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Abstract

In this article basic flow equations will be presented to describe the flow behaviour of various mediums,
like gas, ideal gas, wet steam, ... etc. The equations constitute a system of simultaneous differential
equations. The solution of this sytem is here not discussed. The Appendix gives a clearly arranged
synopsis of the differential equations of flows under different conditions.

Keywords: district heating, gas supply,energy equation, flow equation.

1. Introduction

An essential knowledge of flow equations is required in process planning, like
Building Service Engineering. There are several areas in practise where giving a
detailed model description is needed. The main areas where flowing mediums are
investigated are the followings

e gas supply

o water supply

« district heating
 central heating

Tests are often made of current taking place in

« diffusers and reducers
« valves and dampers
* nozzles

Itis important for the designer and operating engineer to be able to determine
as exactly as possible the changes in the thermo- and hydrodynamic parameters
of the current medium. In our paper we will show how to write down the current
simultaneous differential equation system for various current problems and how to
solve those problems with the highest accuracy while using the simplest computer
tools. In the studied apparatuses the currents can take place with mechanical losses,
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either negligible mechanical and heat loss, or simply negligible heat loss. A current
can take place in pipes or ducts with constant or variable cross sections.
The most common mediums are

 hot water

* wet steam

 dry saturated steam or superheated steam
natural gas

These mediums’ behaviour approaches the properties of the ideal gas or real
gas.

In our paper we test the above descriptions of currents. We will present those
differential equations with wich we can determine, under stationary conditions,
changes in the pressure, specific volume, and temperature of the current medium.

2. Basic Equations of Currents

The one-dimensional motion equation for stationary flows with friction:

dw ldp x»
Yz T Todz  2d”

The continuity equation:

The energy equation
d w? o}
—(h+ — | =—.
dz( + 2> m
The equation of state for ideal and real gas:

pv = ZRT.

The condition equation for wet and dry saturated steam and the used approximations
are:

P = S0+8T +8T24... ~ p &~ 8+6mT
h(v=-const,T) = bg+biT+bT2+... ~ h(w=const,T) ~ by+biT
h(v, T=const) = Qo+ 0w +gov?+... ~ h@ T=const) ~ go+giT

Vo= p+nT+rnT?+... ~ V' o+ T
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3. Special Cases of Flows

The special cases of flows are deduced from the differential equations of politropic
case with the appropriate substitutions:
« for isothermal currenfL = 0
for isochor currenfl = 0
for isobar current§? = 0
« for adiabatic currentq =0
for isentropic current§2 = 0
constant cross sectié}@ =0

. .. o\ 2
without friction v ()" =0

4. The Solution of the System of Equation

For the solution of the system of equations we must specify the initial conditions.
If X=0,p= po,T = To,h =hgandv = vg

oh oh 0
(). (), = (), ==
vo V/ T Po

We need to know the functions

A= A2
m = const
=42

The differential equations presented in the appendix can be solved by direct
integration (after separation), by a method of successive approximation or with
step-by-step finite difference method.

5. Summary

The tables summarize the main equations for special cases of flows. Engineers,
scientists are often in need of having a table, wich contains of the describing equa-
tions of flows and their solutions. In civil building service engineering it is useful

to have the main equations collected.
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SYMBOLS

A (OWNCO>0 g3 NT T e -

temperature

velocity

specific volume
enthalpy

pressure

space coordinate
mass flow

cross section
diameter

specific gas constant
density

coefficient of friction
specific heat loss
perimeter
compressibility factor
entropy

adiabatic exponent



Table 1. Ideal Gas Flow Equations I.
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Table 2. Wet Steam Flow Equations I.
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Table 3. Superheated Steam Flow Equations .
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Table 4. Solution of the System od Differential Equations for Ideal Gas with Heat Loss and Friction I.

Polytropic

Cross-Section| Prepared Equations for Solution Solutions
Variable
dT 1
dT dv _ ) ) b )
a11(z,v) 55 + a2z v, T) = bi1(zv) z _| a1@v)  aazwvT) 11(2,v)
e vigz 2 gz 11 [ v } [ a1 apzy) |, | bpzeT) |,
1q7 +apo(z,v) daz = bo1(z,v,T) dz z
__R _[(m\2_RT
a1 v) = — L.z v T) = K) -
ag) = ﬁR‘,‘azz(z, v) = (%) v
daT
n\2  m? T AZ T(z
_ A (m)c_ ms dA (z+Az) | _| dz (2
bll(z’”)‘ZH”(A) A3V dz [ v(z+A2) ]—[ d }AZ[ v(2) ]
CTy= 9 42,21 dA
by1(z, v, T) = m + mév A3 dz
Constant
dT 1
ar Tydv _ az aj1(zv)  agp(z v, T) by1(z,v)
1Y qz -1*:312(2, " )az 112 0) |: dg = |: asy apo(z,v) ] |: b1(z, v, T) :|
1gz + ago(z,v) daz = bo1(z,v,T) dz z z z
__R _[(m\2_RT
a1z v) = — L.z v T) = (7:) -
ap1= EqR. a0 = (F) v
daT
n\2 T(z+ A2) T(2)
— A, (M | dz
by1(z.v) = 23”(7—() [ vz + AZ) = dv Az v
X dz
by1(z v, T) = %
_ap? k=1, 2.3
dv _ w3 v(z+A2) = Az 1 u(z)
az 112 A 1 RA 1,1 az
(Hz T)" I e [Vl Ry s

If ¢ = const.

T(z+Az):T(z)+%’(;
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Table 4. Solution of the System od Differential Equations for Ideal Gas with Heat Loss and Friction 1.

Adiabatic

Cross-Section| Prepared Equations for Solution Solutions
Variable
, dT -1
a1z 9L +apz e W = by [ g } _ [ al:ELl(Zv v) agz(l(zwup ] [ bbl(lz(l;v%) ]
an 4T +appz vl = b21(z v, T) @ Jz 21 22% z L P2azv )z
a11(z,v) = —i ,a12(z, 0, T) = l %) - —]
a1 = ﬁRi sapo(z,v) = (rR) v
daT
o\ 2 2
_ A (M ms . dA Tz+4A2 |_| dz T2
bll(Z,v)—mL(ﬁ) Bz |: w2+ AZ) ]_|: %E i|AZ|: ()
4
bo1(z, v, T) = hm2y2 Klg Tz
Constant
dT _
a;1z 09T ta,z 0, T = by 2 _[an@v  apeeT) ] by
24 : - v | T e a22(z.v) b1z, v, T)
2157 +apo(z, U)HE b21(Z v, T) dz z z z

aj1(zv) = 7§,a12(z.u.T) (%) - —]

a1 = ﬁRi sapo(z,v) = (%) v

dT
)2 T(z+ A2) T2
) = Lo (W _| dz
blj_(Z,L)—z—dv(A) |: vz + AZ) :|7 %1_2 AZ|: w2 ]
byq(z,v.T) =0
_ 2.3
%% = 2d v(Zz+ Az) = %%AZ+ v(2)

2
1x=1),2 RA L 14-12
(l+ ra ) 2 To 3 5

If ¢ = const.

Tz+A)=T@+ X% =

2\ 2
SR (B) @2 - vz +a2?)
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Table 4. Solution of the System of Differential Equations for Ideal Gas with Heat Loss and Friction IlI.

Isentropic

Cross-Section| Prepared Equations for Solution Solutions
Variable
If A(2) is given, the heat loss
A _1dA) k+2 e (A LdAY(m\2 2.
d _ (Za-2%)" e (- %) (R)"%m
z Kk—1 andv(2)
“RiTovg = p2_ k1 (- 98)w 2
M2 qu_ 2 Rdz)’
z X K—
“RToY% ™ po_ et
M2
If §(2) is given
RTG o 1) do, 1 er2dA _ AT et
2 AL — v dz T AY qz = mv
1 ) T A g
[(%) vt — kR Toug ] %Ii - A%—U'H'Z%i =¥ %
k=19 k=141 dA (42
dv KvarRi/cmABﬂfv
dz — =1, (m)2k=1 x+1
1=0)Tovg ™ ~+ K) K—KU’H’
The heat loss
Constant . . N2 o
) r2 =4y (1) w2
dv _ 2d and(2)
az = KRiT0v67 T k—1
A2yt ReTorg “p2(_1 1 ) _jnYo_a,
m M2 (k+1) V6<+2 k2 \ 2d
k=19 «
dv _ R« mY
&=

1\ 2
(17K)T0U5_1+(—) —K_Ig' vk +1
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Table 4. Solution of the System of Differential Equations for Ideal Gas with Heat Loss and Friction IV.

Cross-Section| Prepared Equations for Solution Solution
. A _1dA). 3
Isothermal | Variable dv _ (Z‘dfﬁfﬁ)" If A(z) is given, theq is
dz= " RT 5
(_m)2 (44 dA)U3
A TR k. XYY .
dv _ G 21 ., 1dA 4@ = RT Adz | a2
dz = 73 vV TUAGz iz Y
(%)
forv(z)
WE 1 dA)U3
dv _ 4J/A Adz
z L;Az,vz
If G(2) is given
RTA o\ dv L 1,3dA _ AT 3
P " )dz T AT dz T 4 /A"
dv v dA_ 9 a21
7 - Adz — ;3N
Constant dv 2)» 3 If A(z) is gi\gen, theq is
z- RT ) 4@ = gV m3
2 RT 22
(7:) m\2
dv _ G 21 A
zZ 3 v forv(z)_
1 RT (11 v _
Z—Zm 172_172>+|n v = 3q2
(R)\'
Isochor Variable 5 5 If A(2) is given, thej is
dT _ | A (m)*_mfdA| 1 s _ 3 2dA 1 )
dz T [Td(A) A3 dz | RV 4@ ="3v"q7 =1~ 2d a2 #-1"
If g(2) is given
dT _ G 21, ,1dA dA _ 4@ p3  MWT 2 8
dz =NV tiade 9z~ s oA
Constant ar _ 2,2 (m)di
9z =2 A) R

o
Il

Sl

el

The heat loss

4(7) — _ A M2 k2
4@ =-24 p2 i-1°
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Table 4. Solution of the System of Differential Equations for Ideal Gas with Heat Loss and Friction V.

Cross-Section

Prepared Equations for Solutiol

1 Solution

Isobar | Variable dv _ (1 dA _ ;\)
dz 7(qAEEZ 22? dUA If A(2) is given, the heat loss
M -3 q _ (k=1 M2 \dv .22 1 dA
&= Al e m=(te+(R) ) & -2 5 %
(R 1dA_ 2
e (R) » = ugeA dz ~ 247
If 4(2) is given, forA(z) andv(z)
(m)z dv _ m dA _ 2 1,(@)
A) dz~ A3°dz T 2d"\A
k=l Ydv 5221 dA_ ¢
(Tpﬁ”)fﬁ’m V3dz T
%
Constant %%=_2%1, v=1ype 2
: s - m z
%£= 'rgﬁ g=—3gMm KTPJr(K) voe 2 :|v0e 2d
z k=1 m
er(R)
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Table 5. Solution of the System of Differential Equations for Wet Steam with Friction and Heat Loss .

Cross-Sectior) Prepared Equations for Solution Solutions
daT daT
5 . b11(z,v) T(z+ A2) T(2
Polytropic | Variable dz | — [all(T) 212(2) ]|: 11 } |: :| =| dz Az+[ }
yirop [ dy } ay1(T) ago(z, v, T) | | bo1(z v, T) | | | vz + A2 gy v(2)
dT dT
b11(z. v) T(z+ Az) T2
Constant Z | = [all(T) 2122 ] [ 11 ] [ ] =1 92 |az+ [ ]
|: g; :| ap1(T) ago(z, v, T) | | bp1(z v, T) v(zZ+ Az) al_z' v(2)
A9 A28
dv _ 20" 3" by ) =, +Clz+ +Bl Inclv_
4z =5 AZeer "=t By Bo) " Tir-
b "2 By T
Adiabatic | Variable
Constant
7 7 2 N2 N2
m m- dA mcdA_ A (m m
. du [z%(i) ’ﬁfﬁ]" 4 [rﬁ*m(ﬁ) M(VNZVZ”*“‘)*(*A) } 32 dA o
Isentropic | Variable v = 42 = m— My . If A= A(2) isgiven.
=" a\2Z 2 “A3 dz
*(M1+2;L2U+...)*(ﬁ) (M1+2;L2U+...)+(ﬁ)
ﬂ+mu2% %— 2 3 P 2
W . . N
oMM s+ [2nz - (8)7] 000+ 3202 o+ = [ 5 92 - 4y ()]s
(y1+2y2v+...)+(%) v X
| na+20pv+-+( M ]
dA _ q[“ vavt-+(R) A (m)Z a3
dz ~ 2, 2d \'A m2
[y1+2y2v+w+(;) Im
A(z+ Az) = %%Az+ A(z), G=q(20 isgiven
A ()2 m)?
Constant dv ZH(K) ! 42 = — 2 (m Zw
) N2
—(/11+2u_2v+...)—(%) (/11+2u_2v+...)+(%)
o (m) 1,
dv _ m > v=1g , If up=pz=---=0
(;1.1+2/12v+...)+(%) v
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Table 5. Solution of the System of Differential Equations for Wet Steam with Friction and Heat Loss Il.

Cross-S| Comments and Notations
ool v ag1(T) ~ —(81 + 259T +...) apq(T, v)_(—?)v b11=2%v( )2 AZU%iA E(_L;_:t:onstt,T)=bO+b1T+...
olytropic| Variable 312(2):*(%)2 ay(z T,v) = [ 3Th) +(mA)2,,} b21(z,v,-|—)_ﬂ+ h2y2 L dA p(=5—0_t:r;s_)r:_go+gn+
v T’)h [ii} A3 dz o+ort +...
~_ z 2
I PR T +2252T +.0 aTu = (), by v = o (1)
dz — i ah i .
2" e =- () aoe T =[(B); +(D)°1] o4
dA _ o ¢— — G %12 _% _ 91, A2 ~
gz =0 g =const, AO*-*:%b*l Bg = T Bl*b*lalﬁ 1 Cl’TI pxdg+81T
Adiabatic | Variable
Constan
Isentropic| Variable
_(9p) dS ap dv _ (9p dv
Inthe mouonequauor‘gf ( )U 9zt (d )sfﬁ = ('v)sfﬁ
p~dg -+ +
p(v,S= const) o+ pqv+ ;/.2112 +...
T(v, S= const) ~ vg + v v + v
h(v, S= const) ~yot+yiv+ y21'2
Constan{If up =pug=---=0.
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Table 5. Solution of the System of Differential Equations for Wet Steam with Friction and Heat Loss Ill.

Cross-Section

Prepared Equations for Solution

Solutions

Isothermal | Variable %% = (2% — % %%) v If A= A(2) is given,4(z) = (% d? - 2%) (y1+2pv+..)+...
4. m L %sz 2
m — A7
%%: A Zm 5 If;/,zsu:;,s---so,u(z):vo%e 2d
(r1+2yv+. H’(i) v
. A 1\ 2
Constant do =2 q(Z):fﬁvm[(ylﬂmw...w(%) v]
q _A
%I—Z" = —mz— v(2) = vpe 2d%
(y1+2yv+.. )+(ﬁ) v
Isochor Variable Z%V(A)Z miv%ﬂ 3 3\ by+20,T+...
dT _ A z is qi S — (M dA A (m 1 2 3.2 1 dA
qZ = ot If A(2) is given,q(z) _( ) vz — gl <?Z) 81+255T+... —m 23 dz
z
dT _ (4 221dA 1 2 2 2 1 A2, 1 2.1 dA
ai—(m““ _EB?)Tbl_Jersz) To— T+A(T —T4 +-- H(f)(zﬂm v mx,Kng)dz
Constant 2 1,(rh)z
dr _ __ 2d"\A 4@ = — v 3 ) bp+20oT+...
dz — 7(51+252T+ D) QH _2_ 51+282T+
. 2
q___ 1 2 2 1A ms
& = Byt To-T+ 3 U T v i
Isobar Variable As Isothermal flow
Constant As Isothermal Flow
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Table 5. Solution of the System of Differential Equations for Wet Steam with Friction and Heat Loss IV.

Comments and Notations

Isothermal | Variable | h(T =const,v) =gg+ 01T + ngz +...
Constant | h(T =const,v) =gg+ 09T + ngz +...
dA _
9z =0
Isochor Variable | h(v=const, T) =bg+bT + b2T2 +...
p=38p+8T+...
Constant | h(v=const, T) =bg + by T + b2T2 +...
dA _
9z =0
Isobar Variable | As Isothermal flow
Constant | As Isothermal Flow
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