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Abstract

The behaviour of fibre-reinforced composites greatly depends on their layup structures. Through a full-field layup optimization study 

based on multiple parameters, this paper investigates how different properties change with the layup. The aim was to maximize the 

extension-twist coupling performance while ensuring adequate bending stiffness and low thermal warpage to make the laminate 

suitable for shape-adaptive helicopter rotor blade application. The Classical Laminate Theory-based calculations revealed that 

satisfying the bending compliance and thermal warpage criteria significantly limited the achievable extension-twist performance. 

The warpage limit affected the desired coupling behaviour more because both properties are driven by terms in the extensional-

bending compliance matrix, unlike bending compliance. Symmetric laminates do not have an intrinsic extension-twist capability, 

but some asymmetric laminates demonstrated significant coupling performance while being practically warpage-free (based on 

the ISO2768 standard). The results prove that the advantages of asymmetric laminates can outweigh their sometimes negligible 

disadvantages. The paper also investigates if there is a universal tendency in how layup homogenization affects the terms of the 

bending compliance matrix of composites. Through analytical calculations, we showed that depending on the layup of the sub-

laminate, homogenization can increase or reduce the value of any term in the bending compliance matrix; therefore, there is no 

universal tendency. Based on these results, layup homogenization cannot only be exploited for its most general purpose – warpage 

mitigation – but also for improving other characteristics of the laminate (e.g. reducing the bending compliance for increased bending 

stiffness or increasing the bend-twist compliance for improved coupling performance).
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1 Introduction
Composites – especially fibre reinforced ones – are mainly 
used in the industry due to the excellent strength and stiff-
ness they can provide while also being lightweight. The 
outstanding specific mechanical properties result not only 
from the properties of the constituting fibre and matrix 
materials but also the orthotropic structure of the plies. 
Fibres can be oriented in the directions where more signif-
icant strength and stiffness are required while keeping the 
amount of reinforcement low in the secondary directions, 
thereby saving weight. 

However, the value of composites can be further increased 
by improving other properties of the material, too. Many 
research projects have focused on increasing the ductility 

of composites to mitigate one of the most significant dis-
advantages of these materials: brittle failure. Amongst 
others, notable pseudo-ductile results were achieved with 
hybrid [1], angle-ply [2], and inter-layer modification [3] 
approaches. Besides improving certain properties of com-
posites (e.g. ductility [4, 5], impact resistance [6, 7] or fire 
retardancy [8, 9]), they can be endowed with additional 
functionalities that can increase their advantage over com-
peting structural materials. The additional functions can 
range from self-healing [10, 11] to integrated health mon-
itoring [12, 13], but the coupled behaviour of composites 
might be the most fundamental of all. Coupling refers to 
a direct connection between loads and deformations of 
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different modes (e.g. twisting deformation as a result of ten-
sile loading). A composite can have many coupling connec-
tions (e.g. extension-bend, extension-twist or bend-twist). 
This morphing (or shape-changing) functionality of the 
material is fundamental in the sense that it can be achieved 
by carefully designing the layup without the need for any 
additional material. Due to the significance of non-conven-
tionally shape-changing structural materials, coupled lam-
inates not only have extensive scientific literature [14–16] 
but there are industrial examples for their utilization, too. 
They are most commonly used in morphing turbine blades. 
With an extension-twist helicopter blade or a bend-twist 
marine propeller, the aerodynamic or hydrodynamic effi-
ciency can be significantly improved by designing the layup 
to achieve optimal shape adaptation under loading [17–20].

However, during the layup design process, not only 
mechanical loads but factors such as moisture absorp-
tion [21] or thermal expansion [22] have to be considered, 
too, because stresses arising from these can lead to warp-
age in orthotropic structures. The majority of the possi-
ble layup permutations of composites – and especially 
coupled composites – are asymmetric to their mid-plane, 
and asymmetry usually leads to unwanted thermal warp-
age. There are asymmetric laminates that do not warp, but 
these are very rare [23, 24]. Therefore, warpage mitigation 
needs to be considered during the layup optimization pro-
cess. In such a multi-parameter optimization, only those 
layups that satisfy the maximum limit of thermal warpage 
would compete against each other, based on the rest of the 
criteria – such as coupling performance.

Another approach to mitigate warpage is layup homoge-
nization [25, 26]. During homogenization, identical sub-lam-
inates are stacked upon each other through the thickness 
of the composite. The sub-laminates can be asymmet-
ric, as the effect of asymmetry (and therefore warpage) 
quickly decreases with the increasing level of homogeniza-
tion (increasing number of sub-laminate repetitions) [27]. 
However, homogenization also has its limits. If two lami-
nates with the same plies (material, number and orientations) 
only differ in the level of their homogenization (e.g. [08 /908 ] 
non-homogenized and [0/90]8 homogenized), the values of 
the extensional-bending coupling compliance matrix ([b]), 
based on the Classical Laminate Theory) of the more homog-
enized laminate will be lower. This is why homogenization 
mitigates warpage, but it also means that it mitigates all the 
coupling terms in that matrix. In fact, the [b] matrix values 
rapidly converge to zero with homogenization. As the con-
stituting plies are the same in the two cases, the extensional 

compliance matrix ([a]) remains unchanged. However, it has 
not been published yet how the terms of the bending compli-
ance matrix ([d ]) change with layup homogenization. It needs 
to be investigated if there is a general tendency for the [d ] 
matrix terms as there is for the [a] and the [b] matrix terms.

In certain situations – such as the mechanical optimi-
zation of beam-like structures – composite beam theo-
ries [28, 29] can be more advantageous than plate theories. 
However, because of their universality, we focus on plates 
and shape-changing behaviour resulting from the layup 
structure of those plates.

Based on the above, this paper has two aims. First, to 
demonstrate a multi-parameter layup optimization pro-
cess of coupled laminates where one of the objectives is to 
keep thermal warpage practically negligible. And second, 
to prove or disprove if there is a general tendency in how 
the values of the bending compliance ([d]) matrix terms 
change with the effective warpage mitigation method of 
layup homogenization.

2 Methods and material
All calculations in this paper are based on the Classical 
Laminate Theory (CLT), where the 6 × 6 [abd] compli-
ance matrix (Eq. (1)) establishes the relations between the 
different loads (N: forces per unit width and M: moments 
per unit width, Fig. 1) and deformations (ε0: mid-plane 
strains and κ: curvatures) [30].
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Equation (1) works for thermal loads, too, where the ther-
mal forces and moments per unit width are calculated from 

Fig. 1 Illustration of the forces and moments per unit width acting on 
the unit plate element (based on [25, 30])
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the change in temperature, the layup and the material prop-
erties of the constituting plies [25]. From the curvatures, the 
out-of-plane displacements (deflections) can be calculated at 
each point of the laminate based on Eq. (2), where w is the 
deflection and x and y are the in-plane coordinates [25].

w x y x y xyxx yy xy
,( ) = − − −

κ κ κ
2 2 2

2 2  (2)

The extent of warpage is quantified in this paper as 
the difference between the maximum and the minimum 
value of the out-of-plane deflection of a 150 mm × 150 mm 
laminate with a fixed mid-point. This is equivalent to 
the height of the encasing cuboid of the warped lami-
nate (Fig. 2a)), where larger heights indicate more sig-
nificantly warped laminates. It has to be noted that this 
CLT-based calculation method always predicts the warped 
laminate to be monostable and saddle-shaped. In reality, 
warped laminates can be bistable with two stable cylin-
drical shapes [31, 32]. There are more advanced CLT-
based approaches that can take bistability or even com-
plex boundary conditions into account. Bistability can be 

modelled through finite element analysis, for instance, but 
it is not addressed in this paper in order to make a full-field 
analysis of a large number of layup permutations possible. 

Fig. 2 illustrates an example of laminate warpage and 
the extension-twist behaviour. CLT results were calculated 
for all possible layup permutations of a 4-ply IM7/913 
carbon-epoxy laminate with an orientation increment of 
15°, which resulted in 20736 different layups. Due to the 
required computational effort, we carried out the optimi-
zation process with a self-developed CLT based algorithm 
in MATLAB environment. Table 1 contains the relevant 
properties of the unidirectional carbon-epoxy material, 
where E1, E2 and G12 are the longitudinal, transverse and 
shear moduli, ν12 is the Poisson's ratio, and  and  are the 
longitudinal and transverse thermal expansion coeffi-
cients, respectively (all in-plane).

3 Results and discussion
This section first discusses two two-parameter and a 
three-parameter layup optimization study of coupled lam-
inates, and then the effect of layup homogenization on the 
[d] matrix values.

3.1 Multi-parameter layup optimization
As an example, the goal of the optimization study is to 
maximize the extension-twist performance of a 4-ply 
laminate so that it can provide an aerodynamic advantage 
when used as the material of a shape-adaptive helicopter 
rotor blade. The two other parameters considered in the 
optimization are warpage and bending stiffness. Low (or 
negligible) thermal warpage and sufficient bending stiff-
ness are both essential for the composite to be usable in a 
rotor blade. For better demonstration, extension-twist per-
formance is first discussed together with warpage, then 
bending stiffness and finally, both.

3.1.1 Extension-twist vs. warpage
Extension-twist performance is quantified by the magni-
tude of the extension-twist coupling compliance term (b16 ) 
of the composite, while warpage is quantified by the height 
of the encasing cuboid of the warped 150 mm × 150 mm 
laminate. Warpage was calculated for a temperature 
change of ∆T=−115 °C, which represents the cooling stage 

Fig. 2 Illustration of the a) thermal warpage and b) the extension-twist 
behaviour of a laminate. a) fixed laminate mid-point and thermal loading 
(ΔT=−115 °C); b) fixed laminate mid-point and Nx loading (image taken 
at 0.1% in-plane strain). Finite element results for the 150 mm × 150 mm 
[0/0/15/15] laminate (layup selection based on Fig. 5). For visualization 

purposes only; 20x scaling for warpage in the z-direction

Table 1 Relevant properties of the Hexcel IM7/913 carbon-epoxy material

E1 
(GPa)

E2 
(GPa)

G12 
(GPa)

ν12 
(−) α0 (°C−1) α90 (°C−1)

Cured ply 
thickness 

(mm)

163.30 8.74 4.50 0.30 3.0 × 10-7 3.2 × 10-5 0.13
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of the autoclave curing cycle of the IM7/913 prepreg from 
140 °C to room temperature (25 °C). Fig. 3 illustrates the 
extension-twist performance and the extent of thermal 
warpage for the layup permutations. Twisting can occur 
in two directions, but for better visualization, the abso-
lute value of b16 is illustrated. There are two upper limits 
of warpage in Fig. 3: a strict limit and a less strict limit. 
The strict limit is based on the L class of the ISO 2768 
standard [33], maximizing the out-of-plane deflections of 
practically flat 150 mm × 150 mm plates in 0.8 mm. The 
less strict limit allows a five times larger warpage (4 mm), 
which was arbitrarily chosen to distinguish laminates with 
small but not negligible warpage. Although globally, the 
maximum extension-twist performance can be achieved 
with the [30/90/90/-30] layup, it is also one of the most 
significantly warping laminates. The two optimums are 
the [15/30/-30/-15] and the [0/0/15/15] layups satisfying the 
less strict and the strict warpage limits, respectively. With 
a less strict warpage limit, 64.9% of the maximum possi-
ble desired coupling performance can be achieved, but this 
decreases to only 28.4% when the strict warpage limit is 
satisfied. Also, some correlation between the desired cou-
pling performance and warpage can be observed in the pat-
tern in Fig. 3. The explanation for this is that both forms of 
behaviour depend on the values of the [b] matrix. As the 
[b] matrix values are zero in the case of symmetric lami-
nates, those laminates are in the origin of the graph, and all 
the other markers in Fig. 3 represent asymmetric laminates 
that traditionally would not be used in the industry due to 
their thermal warpage. However, the results demonstrate 

that many asymmetric laminates have negligible thermal 
warpage and therefore can be used in real-world structures.

3.1.2 Extension-twist vs. bending compliance
Sufficient bending stiffness of a structure that needs to with-
stand bending loads is an essential requirement. Instead of 
lower limits of the required bending stiffness, upper limits 
of the bending compliance (d11) can be defined. For the sake 
of clear visualization, the two limits of d11 in this paper are 
chosen to be two times (strict) and five times (less strict) 
the magnitude of what can be minimally achieved with 
only 0° plies. Fig. 4 illustrates the extension-twist perfor-
mance of the layup permutations as a function of the bend-
ing compliance. By comparing the first two figures, it can 
be seen that extension-twist has a significantly weaker cor-
relation with bending compliance than with warpage. This 
is because – based on CLT – the layup structure affects the 
[b] and the [d] sub-matrices of the [abd] matrix differently. 
The optimal layup that satisfies the less strict bending com-
pliance limit ([30/75/-75/-30]) provides 96.0% of the max-
imum possible b16 value. For the strict limit, the optimal 
layup is [15/75/-75/-15] with 75.6% of the maximum achiev-
able extension-twist performance.

3.1.3 Extension-twist vs. bending compliance vs. warpage
Ideally, all critical properties of the material are considered 
together in a multi-parameter layup optimization process. 
Fig. 5 illustrates the three-dimensional layup optimization 
space, where all layup permutations are visualized by their 
extension-twist performance, bending compliance and 

Fig. 3 Extension-twist performance vs. warpage (∆T=−115 °C) of 
150 mm × 150 mm 4-ply IM7/913 carbon-epoxy laminates. Strict 

warpage limit: 0.8 mm [33], less strict warpage limit: 4 mm

Fig. 4 Extension-twist performance vs. bending compliance. Strict 
bending compliance limit: 1.046 × 10−3 (Nmm)−1, less strict bending 

compliance limit: 2.615 × 10−3 (Nmm)−1
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warpage. In the case of four or more parameters, the opti-
mization process is carried out the same way; only visu-
alization becomes problematic. The limits are now planes 
that divide the space into nine divisions as both bending 
compliance and warpage have three levels of sufficiency. 
They either satisfy the prescribed strict limit, the less 
strict limit, or neither. In each division, the local optimum 
of the layups is the one with the most significant exten-
sion-twist performance. Table 2 summarizes the optimal 
layups from each division and their performance based on 
the three parameters. The last column of Table 2 contains 
one of the key results: the magnitude of the desired exten-
sion-twist coupling behaviour of the local optimum layups 
relative to the maximum achievable b16, in percentage. The 
[0/0/15/15] layup satisfies the strict limits of both bending 
compliance and warpage, but provides only 28.4% of the 
achievable extension-twist performance. It is also worth 

noting that limiting one of the parameters does not always 
reduce the coupling performance. For instance, if warp-
age needs to stay below 4 mm (less strict limit), then the 
optimal layup is [15/30/-30/-15], which satisfies the strict 
limit of bending compliance and provides 64.9% of b16. 
Allowing the bending compliance to be larger would not 
yield any performance benefit, as in this case, warpage is 
the controlling parameter. 

3.2 Layup homogenization vs. bending compliance 
matrix
Based on the previous sections, the majority of the layup 
permutations can not be taken into consideration due to the 
extent of their warpage. However, layup homogenization 
can mitigate the warpage of any sub-laminate by repeating 
it through the thickness of the laminate. Warpage is mit-
igated because of the decreasing values of the laminate's 

Table 2 Bending compliance (d11), warpage and extension-twist performance (|b16|) of the local optimum layups from each division based on Fig. 5

d11 limit satisfied Warpage limit 
satisfied Optimal layup d11 ((Nmm)−1) Warpage – the height of 

the encasing cuboid (mm) |b16| (N
−1) |b16| / |b16|max 

x100 (%)

Strict Strict [0/0/15/15] 9.70 × 10−4 0.23 2.38 × 10−4 28.4

Strict Less strict [15/30/-30/-15] 9.99 × 10−4 2.22 5.44 × 10−4 64.9

Less strict Strict [30/15/30/15] 2.18 × 10−3 0.07 3.88 × 10−4 4.6

Less strict Less strict [0/15/-45/-30] 1.64 × 10−3 1.93 4.41 × 10−4 52.6

Strict – [15/75/-75/-15] 1.00 × 10−3 33.29 6.34 × 10−4 75.6

– Strict [45/45/60/60] 7.63 × 10−3 0.12 1.40 × 10−4 16.7

Less strict – [30/75/-75/-30] 2.18 × 10−3 44.03 8.04 × 10−4 96.0

– Less strict [30/-75/-15/60] 4.01 × 10−3 3.70 3.53 × 10−4 42.1

– – [30/90/90/-30] 3.06 × 10−3 45.54 8.38 × 10−4 100.0

Fig. 5 Extension-twist performance vs. bending compliance vs. warpage (∆T=−115 °C) of 150 mm × 150 mm 
4-ply IM7/913 carbon-epoxy laminates. Strict bending compliance limit: 1.046 × 10−3 (Nmm)−1, less strict bending 

compliance limit: 2.615 × 10−3 (Nmm)−1. Strict warpage limit: 0.8 mm [33], less strict warpage limit: 4 mm
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extensional-bending compliance matrix ([b]) with homog-
enization. This means that the extension-twist perfor-
mance of the laminate decreases, too. Therefore, layup 
homogenization is not a universal solution to warpage, and 
its advantages depend on the application scenario. As men-
tioned before, the method leaves the [a] matrix unchanged 
and reduces the [b] matrix rapidly. The question is if there 
is a general tendency in how homogenization affects the 
values of the [d] matrix. 

Proving a general tendency is always trickier than 
disproving it, as the latter only requires a counterexam-
ple of the hypothetical general tendency. Therefore, we 
started to look at how the six [d] matrix terms change 
with homogenization in different laminates, looking for 
opposite tendencies. As a baseline, we carried out a layup 
optimization study for maximum bend-twist performance 
(d16 ). We found that it was enough to compare the opti-
mal [-30/90/90/-30] sub-laminate to its "inverse" counter-
part, the [90/-30/-30/90] sub-laminate to disprove any gen-
eral tendency in how the [d] matrix values change with 
homogenization. Fig. 6 illustrates that [d] matrix values 
that decrease in one case increase in the other and vice 
versa. This example proves that there is no universal ten-
dency in how layup homogenization affects the [d] matrix 
values, as it depends on the layup of the sub-laminate.

4 Conclusions
Through analytical calculations based on the Classical 
Laminate Theory, we showed the importance of multi-pa-
rameter layup optimization of coupled laminates. The prop-
erties of composites are affected by the layup structure, 
and different parameters change differently with the layup. 
Because of this, a full-field layup optimization – where the 
behaviour of all possible layup permutations is calculated 
– is useful to find patterns in the results and compare local 
optimums to each other. The example laminate was opti-
mized for a helicopter rotor blade with maximum possible 
extension-twist performance, adequate bending stiffness 
and negligible thermal warpage. The upper limits of both 
bending compliance and warpage lowered the achievable 
desired extension-twist behaviour, but warpage was signifi-
cantly more limiting. This can be explained by the fact that 
both extension-twist and warpage are driven by the values 
of the [b] matrix, while bending compliance is a term in the 
[d ] matrix. Therefore, the first two parameters are related 
more closely to each other. One of the most important con-
clusions of the multi-parameter optimization study is that 
asymmetric laminates can provide notable coupling perfor-
mance while not worsening other important properties sig-
nificantly. The main reason why the composites industry 
avoids asymmetric layups is their thermal warpage, but we 
showed that these layups can provide a significant amount of 
the maximum achievable extension-twist performance with 
practically negligible warpage. Symmetric laminates do not 
possess any of this coupling behaviour intrinsically. This is 
another evidence that the advantages of asymmetric lami-
nates far outweigh their disadvantages in many applications. 

In the second part of the paper, we showed that layup 
homogenization does not have a universal effect on the val-
ues of the bending compliance matrix ([d]). This is import-
ant as it proves that any term in that [d] matrix can be 
increased or reduced with homogenization depending on 
the layup of the sub-laminate. From a practical standpoint, 
layup homogenization can mitigate the thermal warpage 
of asymmetric laminates while reducing the bending com-
pliance (d11) or increasing the bend-twist performance (d16 ) 
of the laminate, for instance. This is another feature of 
the layup homogenization method that can be exploited to 
design composites with advanced mechanical properties.

Future research efforts should focus on multi-param-
eter layup optimizations, where bistability of the warped 
laminates is considered. Also, it is essential to determine 
the quantitative effect of layup homogenization on the [d] 
matrix values of various layups to draw further conclu-
sions on the usefulness of the method.

Fig. 6 The effect of layup homogenization 
on the [d] matrix values: a) [-308/n/908/n/908/n/-
308/n]n, b) [908/n/-308/n/-308/n/908/n]n (n=1, 2, 4, 

8). Increasing values marked with dotted line, 
decreasing values with continuous line 
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