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Abstract

In this study, we present two methods for determining the top land of bevel gears. One of them that can be found in the professional
literature is based on the Tredgold's virtual cylindrical gear model and, corresponding to this, deals with a limited accuracy.
The alternative method developed by us is based on a mathematical modelling of the manufacturing process and involves in the

computing of the top land dimensions theoretically perfect surface models.
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1 Introduction
A possible gear tooth damage form is the breaking of the
tooth tip. This is due to a phenomenon known as tooth
pointing, a consequence of a design inaccuracy, leading
to insufficient gear top land. When the load is applied to
the tooth tip, the thin top land does not provide sufficient
strength and the tooth tip may break off. In the case of
cylindrical gears, knowing the involute geometry allows
us to easily check the top land during the design procedure.
For bevel gears, especially spiral bevel gears, this task
is much more complicated. The recommendations in the
literature trace the investigation of bevel gears back to
virtual cylindrical gears, that is, they use a method with
approximate accuracy.
In this paper, we present a new, accurate method for
determining the top land thickness, which is based on the
mathematical modelling of the tooth surfaces. The proce-
dure is applied to spiral bevel gears.
The mathematical modelling of tooth surfaces was
based on the works of Litvin [1-3]. Tooth surface models
can be used in many areas of design, such as
* tooth contact analysis and loaded tooth contact anal-
ysis [4-9];

* measuring on a coordinate measuring machine
[10-12];

* finite element analysis [13—16];

» the design of non-machined (forged, molded, 3D
printed) gears [17].

In their previous works, the authors used mathematical
modelling of tooth surfaces for finite element analysis [18],
and to determine the contact ratio [19] for spiral bevel gears.

2 Calculation of the top land according to AGMA 929-
A06

AGMA 929-A06 [20] contains guidelines for calculating
the top land of bevel gears. The publication is not a stan-
dard, but a technical guideline, which recommends the
presented calculation method as a supplement to the geo-
metric calculations set in the standard [21]. The method is
generally accepted and used in practice.

The method is based on the Tredgold approximation
which transform a bevel gear pair into a corresponding vir-
tual cylindrical gear pair [22]. In this way, the otherwise
extremely complicated problem is traced back to the exam-
ination of cylindrical gears, for which there are known and
relatively simple relationships for calculating the top land.

AGMA 929-A06 [20] examines the top land along the
tooth length in three normal planes:

* in the middle of the tooth,

* at the outer end of the tooth, and

 at the inner end of the tooth.

To perform the calculations, the geometric data of the
bevel gear must be known. Among them, the following are
required to determine the top land.
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Pitch diameter (d,), pitch angle (J), outer cone dis-
tance (R ), mean cone distance (R ), inner cone dis-
tance (R,), outer addendum (4 ), mean addendum (4, ),
inner addendum (%), mean dedendum ( h /.m), mean trans-
verse pitch (p, ), pressure angle (a, ), cutter radius (7,)
cutter point width (P, ) which is one half of the differ-
ence between the inside and outside point diameters of an
alternate blade cutter, mean spiral angle (S, ), outer spi-
ral angle (), inner spiral angle (), outer slot width on
mating gear (W), inner slot width on mating gear (W),
outer dedendum on mating gear (4,,), inner dedendum on
mating gear (4,,), normal blacklash at outer tooth end (B).

2.1 Tredgold's approximation
Tredgold's approximation using for spiral bevel gears is
shown in Fig. 1.

Tredgold’s approximation in original form was devel-
oped for straight bevel gears having involute tooth profile.
The approximation means the bevel gear is substituted an
equivalent spur gear. This relation is extended to spiral
bevel and hypoid gears by AGMA 929-A06 [20]. Pitch sur-
face curvature in the direction perpendicular to the gear
tooth spiral defines an equivalent spur gear having invo-
lute profile.

The transverse plane is perpendicular to the elements
of pitch cone in an arbitrary point P. The normal plane is
perpendicular to both the tooth spiral and the pitch plane
in the same point. The principal curvatures of the pitch
cone in point P are:
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Fig. 1 Tredgold's approximation
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The pitch circle radius of the equivalent spur gear equals
the radius of curvature of pitch cone in the normal plane:
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The equivalent spur gear has the following dimensions:

Base circle radius: r,, =7, cosa,, “)

Tip circle radius: 7

vank

=r,+h,. &)

2.2 Determination of top land

The top land dimension of bevel gear equals the tooth
thickness of equivalent spur gear measured on tip circle.
Using dimensions from Fig. 1, the top land can be calcu-
lated as follows:
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where:
* s, is the tooth thickness at pitch circle,
* . 1is the pitch circle radius,
* o, is the pressure angle,
* a,,, s the pressure angle at tip circle.
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The pressure angle at tip circle is defined as:

-
= arccos 2%, (7
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In Eq. (6), inv is the involute function, the interpreta-
tion of which is for any angle x:

invx = tan x — x.

AGMA 929-A06 [20] defines the top land in three posi-
tions: at the two tooth ends and in the middle of the tooth.
By changing the subscript to k=e, k=m, k=i in Egs. (1)+(7)
of the general solution the relationships valid for the investi-
gated sections are obtained.

The individual characteristics in the examined sections
are as follows:
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3 Calculation of top land by mathematical model of
tooth surfaces
For the mathematical modelling of the tooth surfaces of
the bevel gear, the following data or preliminary calcula-
tions are required:
» geometrical data of the bevel gear;
 cutter dimensions: cutter radius, blade angle, the rel-
ative position of the blades working on the two tooth
sides;
» machine setting data: the relative position of the tool
and the workpiece on the machine tool;
* movement conditions: the coordinated movement of
the tool and the workpiece during production.

3.1 Creation of tooth surface models

A precise mathematical description of the tooth surfaces is
possible with knowledge of the production and its precise
modelling. Fig. 2 shows a Gleason-type manufacturing
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Fig. 2 Gleason-type face milling procedure
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method for spiral bevel gears. The chipping results from
the rotating movement of the cutter head. This movement
is independent of other motions that determine the shape
of the tooth surface. During rotation, the cutting edges of
the tool produce a surface of rotation, which is called gen-
erating surface. The position vector of the generating sur-
face can be described with two parameters:

r, (sj,Qj). (26)

Since the generating surface is different for the convex
and the concave tooth side, the parameters can also be dif-
ferent, i.e., j = d for the convex and j = & for the concave
tooth side.

The generating surface results in a family of surfaces
in the relative movement, which in the coordinate system
fixed to the workpiece, with its origin located at the apex
of the pitch cone, is Eq. (27):

7 (5,,0,.w,) =M (v )r,(s,.6;)- @7

Here, ]Wj is the matrix of the transformation, 7 is the
motion parameter.

To produce the tooth surface, we need to find a rela-
tionship between the three parameters of the family of
surfaces. One possible way to do this is to obtain partial
derivatives and solve Eq. (28):

[arj or, J or, £(5,0,,)=0 09
—X— |X = s.,0.,py.)=0.
os; 00, ) oy, e

Here, the first term in brackets on the left side is the
normal at the instantaneous point of contact, the second
term is the quantity proportional to the relative velocity at
the same point. Equation (28) is the equation of meshing.

Using the parameter relation generated from the solu-
tion of Eq. (28), the equation of the tooth surface of bevel
gear is available in Eq. (29):

r (Qj,l//j)er (Sj (91"///')’91"/’1')' 29)

According to our comment regarding Egs. (26) and (29)
is valid for both tooth sides with the limitation that the
individual parameters must be taken into account accord-
ing to the current tooth side, i.e., j = d for the convex and
j = h for the concave tooth flank.

3.2 Selection of the points to be investigated

We will mark three points on the face cone of the bevel
gear, as in Section 2: on the two tooth ends and in the mid-
dle of the tooth. The location of the examined points is
given by the radial (U) and axial (V') coordinates measured
from the apex of the pitch cone of bevel gear.

Fig. 3 shows an arbitrary F point on the face cone ele-
ment. The coordinates of this point are:

U, =R, sind +h, cosd, (30)
V., =R, cosd—h,sinéd. (31)

Coordinates of the investigated points are obtained
from general equations using k = e, k = m and k = i sub-
scripts. That is:

U,=R, sind+h,cosd, (32)
V., =R,cos§—h,sind, (33)
U,=R, sind+h, cosd, (34)
V.=R, cosé—h,sind, (35)
U,=Rsind+h,cosd, (36)
V. =R cosd—h,siné. 37

In Egs. (34)—(37) the following connections are applied:
b

R,=R ——, (38)
m e 2
R =R -b, (39
b
h,=h,——tan6_, (40)
2
h,=h,—btan@,. (41)

3.3 Parameters and coordinates of the selected points
on the tooth surfaces

Equation (29) position vector given with the coordinates
is the following:

“2)

Fig 3 Arbitrary point on face cone element



The location of any point on the tooth surface can be
determined by solving the following system (Eq. (43)) of
non-linear equations:

[xj (Oj,y/j )]2 +[yj (9/"‘/’1)]2 =U;, z, (9f=‘/’j): Ve @3

The parameters ‘9, and y, are available as a solution to
equation system (Eq. (43)), so the coordinates of the point
on the tooth surface can be determined.

The parts in Eq. (44) display six systems of equations
due to the two tooth sides (j = d, h) and three points per
tooth side (k = e, m, 7). Denote the solutions by 6,6, ., 0

di’
ghe’ hm? ehi and l//de’ t‘[/a'm” Wdi’ l//he’ l//hm’ l//hi' With these the
coordinates of the six points:
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Xai (Odi’l//di )a Yai (Qdi’l//di )’ Zgi (Odi’l//di )7

44)
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th (th ’l//hm )’ yhm (ehm ’ll/hm )’ th (ghm 7‘//hm )’
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In a more concise form:
Xk (ejk Wi )’ Yik (ij SV i )’ Zi (ij SV i ) 45)

3.4 Calculation of the top land
Top land can be determined in the transverse plane by
Eq. (46):

2r
= e, - 46
S ak Uk( N |¢dk ¢hk|)7 (46)

where the angles ¢, and ¢,, give the location of the points
on the two sides of the tooth in the transverse plane.

¢, = arctan %, (47)
dk
and:
¢, = arctan 22 48)
Xk

The normal top lands are given by the spiral angles:

Sank = sak cos ﬂk . (49)

4 An application example
For the practical application of the methods presented in
Sections 2 and 3, we worked out a numerical example.
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The investigated bevel gear is a spiral bevel gear having
circular arc profile along tooth length, whose geometrical
data is given in Table 1.

Additional data not included in Table 1, but neces-
sary for the calculations, were determined based on [21].
The calculation was made with three cutter radii, at three
characteristic points of the bevel gear using both meth-
ods. The cutters have Gleason standard dimensions: 4.5 in
(114.3 mm), 8 in (203.2 mm) and 400 mm.

The results of the calculations performed using the two
methods are summarized in Table 2 and Fig. 4.

5 Summary and conclusions

When designing the gears, care must be taken to avoid
tooth pointing. Tooth pointing is checked by examining
the top land. There are empirical recommendations for
the minimum amount of top land, usually in proportion
to the module. In the case of bevel gears, the most sensi-
tive place for tooth pointing is the inner tooth end. In this
study, we presented two methods for determining the top

Table 1 Dimensions of investigated bevel gear

Designation Notation Data
Number of teeth N 30
Outer transverse module (mm) m, 4.791
Face width (mm) b 40
Pressure angle (°) a, 20
Mean spiral angle (°) B, 30
Outer cone distance (mm) R, 235.01
Mean cone distance (mm) R, 215.01
Pitch diameter (mm) d, 143.73
Outer addendum (mm) h, 3.69
Outer dedendum (mm) h A 5.16
114.3
Cutter radius (mm) 7, 203.2
400
Cutter point width (mm) P 2.286
Pitch angle (°) 0 17.8
Face angle (°) 0, 17.9667
Root angle (°) J, 17.6333
Addendum angle (°) Gq 0.1667
Normal backlash at outer tooth end (mm) B 0.15
Hand of spiral Left
Outer slot width on mating gear (mm) w, 2.54
Inner slot width on mating gear (mm) w, 2.54
Outer dedendum on mating gear (mm) h el 4.83
Inner dedendum on mating gear (mm) h 4714
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Table 2 Calculation results

r,=45in r,=8in r. =400 mm
AGMA Model AGMA Model AGMA Model
Outer 3.049 2.88 3.025 3.686 3.012 4.121
Middle 3.049 3.086 3.049 3.086 3.049 3.086
Inner 2.958 2788 2993 2344 3.017 2.005
4.5
4

AGMA
re=4.5in

model model

re =400 mm

. inner

- outer

Fig. 4 Change of top land according to the cutter radius and

D middle

investigated position

land of bevel gears. One of the methods known from the
literature, based on virtual cylindrical gears, is a solution
with approximate accuracy. The other method, developed
by us, is based on a mathematical description of the pro-
duction, uses theoretically accurate tooth surface models,
accordingly the calculation of the top land is also possible
with high accuracy.

Based on Section 2, it can be established that the
AGMA calculation does not take into account the produc-
tion method. From the production data, it only uses the
two geometric characteristics of the cutter head (cutter
radius, point width), partly through the tooth spiral angles.
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