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Abstract

This article is committed to examine the unsteady MHD Casson liquid flow in an inclined infinite vertical plate in the proximity of
heat generation and thermal radiation. The governing energy and momentum partial differential equations are ascertained.
The momentum equation is established for two distinct types of conditions when the magnetic domain is relevant to the liquid and the
magnetic domain is relevant to the moving plate. Analytical expressions for liquid temperature and motion are acquired by applying
Laplace transform technique. The effects of physical parameters are accounted for two distinct types of motions namely impulsive
motion and accelerated motion. The numerical values of liquid motion and temperature are displayed graphically for various values

of pertinent flow parameters. A particular case of our development shows an excellent compromise with the previous consequences

in the literature.
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1 Introduction

In real-life operations several products such as paints,
shampoos, compressed milk, publish ink, and tomato
cream, etc., exhibit disparate properties that cannot be
instinctively accepted by the Newtonian concept. So, to
characterize such kind of liquids it is required to present
the concept of non-Newtonian liquid. In 1995, Casson fluid
pattern was developed by Casson [1]. Poornima et al. [2]
reported the radiation and chemical reaction contrib-
utes on Casson non-Newtonian liquid in the proximity of
thermal and Navier slip constraints towards a stretching
facade. Aboalbashari et al. [3] obtained the entropy forma-
tion equation in terms of velocity, temperature, and con-
centration gradients. Makinde and Eegunjobi [4] observed
that the influence of magnetic domain and Casson liquid
parameter have significant reaction on the entropy gener-
ation rate. Reddy et al. [5] performed the hydromagnetic
stream of Casson nanoliquid towards a cylinder in the prox-
imity of first order velocity, thermal, and concentration
Biot conditions. Shashikumar et al. [6] informed that the
entropy production rate escalates with an enhancement in

radiation parameter and Biot number. Gireesha et al. [7]
presented the entropy production and heat transmit inspec-
tion of Casson liquid stream in the proximity of viscous
and Joule warming in an inclined micro-porous-channel.
Kalyan Kumar and Srinivas [8] presented the consequence
of joule warming and radiation on unsteady MHD stream
of chemically responding Casson liquid through a slantwise
stretching plate. Venkateswarlu and Bhaskar [9] reported
the entropy generation and Bejan number analysis of MHD
Casson fluid flow in a micro-channel with Navier slip and
convective boundary conditions. Goud et al. [10] presented
the thermal radiation and Joule heating effects on a MHD
Casson nanofluid flow in the presence of chemical reaction
through a non-linear inclined porous stretching sheet.
Hydromagnetic is an exploration of the microscopic
interaction of electrically administrating liquid and gas with
the magnetic domain. It has several significant applica-
tions in science and engineering, for instance, wind energy,
astrophysics, aerospace, solar energy collectors, nuclear
reactors, electromagnetics, transformers, geomechanics,
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oceanography, electrical heaters, plasma confinement, mag-
netic drug targeting, geophysics, etc. Cramer and Pai [11]
documented the magnetofluid dynamics for engineers
and applied physicists. Malapati and Polarapu [12] pre-
sented the unsteady MHD free convective heat and mass
transfer in a boundary layer flow past a vertical perme-
able plate with thermal radiation and chemical reaction.
Yahiaoui et al. [13] reported the investigation of the mixed
convection from a confined rotating circular cylinder. Mami
and Bouaziz [14] considered the effect of MHD on nano-
fluid flow, heat and mass transfer over a stretching surface
embedded in a porous medium. Venkateswarlu et al. [15]
presented the thermodynamic analysis of Hall current and
Soret number on hydromagnetic couette flow in a rotating
system with a convective boundary condition.

Thermal radiation is a process by which energy is emit-
ted directly from the radiated surface in the form of an
electromagnetic wave in all directions. From the engineer-
ing and physical point of view, thermal radiation impact
has a pivotal role in the flow of different liquid and heat
transmit. Thermal radiation is found to be useful in engi-
neering processes which require high operating tempera-
ture. These include; the design of the nuclear plant, gas tur-
bine, aircraft, space vehicle, reliable equipment, satellite
etc. Makinde and Ogulu [16] reported the significance of
thermal radiation on the heat and mass transfer stream of
an unstable viscosity liquid past a vertical porous wall suf-
fuse by a transverse magnetic domain. Bagheri et al. [17]
presented the viscous heating effects on heat transfer char-
acteristics of an explosive fluid in a converging pipe. Cao
and Baker [18] discussed the non continuum significance
on natural convection radiation boundary layer stream
from a warmed vertical wall. Das and Sarkar [19] ana-
lyzed the significance of melting on an MHD micropo-
lar liquid stream toward a shrinking sheet with thermal
radiation. Ymeli et al. [20] presented the analytical layered
solution of radiation and non-Fourier conduction problems
in optically complex media. Ferroudj et al. [21] discussed
the Prandtl number effects on the entropy generation
during the transient mixed convection in a square cavity
heated from below. Venkateswarlu and Lakshmi [22] dis-
cussed the diffusion-thermo and heat source effects on the
unsteady radiative MHD boundary layer slip flow past an
infinite vertical porous plate.

Regarding the significance of an inclined channel
several reports have been prepared by various research-
ers. Alam et al. [23] presented the effects of variable suc-
tion and thermophoresis on steady MHD combined free-
forced convective heat and mass transfer flow over a semi

infinite permeable inclined plate in the presence of ther-
mal radiation. Makinde [24] reported the thermodynamic
second law analysis for a gravity driven variable viscos-
ity liquid film along an inclined heated plate with con-
vective cooling. Venkateswarlu and Makinde [25] consid-
ered the unsteady MHD slip flow with radiative heat and
mass transfer over an inclined plate embedded in a porous
medium. Venkateswarlu et al. [26] presented the Soret and
Dufour effects on radiative MHD flow of a chemically
reacting fluid over an exponentially accelerated inclined
porous plate in presence of heat absorption and viscous
dissipation. Reddy et al. [27] presented the heat and mass
transfer of a peristaltic electro-osmotic flow of a couple
stress liquid through an inclined asymmetric channel with
effects of thermal radiation and chemical reaction.

The objective of the present work is to record the effects
of pertinent parameters governing the Casson liquid flow
and to discuss the work of Chandran et al. [28] as a par-
ticular case. They are not considered the impact of angle
of inclination, heat generation and thermal radiation.
The following strategy is pursued in the rest of the paper.
Section 2 presents the formation of the problem. The ana-
lytical solutions are presented in Section 3. Results are
discussed in Section 4 and finally Section 5 provides a
conclusion of the paper.

2 Formation of the problem
In this article, we consider an unsteady hydromagnetic flow
of a viscous, incompressible, and radiating Casson fluid
of Prandtl number equal to unity past an inclined infinite
plate. The x-axis is taken along the plate in the upward
direction and the y-axis is taken normal to it. The plate
is inclined to vertical direction by an angle a. Magnetic
domain of intensity B, is applied in the y-direction. At time
t = 0, the plate and the liquid medium are at rest and at
the constant temperature 7 _. At time ¢ > 0, the plate is set
into motion with a velocity u¢" and heat is also supplied to
the plate at a constant rate. Two distinct flow cases will be
taken here with regarding to the magnetic force. The first
regarding to the case when the magnetic lines of force are
fixed relative to the fluid, and the second to the case when
the magnetic lines of force are fixed relative to the moving
plate. The physical model is represented in Fig. 1.

The rheological equation of extra stress tensor for an
isotropic and incompressible stream of a Casson liquid can
be expressed in [10] as

2(u3+Py/\/E)eﬁ, T>T,



Fig. 1 Sketch of an inclined infinite vertical plate

Here p,, is the plastic dynamic viscosity of non-New-
tonian liquid, P is the yield stress of the liquid, x is the
product of the component of the deformation rate with
itself, namely, 7= = ee e, is the (7, /) component of the
deformation rate, and 7, is the critical value of 7 based on
non-Newtonian model.

Following Chandran et al. [28], the boundary layer
equations of momentum and heat transfer past an inclined
plate can be expressed in the pattern:

* Momentum equation:

ou o’u oB;
& V(HEJE+ P =T, Jeos(a)- "2 1)

* Energy equation:

a_T_k_Taz_T___ 2V ") )
o pe, &' pc, Oy pc,

If the magnetic domain is established relevant to the
transmitting boundary with motion u " then the momen-
tum Eq. (1) can be written as

ou _ o’u
e (“p;}@* B(T—T. )cos(ar)-

2

b, (u —u,t" )

P
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Here n = 0 for impulsive motion and n = 1 for acceler-
ated motion.

Equations (1) and (3) can be unified into the one equa-

tion as
%:V(I+EJ%+ gB(T-T,)cos () o
—GBg(u—),uOt").

Here 4 = 0 if the magnetic domain is established rel-
evant to the liquid and A = 1 if the magnetic domain is
established relevant to the moving plate.
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The initial and boundary restrictions in dimensional
pattern can be written as

t=0:u=0, T=T, for y>0
T
t>0:u=uot",a—=—% at y=0 . )
oy ky
u—0, T->T, as y —> ®

The radiative flux vector ¢, for an optically thin liquid
takes the pattern (see [22]):

A 4o (17 -1*). (6)
oy

Assuming small variance among the liquid temperature
T and the autonomous stream temperature 7, within the
flow, T* will be expressed as a Taylor's series, regarding to
T, and omitting the terms of order greater than or equal to
two in the series, we have

T = 4T’T -3T". (7)

Using Egs. (6) and (7) in Eq. (2), we acquired
or k, &°T 16a'c’T.(T-T,) O(T-T,)
—= - + .
or  pe, oy pe, pe,

®)

The successive non-dimensional variables are initiated

1
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Equations (4) and (8) modified to the subsequent non-

dimensional pattern:

2
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The consequent initial and boundary restrictions can be

written as
t=0: U=0, 6=0 forY >0
es0:U=7", 21 av=o | (12)
oY
U—0,06—>0 as Y > o
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3 Solution of the problem

Now, we solve the Egs. (10) and (11) subject to the initial
and boundary restrictions in Eq. (12) by applying Laplace
transform technique. We define

Y
- 13
T -

Then Egs. (10) and (11) are transformed into the pattern:
oU n oUu (1 1}1 o’U

~+mU
4t On (14)

— +
ot 2t 0On I}

=Gr6 cos(a )+mAt"

0 noo 1 36

ot 2t 0n 4Prton’ +W-H)§=0. (15)

The corresponding boundary conditions can be written as

t=0: U=0, 6=0 forn>0
, 00
1>0: U=t", —=-2Jr atn=0_. (16)
on
U—>0, 650 asn —w

The exact solution can be acquired by applying the
Laplace transform technique stated as follows:

l_](n,p):TU(n,r)exp(—pr)dr (17)

é(n,p)zje(n,r)exp(—pr)dr . (18)

3.1 Impulsive motion

In this case, we take n = 0. The exact solutions for the liquid
temperature 6(y, 7) and velocity U(y, 7) are acquired and
are displayed in the following pattern after simplification:

0(n,7)=a,v,(a,,Pr,n,7) (19)

U(n,7)=agy,(m,a,.n,7)+ay,(ma,n,t)

—ay, exp(—a,t )y, (a,—m,a,,n,7)

—ay, exp(—ast )y, (m—ag,a;,n,7)

+Aexp(=mt)y, (0,a,,n,7)—a,y, (a,,Pr,n,7)

+a; exp(—ast )y, (a, - as, Pr,n,t)+ A[ 1-exp(-mr)].
(20)

3.2 Accelerated motion

In this case, we take n = 1. The solution procedure runs
parallel to the case of impulsive motion. The liquid veloc-
ity U(#, 7) in the case of accelerated motion is given by

A
U(n,t)= {asr +;} v, (m, a3ansT)

+[ay +an v, (m,a,,n,7)

—a,yexp(—a,t )y, (a,—m,a,,n,7)

—ay, exp(—a;t )y, (m—ag,a,,n,7)

—a,s exp(—mt )y, (0,a,,n,7)—a,y, (a,,Pr,n,7)
+a,, exp(—ast )y, (a, —a;,Pr,n,7)
—ay;[1-exp(-mr) ]+ Az.

@

4 Results and discussion
In this article, the interactive implications of the various
parameters such as Casson liquid parameter f, Grashof
number Gr, inclination angle @, Hartmann parameter
m, time 7, radiation parameter N, and heat generation
parameter H on the liquid motion U and temperature 0
have been studied analytically and computed results of
the analytical solutions are displayed graphically from
Figs. 2 to 16. For the purposes of our numerical compu-
tations, we adopted the following parameter values: f = 2,
Gr=l,a=n4, m=1,7=05Pr=1,N=1,and H=0.5.
To compare our results of liquid motion with those of
Chandran et al. [28] as a special case, we computed the
numerical values of liquid motion for our problem as well
as those of Chandran et al. [28] which are presented in
Tables 1 and 2. It is revealed from Tables 1 and 2 that,
there is an excellent agreement between both the results.
The impact of Casson parameter on the liquid impul-
sive motion and accelerated motion is presented in Figs. 2
and 3 at A=0and 1 =1 respectively. It is identified that, the
liquid motion declines in both cases with an enhancement
in the Casson parameter at 4 = 0 and A = 1. The nature of
Grashof number on the liquid impulsive motion and accel-
erated motion is presented in Figs. 4 and SatA=0and 1= 1
respectively. Physically, thermal Grashof number signifies
the relative strength of thermal buoyancy force to viscous
hydrodynamic force in the boundary layer. It is noticed
that, the liquid motion escalates in impulsive and acceler-
ated cases with an increase in the Grashof number at 1 =0
and 4 = 1. In Figs. 6 and 7 it is observed that, the liquid
motion depletes in impulsive and accelerated cases with an
enhancement in the angle of inclination at 1 =0 and 1 = 1.
Figs. 8 and 9 depict the variation of the liquid impulsive
motion and accelerated motion with respect to Hartmann
number at A =0 and A = 1 respectively. It is remarked that,
the liquid impulsive motion and accelerated motion esca-
lates in a region near to the plate and depletes in a region
away from the plate with an enhancement in the Hartmann
number when the magnetic domain is established relevant
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Fig. 2 Consequence of Casson parameter on (a) impulsive motion (b) accelerated motion when 4 =0
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Fig. 3 Consequence of Casson parameter on (a) impulsive motion (b) accelerated motion when 4 =1
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Fig. 4 Consequence of Grashof number on (a) impulsive motion (b) accelerated motion when 4 =0
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Fig. 5 Consequence of Grashof number on (a) impulsive motion (b) accelerated motion when 4 =1

12 T T T 0.6 T T T

a = nl6, n/4, /3, n/2 o = /6, nlh, 2/3, 72
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Fig. 7 Consequence of inclined angle on (a) impulsive motion (b) accelerated motion when 4 =1
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Fig. 8 Consequence of Hartmann parameter on (a) impulsive motion (b) accelerated motion when 4 =0
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Fig. 9 Consequence of Hartmann parameter on (a) impulsive motion (b) accelerated motion when 4 =1
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Fig. 10 Consequence of time on (a) impulsive motion (b) accelerated motion when 4 =0
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Fig. 12 Consequence of radiation parameter on (a) impulsive motion (b) accelerated motion when A =0
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Fig. 13 Consequence of radiation parameter on (a) impulsive motion (b) accelerated motion when / = 1
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Table 1 Comparison of the liquid impulsive motion Uas N=0, H=0, a =0, Gr= 1, 7= 0.1, and f—oco with Chandran et al. [28]
Chandran et al. [28] Present
n/m n=0 n=1 n=0 n=1
0.1 0.5 0.1 0.5 0.1 0.5 0.1 0.5
0.0 1.000 1.000 1.000 1.000 1.0000 1.0000 1.0000 1.0000
0.2 0.656 0.650 0.662 0.676 0.6561 0.6500 0.6622 0.6761
0.4 0.373 0.366 0.381 0.406 0.3730 0.3660 0.3811 0.4062
0.6 0.181 0.176 0.190 0.222 0.1810 0.1760 0.1901 0.2222
1.8 0.074 0.072 0.084 0.120 0.0740 0.0720 0.0842 0.1201
1.0 0.025 0.025 0.035 0.073 0.0250 0.0250 0.0352 0.0732
Table 2 Comparison of the liquid accelerated motion Uas N=0, H=0, a= 0, Gr= 1, 7= 0.1, and f—co with Chandran et al. [28]
Chandran et al. [28] Present
nim n=0 n=1 n=0 n=1
0.1 0.5 0.1 0.5 0.1 0.5 0.1 0.5

0.0 0.100 0.100 0.100 0.100 0.1000 0.1000 0.1000 0.10000
0.2 0.050 0.050 0.050 0.052 0.0500 0.0500 0.0500 0.0521
0.4 0.023 0.022 0.023 0.025 0.0231 0.0222 0.0231 0.0250
0.6 0.009 0.009 0.009 0.011 0.0091 0.0091 0.0091 0.0110
1.8 0.003 0.003 0.003 0.005 0.0030 0.0030 0.0030 0.0051
1.0 0.001 0.001 0.001 0.003 0.0011 0.0011 0.0011 0.0030

to the liquid (4 = 0). But the liquid impulsive motion and
accelerated motion escalates at all points of the region with
an increment in the Hartmann number when the magnetic
domain is established relevant to the moving plate (4 = 1).

Figs. 10 and 11 display the impact of time on the liquid
motion in both impulsive and accelerated cases at 4 = 0
and 4 = 1 respectively. It is noticed that, the liquid impul-
sive motion escalates in a region near to the plate and
depletes in a region away from the plate with the progress
of time while the accelerated motion escalates at all points
of the region with the progress of time when the magnetic
domain is established relevant to the liquid (4 = 0). Both
the impulsive motion and accelerated motion of the liquid
are raised with the progress of time when the magnetic
domain is established relevant to the moving plate (4 = 1).

It is identified from Figs. 12 and 13 that, the liquid impul-
sive motion as well as accelerated motion depletes with an
enhancement in the radiation parameter at A =0 and 4 = 1.
In Figs. 14 and 15 it is remarked that, as the heat generation
parameter raises, the liquid impulsive motion and acceler-
ated motion are enhanced at A =0 and A = 1. The impact of
radiation parameter and heat generation parameter on the
liquid temperature is displayed in Fig. 16. It is noticed that,
the liquid temperature depletes with an enhancement in the
radiation parameter whereas the liquid temperature esca-
lates with an increase of heat generation parameter.

5 Conclusions
The significant observations of this article can be listed as:

* Fluid impulsive motion as well as accelerated motion
depletes with an enhancement in the values of
Casson liquid parameter, thermal radiation parame-
ter, and angle of inclination for A=0and 1= 1.

* Fluid impulsive motion as well as accelerated motion
escalates with an enhancement in the values of
Grashof number and heat generation parameter for
A=0and1=1.

* There is an increase in a region near to the plate and
a deplete in a region away from the plate in the liquid
impulsive motion as well as accelerated motion for
4 =0 whereas there is a reduction in the liquid impul-
sive motion as well as accelerated motion through-
out the channel for A = 1 with an enhancement in the
value of Hartmann number.

e Fluid temperature declines with the thermal radia-
tion parameter and escalates with the heat generation
parameter.
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Nomenclature

a’ mean absorption coefficient

B, uniform magnetic field (Tesla)

c, specific heat at constant pressure

Gr Grashof number

g acceleration due to gravity (m s?)

H non-dimensional heat generation parameter

k, thermal conductivity of the fluid (m?s™)

m Hartmann parameter

N radiation parameter

Pr Prandtl number

(0] dimensional heat generation

q, radiating flux vector

q, heat flux

T fluid temperature (K)

T, uniform temperature (K)
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