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Abstract

Improving the accuracy, reliability, and performance of cyber-physical systems such as high-speed machining, laser cutting, welding 

and cladding etc. is one of the most pressing challenges in modern industry. CNC system carries out data processing and significantly 

affect on accuracy of operation such equipment. The paper considers the problem of controlled axes motion differential characteristics 

data processing in the internal representation of the discrete space of the CNC system. Equations for determining the required 

discreteness of the differential characteristics position and resolution, such as the speed, acceleration, and jerk are proposed. For the 

most widely used CNC equipment specific discreteness and resolution values have been determined.
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1 Introduction
Modern technological equipment, which implements pro-
cesses such as high speed machining  [1,  2], laser cut-
ting [3, 4], laser welding and cladding [5, 6], laser deburr-
ing [7, 8] etc. are cyber-physical systems. Such equipment 
must provide both high productivity and processing 
accuracy  [9]. Providing smooth motion controlled axes 
equipment improves productivity and processing quality 
machined surface [10–13].

In Fig.  1 shown the generalized structure of a CNC 
system for high-speed equipment  [14]. Each element of 
the system affects the accuracy of the process. Various 
parameters of CNC machine controls such as interpola-
tion parameters, programming resolution or cycle times 
strongly influence the accuracy and dynamics of high pre-
cision axes [15–18].

The most widely the influence of trajectory shapes 
and feed control methods on accuracy and productivity 
are studied. In papers  [14,  19–21] it was shown that the 

trajectories and laws of feedrate variation should provide 
a smooth variation of the motion differential characteristics 
such as speed, acceleration and jerk, taking into account 
the limitations of the controlled axes characteristics.

In number of papers [22–25] it was shown that the use 
of feedforward control taking into account the motion dif-
ferential characteristics significantly increase the accu-
racy of movement along the tool path.

Fig. 1 Generalized structure of CNC system [14]
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In papers [26–29], various schemes of the CNC control-
lers are considered, in which feedforward control is used 
according to the differential characteristics of motion. 
The flow of position and speed commands is shown, but 
the requirements for these commands and the accuracy of 
setting the data that determine the position and speed of 
the controlled axis in the CNC are not specified.

Axes motion control is carried out in the discrete coor-
dinate space of the machine at time clocking in accor-
dance with a control cycle. Control parameters for each 
cycle are calculated in "Trajectory interpolation" block 
and used in the "Position regulator" block (Fig. 1). In case 
of insufficient discreteness occurs distortion of the differ-
ential kinematic characteristics in the internal representa-
tion of the parameters in the CNC system.

Determination of the required discreteness and resolu-
tion of representation position data of the controlled axes 
and their motion differential characteristics is an actual 
problem, providing the correct data processing for high-
speed cyber-physical systems.

2 Distortion of the controlled axes motion differential 
kinematic characteristics in a discrete representation of 
the CNC system parameters
The use of feedforward control methods with speed and 
higher-order differential characteristics requires a cor-
responding resolution of control parameter  [22–25]. 
Resolution should provide the calculating motion charac-
teristics without any distortion. The control code is formed 
in the "Trajectory interpolation" block and transferred to the 
"Position regulator" block (Fig. 1). Typically, the input-out-
put channel between these blocks has a limitation on the 
amount of transmitted data. As a rule, the information of 
the trajectory differential characteristics is not transmit-
ted to the "Position regulator" block, and this information 
is necessary to restore by tool path finite differences [20]. 
Therefore, the control code passed from the "Trajectory 
interpolation" block to the "Position regulator" block must 
have necessary resolution to perform the calculations of the 
differential motion characteristics used to perform the feed-
forward control according to Eq. (1):
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where X(i) , X(i−1) are positions of the current and previous 
cycles; Vaxis(i) , Vaxis(i−1) are velocities of the current and pre-
vious cycles; aaxis(i) , aaxis(i−1) are accelerations of the current 

and previous cycles; Jaxis(i) is the jerk of the current cycle; 
Tcycle is control cycle period.

The setpoint and actual effector position in the CNC 
system takes the form of integer code according to the 
position measurement discreteness. To avoid the accu-
mulation of error of setpoint coordinate trajectory is not 
allowed to use a fractional representation of the posi-
tion. The result of such limitations is insufficient resolu-
tion of the position control command data to calculate the 
motion differential characteristics. In addition, increas-
ing the control cycle frequency leads to a decrease of the 
observed value of internal representation of speed and 
accordingly to the control deterioration. In Fig. 2 shown 
the results of speed and acceleration calculations accord-
ing to the control axis acceleration area for the CNC sys-
tem with a control cycle frequency of 1 kHz and a dis-
creteness of 1000 discrete/mm.

For the considered model at smooth feedrate Fτ varia-
tion Eq. (1) give discrete variation of speed Vaxis(i) and accel-
eration aaxis(i) . At the motion beginning the parameters of 
speed and acceleration "are not observed" and accordingly 
do not affect control. The appearance of interpolation val-
ues of speed and acceleration on the 35th cycle forms the 
values at a level much higher than actually set, and the 
duration of these values is equal to one cycle. The equiva-
lent frequency of the control code is 500 Hz. This effect is 
outside the bandwidth of the servo drive electromechani-
cal part and due to its filtering properties has no significant 
effect on the control process. This fact negatively affects 
the accuracy of the demand movements.

Fig. 2 Example of data calculations in the smooth acceleration area 
according to the axis position: (a) – speed Vaxis ; (b) – acceleration aaxis
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An error of speed determination Δ(−) , Δ(+) in case of the 
movement with a fractional value of the internal represen-
tation of speed always will be present (Fig. 2). The relative 
error of the technological system controlled axes speed in 
this case is determined by Eq. (2):
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The graph of the interpolation feedrate relative error 
is shown in Fig. 3. With feedrate 10 mm/min the error is 
+
−
500

100

%

%
, and with 5000  mm/min is ±1% and slightly 

decreases with further feedrate increase. This error does 
not depend on the trajectory shape and will exist for all 
types of interpolation. The error is a characteristic of the 
position interpolation offset setpoint model.

Thus, the considered example demonstrates the dis-
tortion of differential characteristics, such as speed and 
acceleration in the internal representation according to the 
position discreteness. An increase in the resolution of data 
representation when processing control commands will 
provide the calculation of differential characteristics with-
out their distortion.

3 Determination of values ranges and required 
resolution of controlled axes movement kinematic 
parameters in CNC systems
3.1 Determination of the required position discreteness
Graduation value of the machine axes position mea-
suring determines the discreteness of the CNC system. 
The  choice of necessary discreteness depends from the 
kinematic scheme of the controlled axis movement, type 
of the position sensor and a class of equipment accuracy. 

Determination of the required discreteness (gradua-
tion value) of position measurement ∆Xmin is carried out 
depending on the standard tolerance grade the character-
istic dimension of the part by Eq. (3):
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×1000
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where Paccur is the standard tolerance grade of the part 
characteristic dimension, μm; Kmeasur is the coefficient of 
increase discreteness of position measurement.

As a rule, the accuracy of a CNC machine should be 
four times higher than the specified accuracy of the part, 
therefore position measurement must be performed with 
increased discretization [30]. In this paper, the coefficient 
of increasing the discreteness of measuring the position in 
relation to the accuracy of the part Kmeasur is taken equal 10.

The order of the required discreteness and accordingly 
the discreteness coefficient of the position is determined 
by Eqs. (4) and (5):
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k PDX=10 . 	 (5)

The results of required order discreteness PDX calculations 
depending on standard tolerance grade of parts machining 
with a characteristic dimension of the structural elements in 
the range of 10…25 mm with the provision of the tolerance 
class defined in ISO 286-1:2010 [31] are shown in Fig. 4.

The overall dimensions of parts that are manufac-
tured at machine-building plants are much larger than the 
selected characteristic dimension. A feature of the man-
ufacture of such parts on CNC equipment is the need to 
ensure the accuracy of characteristic elements, and not the 
overall size. The vast majority of elements of such parts 
are made in the range of 10–7 standard tolerance grade. 
Accordingly, the most demanded from a technological 
point of view is equipment with a discreteness 10 PDX , 

Fig. 3 Interpolation feedrate relative error for internal representation of 
speed: ∆F(+) is the error when integer representation is more than speed 

actual value; ∆F(−) is the error in the case of rounding to a value less 
than the speed actual value Fig. 4 The required order of position discreteness
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which is equal to 10−3 mm. In addition, for the manufac-
ture of parts with structural elements of 6–5 standard tol-
erance grade, order of 10−4 mm discreteness is required. 

The obtained value of necessary discreteness corre-
sponds to available position measurement systems param-
eters of the most widespread models of the machine-build-
ing enterprises equipment.

3.2 Range of controlled axes motion parameters 
representation in the CNC system
Conversion of motion kinematic characteristics such as 
speed, acceleration and jerk to the internal representation 
of the CNC system can be performed by Eqs. (6)–(8):
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where F is the technological feedrate, mm/min; k is the 
discreteness of position measurement, discrete/mm; fcycle is 
the control cycle frequency, Hz; nov is the overload factor; 
g is the free fall acceleration, m/s2.

In modern equipment designed for high-speed machin-
ing CNC systems with a control cycle frequency from 1 
to 2.5 kHz is usually used. In Fig. 5 shown the result of 
speed conversion for the corresponding range of the con-
trol cycle frequency and the most widely used discreteness 
(10−3 mm). Small value of internal representation of speed 
VT corresponds to sufficiently large technological fee-
drates F. Therefore, at a control cycle frequency of 1 kHz, 
internal representation of speed value of 333 discrete/cycle 
corresponds to a technological feedrate of 20 m/min.

The speed of machine tool controlled axis movement 
in the traditional control model is defined by Eq. (1) as the 
finite difference of the position variation per time of con-
trol cycle. Due to the discreteness of the position measure-
ment, a multiple of one discrete, a limited number of speed 
gradations can be recognized. In this example, for modern 
high-speed equipment it is possible to recognize only a 
few hundred speed gradations. At the same time, the depth 
of servo drives adjustment Kf for the modern equipment 
makes at least 10000…30000. This means that the servo 
drive provides the machine tool controlled axis movement 
with the appropriate number of speed gradations. Obvious 
there is a discrepancy between the capabilities of the servo 

drive to smoothly the speed variation in the processing 
system and the ability of the CNC system to observe the 
process of movement and control it accordingly. In this 
example, the CNC system determines the speed of the 
controlled axes from 100 to 300 times rougher than exist 
the ability to perform the movement. This means that to 
ensure correct observing of the movement and determine 
the physically realized speed of the machine tool con-
trolled axis, it is necessary to increase the resolution to 
determine such a kinematic parameter as the internal rep-
resentation of speed VT position variation.

The modern level of machine tool construction makes 
it possible to realize the acceleration of working bodies on 
milling machines tool of the order of 1.4…2 g ( 14…20 m/s2 ).  
For  a CNC system with a control cycle frequency of 
1…2.5 kHz, such an overload corresponds to an internal rep-
resentation of acceleration equal 19…3.14 discrete/cycle2.  
The maximum accelerations for the equipment operated 
at the machine-building enterprises are much smaller, 
than the specified value. Therefore, at the step of control 
code variation at toolplate longitudinal movement of the 
machine tool 16K20F3 the maximum acceleration makes 
2.1 discrete/cycle2 that corresponds to an overload of 0.21 g 
(restriction amax in Fig. 5). Operation of this machine tool 
is carried out apply of the S-shaped law of acceleration/

Fig. 5 Dependencies of motion parameters: (a) – internal representation 
of speed from technological feedrate; (b) – internal representation of 
acceleration from overload; (c) – internal representation of jerk from 
axis jerk; amax – maximum acceleration; ae – operational acceleration; 

Jmax – maximum jerk
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deceleration with the maximum value of acceleration of 
the order of 0.9  discrete/cycle2 that makes about 0.09  g 
(restriction ae on Fig.  5). The initial acceleration of the 
S-shaped law can be of 0.002…0.010 discrete/cycle2.

Experimental investigation on the machine type 
MA655SM30 shown the value of the maximum jerk in 
the internal representation of the CNC system depend-
ing on the control cycle frequency is not more than 
0.001…0.000064 discrete/cycle3.

For X, Y axes of MIKRON UCP 710 with Jmax = 5 m/s3 
[20], the jerk in the internal representation of the CNC sys-
tem is 0.005…0.00032 discrete/cycle3, and for Z axis with 
Jmax = 50 m/s3 respectively 0.05…0.0032 discrete/cycle3.

Thus, it can be stated that in the internal represen-
tation of the CNC system, the differential character-
istics of motion are the following order: speed are hun-
dreds of discrete/cycle; acceleration are units or tenths of  
discrete/cycle2; jerk are hundredths or ten-thousandths of 
a discrete/cycle3.

The obtained estimate of the motion differential char-
acteristics values in the internal representation of the CNC 
system allows us to assert that the discreteness of posi-
tion determination, which meets the requirements of posi-
tioning accuracy, does not provide sufficient resolution 
for the speed parameter by approximately 100…500 times 
and has insufficient resolution to describe the parameters 
of acceleration and jerk. This circumstance excludes the 
possibility of smooth control of the axes movement with 
speed, acceleration and jerk feedforward.

3.3 Determination of the required speed resolution 
To match the characteristics of the CNC system with the 
capabilities of the servo drive on the parameter of the 
depth of adjustment speed Kf , we determine the mini-
mum required value of the speed in internal representa-
tion ∆Fmin , which must be recognized by the CNC system:

∆F
F
f Kcycle f

min

max ,=
× ×60

	 (9)

where Fmax is the maximum permissible working feedrate, 
mm/min.

The order of the required speed resolution of the tech-
nological system controlled axes movement is calculated 
by Eq. (10):

PD
F
f KF
cycle f

= ↑
× ×









int lg .max

60
	 (10)

To determine the degree of discrepancy between the 
required resolution and the available discreteness of posi-
tion measurement, we write Eq.  (11) for calculating the 
lowest observed speed ∆Fobserv when it is determined from 
the position variation:

∆F
kobserv =
1
. 	 (11)

The ratio of the lowest observed feedrate ∆Fobserv to the 
minimum required value of the speed in internal represen-
tation ∆Fmin shows the degree of discrepancy between the 
required resolution and the available discreteness of the 
position measurement:

D
f K
k FF
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In Fig. 6 shown the results of the required speed reso-
lution calculations of the technological system controlled 
axes in a wide range of technological feedrates. Calculated 
for two system variants: one with control cycle frequency 
1  kHz and depth of adjustment servo drive 1  ×  104, the 
other with control cycle frequency 2.5 kHz and depth of 
adjustment servo drive 3 × 104.

Obviously, for the existing equipment of machine-build-
ing enterprises with a maximum feedrate of about 5 m/min, 
the version of the system with a control cycle frequency of 
1 kHz has a degree of inconsistency DF = 300…100. In this 
case, the required speed resolution is 1 × 10−5… 3 × 10−6 mm.

For equipment with a maximum feedrate of about  
30 m/min and a cycle frequency of 2.5 kHz, it has a degree 
of inconsistency DF = 180. In this case, the required speed 
resolution is 1 × 10−5 mm.

Fig. 6 Required speed resolution: (a) – order of the speed resolution 
depending on the feedrate; (b) – the degree of inconsistency between 

the required resolution and the available discreteness
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3.4 Determination of the required acceleration 
resolution
For specific equipment the lowest observed value of accel-
eration ∆amin can be calculated by Eq. (13):

∆a
n g

f K
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cycle a
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× ×
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where Ka is the dimensionless coefficient of depth of 
adjustment acceleration.

To ensure sufficient smoothness of the acceleration 
variation the coefficient Ka should be taken at least 1000.

The order of the required acceleration resolution of 
the technological system movement can be calculated by 
Eq. (14):
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To determine the degree of discrepancy between the 
required acceleration resolution and the available discrete-
ness of the position measurement, we write an equation for 
calculating the smallest observed acceleration ∆aobserv by 
finite difference Eq. (1):

∆a
kobserv =
1
. 	 (15)

The ratio of the lowest observed acceleration ∆aobserv to 
the minimum required value of the internal representation 
of acceleration shows the degree of discrepancy between 
the required acceleration resolution and the available dis-
creteness of the position measurement:
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The calculating results of the required resolution depend-
ing on the maximum acceleration for two variants of CNC 
systems with a control frequency of 1 and 2.5 kHz and graphs 
of the discrepancy degree between the required acceleration 
resolution and the available discreteness are shown in Fig. 7.

To determine the acceleration parameters, it is necessary 
to provide a resolution of the order 1 × 10−6…1 × 10−8 mm 
for equipment with a maximum acceleration characteristic 
of the order 0.2 g.

3.5 Determination of the required jerk resolution
For specific equipment the smallest observed value of the 
jerk ∆Jmin , can be calculated by Eq. (17):

∆J
J

f Kcycle J
min

max ,=
×
×
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3
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where Jmax is the maximum allowable jerk, m/s3; KJ is the 
dimensionless coefficient of depth of adjustment jerk.

To ensure the minimum required smoothness of the jerk 
variation the coefficient KJ should be taken at least 100.

The order of the required jerk resolution of the techno-
logical system organs movement is calculated as follows:

PD
J

f KJ
cycle J

= ↑
×
×









int lg .max

1000
3

	 (18)

To determine the degree of discrepancy between the 
required jerk resolution and the available discreteness, we 
write an equation for calculating the smallest observed 
jerk ∆Jobserv by the finite difference Eq. (1):

∆J
kobserv =
1
. 	 (19)

The ratio of the smallest observed jerk ∆Jobserv to the 
minimum required value of the internal representation of 
jerk ∆Jmin shows the degree of discrepancy between the 
required jerk resolution and the available discreteness of 
the position measurement

D
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J kJ
cycle J=
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× ×

3

1000
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. 	 (20)

The calculating results of the required resolution depend-
ing on the maximum jerk for two variants of CNC systems 
with a control cycle frequency of 1 and 2.5 kHz and graphs 
of the discrepancy degree between the required jerk resolu-
tion and the available discreteness are shown in Fig. 8.

To determine the jerk parameters it is necessary to pro-
vide a resolution of the order 1 × 10−7…1 × 10−8 mm for 
equipment with a maximum jerk characteristic of the 
1 m/s3 and the depth of the adjustment jerk of 100. With 
increasing depth of adjustment jerk to 1000 resolution 
should be increased to 1 × 10−9 mm.

Fig. 7 Required acceleration resolution: (a) – order of the acceleration 
resolution depending on the overload; (b) – the degree of inconsistency 

between the required resolution and the available discreteness
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4 Conclusion
The paper considers the problem of representing data of 
controlled axes motion differential characteristics for high-
speed CNC equipment. As part of the motion control model 
in a discrete space with the time clocking in accordance 
with a control cycle obtained equations to determine the 
required position discreteness of controlled axes. The equa-
tions for evaluating the necessary resolution for feedfor-
ward control considering differential motion characteris-
tics such as speed, acceleration and jerk are proposed.

A method for determining the required position dis-
creteness and resolution of differential characteristics is 
proposed. The method takes into account the range of 
maximum feeds, the cycle frequency of the controller 
(sampling loop frequency), and the requirements for the 
accuracy of the technological system operation.

The proposed method allows determining the specific 
requirements for the controllers of technological systems. 

In Fig. 9 shown the dependence of the required resolution 
PD on the order of the differential characteristic which can 
be used in the controlled axes movements process.

As a result of the research carried out, the necessary 
position discreteness and motion kinematic characteristics 
resolution of high-speed CNC equipment controlled axes 
was established. It is shown that in the processing of axes 
position data for precision positioning it is sufficient to use 
a discreteness of the order 1 × 10−3…3 × 10−4 mm. 

The necessary resolution for the motion differential 
characteristics determining has been substantiated: for the 
speed determining it is necessary to ensure a resolution of 
the order 1 × 10−5…3 × 10−6 mm; for acceleration a reso-
lution of the order 1 × 10−6…1 × 10−8 mm; and for jerk a 
resolution of the order 1 × 10−7…1 × 10−9 mm.
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Fig. 8 Required jerk resolution: (a) – order of the jerk resolution 
depending on the maximum jerk; (b) – the degree of inconsistency 

between the required resolution and the available discreteness

Fig. 9 The required resolution depending on the order of the differential 
kinematic characteristic
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