extension
is based on classical decomposition [5][18] and assumes that plastic flow occurs
before or together with phase change [9][6][7]:

F=FFF — F=FF'FP. 1)

The problem with the classic elastoplastic decomposition is that it is not a unique
decomposition. But we can choose a different decomposition [18][1] which elim-
inates this problem, collecting the rotating part together [10][11]. This can be
extended by taking a phase transitional part between the pure plastic deformation
(UP) and the rotating tensor (Q):

F=VeQUP —» F=VeQ F'UP. )
I‘:e

Here V€ is the elastic left stretch tensor, UP is the plastic right stretch tensor and
Q = R®RP,whereR®isthedadtic, RP isthe plasticrotationtensor, which can begot
from the left and right polar decompositions of the elastic and plastic deformation
gradient:

F® =V®R®, FP = RPUP . 3

From the phenomenological theory of martensitic transformations, it is known
[16][12] that the martensitic transformation always consists of alattice deformation
(Bain distortion, B), alattice invariant shear (S), and alattice rotation (R):

F'= RBS. (4)

According to Section 3, the main requirement for F is to be an invariant plane
transformation. This can be realized in a different way by considering a smple
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shear along the habit plane (S) and a pure deformation orthogonal to habit planeB:

FF=BS=1+k®n, (5)

wheren isthe outward unit normal vector of the habit planeand k isthedisplacement
vector dueto transformation [12]. These vectors are known for agiven material from
experimental data. For the phase transformation process, we have to introduce a
dimensionless internal (friction like) variable &, which varies between 0 and 1,
indicating the state of transformation: for & = 0 there is no transformation and for
& = 1thetransformation has finished [6][7]. Thisvariable can be interpreted asa
volume fraction of martensite phasein an infinitesimal volume. Using thisvariable,
the transformational deformation gradient gets the form:

Fl=1+£k®n. (6)

From experimental observations it is known that a given material, with a given
crystal structure has more than one habit plane (maximal value is 24). To choose
the realizable one additional methods are needed, for example extremum principles
[7] or direct microstructural calculations [15]. Fig. 3 shows the decomposition

Fig. 3. Kinematics of the elastic-transformational-plastic deformation

(2) graphically. ng istheinitia unit normal vector to one slip plane and $ is the

initial unit vector in one dlip direction in this slip plane. Under plastic stretching
the crystal lattice retains its shape and orientations, so these vectors don’t change
with respect to the crystal structure. Martensitic transformation takes place along
the habit plane, which isusually different from the dip plane. Then and s are the

mentioned vectors after the phase change, while i and ¢ are the same vectors after

the rigid body rotation. Vectors in the current state are n and s, which are finally
deformed by an elastic stretching.

The additive decomposition of the velocity gradient, based on (2) forms

L = EF~1 = FeEet 4 Feptpt—ifel | FeptgpyptRtIpel ()

L=L®+L'4+LP. (8)
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Therates of deformation and material spins defined by the symmetric and antisym-
metric parts of the elastic, transformational and plastic velocity gradients respec-
tively, are:

d®=(L%s, W= (L%a, ©
dt = (I—t)s s Wt = (I—t)a s (10)
dP = (L p)s ’ wP = (L p)a . (11)
Thisgivesalso an additive decomposition of the deformation rate and material spin:
d=d®+d" +dP , w=we4+w +wP. (12)
Using(6), (7) and Sherman-Morrison’sinverseformulation, (10) can beexpressed by
i e\ _ ;s
t e e _ t
d 1+$nk(F(k®n)F )S £dt, (13)
i e\ _ e
t e e— — t
wh = 1+$nk(F(k®n)F )a £t (14)

It can be mentioned now, that the advantage of the chosen decomposition (2) isthat
wP can be explained as the function of dP [14]:
wP=H:dP, (15)
in which
H = uP(0P@5—8RUP) + ub(UP°®8—8@UP)+ 18 (UPPQUP—UPQUP?), (16)
where UP = FeF'UPF!" FT and the coefficients arethe functions of thefirst, second

and third scalar invariants of UP

| P2 | P

1
. Uy =

IPLIP—T11P°

p

Ha (17)

p
5M3=

TqPIIP—]]]IP IPIIP—1]I]P

4.2. Objective Rates

For the description of the elastic behavior of the material alogarithmic strain In\#
was chosen because it was proved that the logarithmic strain isthe only strain mea-
sure whose corotational rate can give the deformation rate [19]. Two corotational
objective derivatives are used for the description of rate type equations. The first
is the recently developed logarithmic rate [19][20], the second is its modification
namely the elastic logarithmic rate[14]. Thelogarithmic derivative of the Kirchhoff
stress tensor can be expressed by:

7'%9 = 7 4+ 7Q'%9 — @997 (18)
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where the logarithmic spin tensor
Q% =w+A:d (19)
with
A =11(V®S — 8®V) + 12(V2R8 — 8QV?) + 13(VZ2RV — V®V?),  (20)

and the coefficients v are given with the eigenvalues (%=1 3) of the left stretch
tensor V:

l)1=l)2=1)3=0} if )\.1:)\,2:)\.3

1 A
V1 = h<—1>,v2=V3=0} if )\.1#)\,2:)\,3

A—ro \ o
Dk 3
w="" 3 ), k=123 )
A i=1
A=0g—i)ha—rg)(ha—rp), [ T MFArFrs#FM
Ao A3 A
g1=—, & =—, 3= —,
T T B,

where h is the logarithmic spin function:

1+ 22 1
h(z) =——+ —. 22
@ 1—22+Inz (22)
Theelasticlogarithmicratehasthesameformwithchangeof d, w, V, A tod®, we, V&, A%

T1%9¢ =7 4 7Q\%%° _ @lo%er (29
Q%9 — we + A®: d°, (24)

A8 = VE(VERS — 8RVE) + 1S(VHERS — 6@V
+ vE(VERVE — VeRV*®?), (25)

Theadvantage of theseratesisthat applyingthemfor thetota and elasticlogarithmic
strains they can only give the total and elastic rates of deformation [19] [14]:

N9 =d —> (InV®)oge— g (26)

By means of these properties adirect connection between the hyper and hypoelastic
equations can be established.
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4.3. Thermodynamics

The second law of thermodynamics in the form of the local Planck inequality isas
follows [4]: ) '
poD =1t :d— poy — poS? >0, (27)

where pg isthe mass density in the reference configuration, D isthe rate of dissipa-
tion per unit mass, 7 isthe Kirchhoff stress tensor, v isthe specific Helmholtz free
energy per unit mass, s isthe entropy and ¢ isthe temperature. It isassumed that

v =19 (InVe,9,§) . (28)

Inserting the total derivative of (28) to (27), then using (12) and (26), the rate of
dissipation leads to:

D = <1 T hd ) : (Ini/e)'og'e - <% +S> 0 (29)

oo a(nVe) 30
1 1 v .

+ —r:dp—l——r:dt——wé >0.
0 0 a&

In elastic processes there is no dissipation and¢ can be both positive and negative
due to heating or cooling. Thisgives the hyperelasticity law and the expression for
entropy:

_ Yy

T M %nve =0
_ oy

s = a5 (3D)

The rest of the dissipation rate consists of the plastic and phase transformational
parts:

1 .
D="1:d°+ X8 >0, (32)
Lo
where X¢ isthe dissipative force conjugated to&. Using (13) for the relation of d
and d,
1 - 0
NG S A (33)
0 9§

Onesimple assumption that each rate depends onits conjugate force and theinternal
variable leads to evolution equations [7]

dP =fP(z,8) , &= f5(X58), (34)

which are known as flow rule and kinetic equation of phase transition.
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4.4, Phase Kinetics

It can be seen that the conjugated force X¢ drives the phase transformation process.
In the dissipation free case the threshold value is O for both the forward and reverse
transition and no hysteresis has appeared. But from the mentioned phenomena
it is known that there is dissipation in the shape memory effects. So the phase
transformation criteria can be expressed by

if X¥>kaom>0and X*>0and & <1then &>0,
if X¥ <kusa <0 and Xf <0 and £ > 0O then §<O, (35)
dse £=0.

Hereka_.m and ky_, o arethethreshold values of force X¢, which isexperimentally
determined and can depend on some parameters, for example on ¢ and F°. The
simplest assumption for & is the linear dependence on X;. Then the phase kinetic
equation consisting of the conditions gets the following form

§ = HX)HL-§) (1-Hkam — X)) CasmX® (36)

+ HEX) HE) (1-HXT —kuoa)) Cuma X

where Ca_.m and Cy_, 4 are positive constants and H(.) is the Heaviside function:
HX) =1ifx > 0andH(x) =0if x < 0.

It's important to mention that the chosen phase kinetic equation (36) always
satisfies the non-negative restriction for the rate of dissipation given by (32).

4.5. Constitutive Equation

Let us consider the Helmholtz free energy as

(InV® : D&: (InV®)
2p

Y (nVE, 9,§) = +97(0,6), (37)

then the hyperelastic law (30) becomes the following form
T =D°:InVe®. (38)

Here D isthe fourth order elastic stiffness tensor, which is assumed not depending
oné&. Applyingtheelasticlogarithmicratefor (38), it changestothehypoelasticlaw:

7'%9¢=pe: d°. (39)

The connection between the logarithmic and elastic logarithmic rates comes out
from its definitions

7'9 = gloge _ gloge | gloge, 4 ;Qlow _ @logg (40)
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By applying (39) and (24) for (40), we have
799 = D®:d® — T(WE+A®:d® + (WE+A®%:dOT
+ tTWwW+A:d - WH+HA:d)T, (41

then by considering the additive decomposition of deformation rate and spin of (12)
we can obtain

799 = D°:(d—d —dP)+T[w +wWP+(A—A%:d+A%: d +dP)]
W +wWP+ (A—A%:d+A%: @ +dP)]r. (42)

Finally by using equation (15) for plastic materia spin, (13) and (14) for phase
transformational partsyield

7%= (D°+B):d— (D°—C):dP —eé, (43)

where B, C and e are given in the following way:

Bijw = Tin(Anjk — Aqjk) — (Aimk — Al ) Tmj (44)
Cijw = Tin(Hnji + Aqji) — (Himk + Ay ) Tmj (45)
e = De:d —T(W' +A%:dY + W+ A% dYT . (46)

L et assumeisotrop hardening with non-associated flow law. Thentheyield function
and the plastic potential depend on the Kirchhoff stress tensor =, on the hardening
parameter ¢ and on the internal variable &

F(r,x,&) < O, (47)
f(r,k, &) . (48)

The consistency condition, applying the equivalence between the corotational rate
and the material timerate of F, takes the form

o
|

- oF | oF
F=F "k

oF . .
— eles) —&=0. 49
ot T T T gt (49)

09

The flow rule (34) in adirect form can be expressed by
d?=2Q, (50)

where A isthe plastic multiplier and Q isthe unit gradient of plastic potential. The
rate of the hardening parameter isin genera form:

Kk =Aa. (51)
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With the use of (43), (49), (50) and (51), the plastic multiplier can be expressed
by which applying it in (43), the final form of the constitutive equation (39) can
be found

(De—C):Q®P:(De+B)]d (52

2log e —
L [DJ“B H+P:(D°—C):Q
|: P:e+L
B H+P:(De—C):Q(

De—C):Q+e} £ .

Here P isthe unit gradient of yield surface while the plastic hardening modulus H
and L are given by

1 oF 1 0F
H:_”aFnﬁa’ I_=II8FIIE‘ 9
ot k4

The constitutive equation (52) together with the phase kinetical equation (36) can
be used in any numerical solution, for example in amodified finite element method,
to solve a boundary-value problem. The numerical solution leads generally to a
Newton—Raphson iteration process based on the tangent constitutive operator. The
present paper aimed to extend the elastic-plastic constitutive operator to the case
of shape memory phase transformations, based on finite strains. This process also
can solve the following reorientation problem. The material point isin martensitic
phase and the direction of the applied load changes that another martensit variant
reaches the realizable position. The possibility to change variants makes the model
more realistic in description of the shape deformation of the material.

5. Concluding Remarks

The presented model extends afinite strain elasto-plastic description to phase tran-
sition case. It can be used for the parallel appearance of plastic and phase transfor-
mational processes. The first thing in every calculation step isto choose the most
favorable martensite variant in every point, to determine the kinematic parameters.
In the final constitutive operator a new part has appeared, which is used for the
description of phase transition. The model can be applied for the forward and re-
verse martensitic transformation and for the reorientation and martensit twinning
process.

Beside these good properties, the model has some missing parts. It is unable
to describe that the phase transition can occur only in afinite volume whose size is
acritical nucleus size. Furthermore it does not consider the interface propagation.
The next step is to develop the model for these microstructural processes, and to
make some analytical calculations with the model.



126

(1]
(2]
(3]
[4]

(5]
(6]
(7]
(8]
(9]

[10]
[11]
[12]
[13]
[14]

[19]

[16]
[17]
[18]
[19]

[20]

A. PETHO
References

BAMMANN, D.J., JOHNSON, G.C. (1987): On the Kinematics of Finite-Deformation Plastic-
ity, Acta Mechanica 70, pp. 1-13.

BERTRAM, A.(1982): Thermo-Mechanical Constitutive Equationsfor the Description of Shape
Memory Alloys, Nuclear Engineering and Design, 74, pp. 173-182.

BIRMAN, V. (1997): Review of Mechanics of Shape Memory Alloy Structures, Appl. Mech.
Rev. . 50, pp. 629-645.

IDESMAN, A.V., LEVITAS, V.I., STEIN, E. (1999): Elastoplastic Materials with Martensitic
Phase Transition and Twinning at Finite Strains: Numerical Solution with the Finite Element
Method, Comput. Methods Appl. Mech. Engrg., Vol. 173, pp. 71-98.

LEE, E.H. (1969): Elastic-Plastic Deformation at Finite Strains, ASME J. Appl. Mech., 36,
pp. 1-6.

LEVITAS, V.I. (1996): Phase Transitionsin Inelastic Materials at Finite Strains: a Loca De-
scription, Journal de Physique 1V, Colloque C1, supplement au J. de Physique 11, 6, pp. 55-64.
LEVITAS, V.l. (1998): Thermomechanical Theory of Martensitic Phase Transformations in
Inelastic Materials, Int. J. Solids Struct. 35, pp. 889-940.

LUBLINER, J., AURICCHIO, F. (1996): Generalized Plasticity and Shape Memory Alloys, Int.
J. Solids Struct., 33, pp. 991-1003.

MAsuD, A., PANAHANDEH, M., AURICCHIO, F. (1997): A Finite-Strain Finite Element
Model for the Pseudoel astic Behavior of Shape Memory Alloys, Comput. Methods Appl. Mech.
Engrg. 148, pp. 23-37.

NEMAT-NASSER, S. (1990): Certain Basic Issuesin Finite-Deformation Continuum Plasticity,
Meccanica, 25, pp. 223-229.

NEMAT-NASSER, S. (1992): Phenomenological Theories of Elastoplasticity and Strain Local-
ization at High Strain Rates, Appl. Mech. Rev., 45, No. 3, part 2, pp. 19-45.

NISHIYAMA, Z. (1978): Martensitic Transformation, Academic Press, New York.

PERKINS, J. (1975): Shape Memory Effectsin Alloys, Plenum Press, New York.

PETHO, A., SzABO, L. (1999): A Finite Strain Elasto-Plastic Model Based on Logarithmic
Rate, Int. J. Plasticity (in preparation).

PROHASZKA, J., KRISTYAKNE MAROTI, G., PETHO, A., DOBRANSZKY, J. (1998): The
Role of Habit Planes in Shape Memory Effects, Gépgyartastechnolégia 38/10, 5-8. (in Hun-
garian).

REED-HILL, R.E. (1973): Physical Metallurgy Principles, D. Van Nostrand Company, New
York.

TROCHU, F., QIAN, Y.-Y. (1997): Nonlinear Finite Element Simulation of Superelastic Shape
Memory Alloy Parts, Computers & Structures, 62, pp. 799-810.

WiLLis, J.R. (1969): Some Constitutive Equations Applicable to Problems of Large Dynamic
Plastic Deformation, J. Mech. Phys. Solids, 17, pp. 359-369.

X1A0, H., BRUHNS, O.T., MEYERS, A. (1997): Logarithmic Strain, Logarithmic Spin and
Logarithmic Rate, Acta Mechanica 124, pp. 89-105.

X1A0, H., BRUHNS, O.T., MEYERS, A. (1997): Hypo-Elasticity Model Based upon the
Logarithmic Stress Rate, Journal of Elasticity 47, pp. 51-68.



