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Abstract

The present paper investigates the energy efficiency of hydrogen production by a freely oscillating microbubble placed in an infinite 

domain of liquid water. The spherical bubble initially contains a mixture of argon and water vapour. The bubble is expanded from its 

equilibrium size to a specific maximum radius via an isothermal expansion. The work needed to expand the bubble is its potential 

energy calculated by the sum of the work done by the internal gas, the work needed to displace the mass of the surrounding liquid, 

and the work needed to increase the area of the bubble against the surface tension. During the radial pulsation of the freely oscillating 

bubble, the internal temperature can reach several thousands of degrees of Kelvin inducing chemical reactions. The chemical yield is 

computed by solving a set of ordinary differential equations describing the radial dynamics of the bubble (Keller—Miksis equations), 

the temporal evolution of the internal temperature (first law of thermodynamics), and the concentration of the chemical species 

(reaction mechanism). The control parameters during the simulations were the equilibrium bubble size, initial expansion ratio, 

ambient pressure and temperature, the accommodation coefficient of the evaporation/condensation and the surface tension. In the 

best-case scenario, the energy requirement is 4072.3 MJ/kg.
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1 Introduction
The transformation towards clean energy is required to 
achieve net-zero emissions, which has become significant 
more than ever for addressing global warming and air pol-
lution [1]. Hydrogen might play a vital role in attaining 
this goal as it is a sustainable energy carrier having zero 
greenhouse gas emissions and the highest thermal energy 
of all fuels [2]. However, the method by which hydrogen 
is generated determines its impact on the environment [2]. 
For its production, various technologies exist such as the 
widely used steam reforming, gasification, and partial oxi-
dization [3–5]. Despite being efficient, they are unsustain-
able and have detrimental impacts on the environment [6].

Thus, several clean technologies were developed: water 
electrolysis, photocatalysis, biophotolysis, and photo-
biological processes to name a few [4, 5]. While water 
electrolysis produces very pure hydrogen, it is ener-
gy-intensive as it requires 48 kWh to produce one kg of 
hydrogen (180 MJ/kg). Nevertheless, it can be combined 
with renewable energy sources such as solar, wind, hydro 

or even nuclear power. New difficulties, however, emerge 
concerning using and storing the excess energy, system 
operation, and energy supply reliability [7].

In recent times, producing hydrogen via sonochemistry 
(sono-hydrogen) has become the focus of many research-
ers. It is well-known that transmitting high-intensity and 
high-frequency acoustic waves in a liquid medium leads to 
the production of numerous microbubbles in a phenomenon 
called acoustic cavitation [8]. These micron-sized bubbles, 
containing water vapor and dissolved gases, start to pul-
sate around their equilibrium radii in successive expansion 
and implosion phases, rendering them to micro-reactors of 
extreme temperatures and pressures (thousands of degrees 
of Kelvin and hundreds of bars). This leads to the dissocia-
tion of water vapor trapped inside the bubble into hydrogen 
and oxidants [9]. Sonoluminescence [10, 11] is a direct exper-
imental proof for the existence of such extreme conditions.

Numerous studies investigated the impact of dissolved 
gases and operational parameters (e.g., ultrasonic frequency, 
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acoustic amplitude, static pressure, and liquid temperature) 
on H2 yielding [9, 12–16]. Merouani et al. [9] performed 
numerical simulations examining the influence of several 
control parameters, namely ultrasonic frequency, acoustic 
intensity, and liquid temperature. They found that the pro-
duction rate of hydrogen decreases considerably as the fre-
quency increases due to the reduced compression ratio. An 
optimum liquid temperature (30 °C) was also shown to exist 
and it was attributed to the bubble temperature and water 
vapor content entrapped inside the bubble rather than its 
dynamics. Dehane et al. [13] investigated numerically the 
influence of some noble gases (Ar, Xe, and He) on sono-hy-
drogen at different frequencies (213 ‒ 515 kHz) and acoustic 
intensities (1 ‒ 2). Ar and Xe proved their efficiency as satu-
rating gases due to their lower thermal diffusivity and higher 
heat capacity, whereas the inefficiency of He was confirmed 
for the sonochemical production of hydrogen.

Although hydrogen production by ultrasound is possi-
ble, only a few papers attempted to examine the energy effi-
ciency of the process [14, 17, 18]. Rashwan et al. [18] inves-
tigated the energy required to produce 1 μmol of hydrogen 
under only a single parameter combination, i.e., an acoustic 
frequency and amplitude of 20 kHz and 2.6  atm, respec-
tively. Assuming that the number of bubbles is known from 
the experimental work of Petrier and Francony [19] and 
Jiang et al. [20], Rashwan et al. [18] reported an energy effi-
ciency of 0.15 μmol/kWh (1.19 × 1010 MJ/kg). However, in 
a real sono-reactor, determining the number of active bub-
bles is a highly complex task and the millions of bubbles 
have complex interactions via hydrodynamic and acoustic 
(Bjerknes) forces [21], possibly leading to a non-spherical 
collapse, bubble coalescence, or acoustic shielding [22–
27]. In addition, the bubble cluster has a size distribution 
and the yields of the bubbles are not identical; thus, approx-
imating the sonoreactor yield through the multiplication of 
a single-bubble yield by the number of bubbles leads to an 
inaccurate estimation of H2 energy intensity.

Due to the aforementioned inconsistency, in this paper, 
we adopted a single-bubble approach for the assessment 
of the energy efficiency of sono-hydrogen in large-scale 
high-resolution parametric studies, accounting for the most 
important control parameters affecting its production: the 
ambient radius, static pressure, water temperature, accom-
modation coefficient of phase change and surface tension. 
The energy requirement is computed by the maximum 
potential energy of the bubble, whereas the hydrogen yield 
is obtained by solving the complex reaction kinetics inside 
the bubble. Therefore, the input energy and chemical yield 

are consistent, and a comparison can be made between the 
energy intensity of sono-hydrogen with that of water elec-
trolysis to decide whether sono-hydrogen could be a viable 
alternative technology for producing hydrogen.

A simplified test case is employed to be able to calcu-
late the theoretical energy requirement (potential energy) 
precisely. First, an equilibrium bubble size is specified 
filled with non-reactive argon gas and water vapor under 
equilibrium conditions. Second, the bubble is initially 
expanded isothermally up to a maximum radius, where the 
potential energy can be obtained analytically. Third, the 
bubble is released and start to oscillate freely. Typically, 
during the first collapse phase, chemical reactions and 
water vapor dissociation take place. The main products 
after the rebound are hydrogen and oxygen. Such a simpli-
fied scenario can serve as a baseline for the energy inten-
sity of hydrogen production by microbubbles.

2 The governing equations
The mathematical model of a single bubble consists of two 
parts: physical and chemical. The physical model describes 
the bubble dynamics, whereas the chemical model deals 
with bubble chemistry. Our improved chemical model uses 
up-to-date Arrhenius constants and third-body efficiencies. 
It also accounts for reaction duplication and pressure-de-
pendency of the reactions. These chemical modeling issues 
are not considered in the sonochemical literature resulting 
in several orders of magnitude differences in the chemical 
yields as detailed in our previous paper [28].

The bubble and its interior are assumed to be spheri-
cally symmetric and spatially uniform. In the following, 
we briefly describe the employed mathematical model; for 
a complete description, the reader is referred to [21, 28]. 
The radial oscillation of the bubble is described by the 
modified Keller—Miksis equation [29]:
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where the dot denotes the temporal derivative. The mate-
rial properties cL, ρL, μL and σ are the liquid sound speed, 
density, viscosity and surface tension, respectively. For a 
non-excited bubble, the ambient static pressure p∞(t) = p∞ 
is constant. The pressure of the gas mixture  is determined 
via the ideal gas law

p M R Tg= ,  (2)
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where M and Rg are the total concentration and the univer-
sal gas constant of the mixture, respectively. The internal 
temperature T is computed according to the first law of 
thermodynamics:



 

T pV Q
n Ct v

�
� � �  (3)

Here, V = 4 ∙ R3 ∙ π/3 denotes the bubble volume and ∑ Q̇ 
represents the sum of reaction heat and heat diffusion. The 
heat conduction between the bubble interior and the liquid 
medium is modeled by the approach of Toegel et al. [30]. 
In addition, nt and C̅ v are the total number of moles and the 
average molar heat capacity at constant volume, respectively.

2.1 Brief description of the reaction mechanism
As for the chemical kinetics, the production rate of com-
ponent k is expressed as:
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where qi denotes the net reaction rate of the ith reaction 
and vki are the stoichiometric coefficients. This net reaction 
rate is determined as:
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where kfi and kbi are the forward and backward reaction 
rate constants of reaction i, respectively; ck is the concen-
tration of component k, K = 10 is number of chemical spe-
cies; and vf

ki and vb
ki are the forward and backward stoi-

chiometric coefficients, respectively. The dependence of 
the forward rate coefficient kf on temperature is expressed 
by the Arrhenius-equation as:
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where Ai, bi and Ei are the pre-exponential factor, tem-
perature exponent and activation energy, respectively. 
As shown in [28], this (forward) reaction rate is modified 
in case of pressure-dependent, duplicated, and third-body 
reactions. The backward reaction rates are computed via 
thermodynamic equilibrium conditions, for the details 
the reader is again referred to [28].

2.2 The Structure of the governing equations
In summary, the ordinary differential equation (ODE) 
system has the following structure. The Keller—Miksis 
equation is reduced to two first-order equations describing 

the temporal evolution of the bubble radius R and the bub-
ble wall velocity Ṙ. In our chemical mechanism, there are 
ten chemical components (K = 10), and their concentra-
tions are governed by:
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Finally, the bubble temperature is estimated by using 
the first law of thermodynamics. Combining these ODEs, 
a set of K + 3 equations is obtained in which two describe 
the bubble dynamics, one provides the bubble tempera-
ture, and ten equations quantify the concentrations.

3 Control parameters and the numerical technique
Due to the stiffness of the ODE system, two Python-based 
solvers were used: LSODA and Radau. LSODA can detect 
the stiffness and select automatically between the non-
stiff Adams and stiff BDF techniques, whereas Radau is 
an implicit method of the Radau IIA family of order five 
suitable for stiff problems [31]. The solution technique 
employed is as follows: since LSODA is faster and can 
be a good universal choice for solving a system of ODEs, 
LSODA attempts first to solve the bubble model for 30 s. 
If it fails, Radau tries to solve it for 300 s.

Two solution/visualization strategies are applied in the 
paper. First, a pattern search algorithm is implemented to 
seek optimal parameter combinations in the parameter ranges 
provided in Table 1. This is key to optimizing energy inten-
sity in a high dimensional parameter space. Second, high-res-
olution bi-parametric maps are created around the obtained 
optimal parameter combinations to examine their sensitivity.

Table 1 General overview of the control parameters and their employed 
ranges and resolutions

parameter symbol range resolution

expansion ratio
R
RE

0 �� � 2 – 20 101
(log scale)

equilibrium radius RE [μm] 0.1 – 20 101
(log scale)

ambient pressure P∞ [bar] 1 – 300 –

ambient temperature T∞ [°C] 5 – 100 –

accommodation coefficient α [–] 0 – 0.35 0.05

surface tension �
N
m
�
��

�
��

0 – 0.072 –
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The investigated control parameters, their ranges and 
resolutions are provided in Table 1. If resolution is not 
specified, the corresponding parameter is employed only 
during the pattern search optimum finding algorithm. The 
impact of the parameters on the energy intensity of hydro-
gen production is briefly introduced here. The first key 
parameter is the bubble radius, which is related to the ini-
tial amount of water vapor present in the bubble. The larger 
the bubble is, the larger the hydrogen yield might be. The 
initial expansion ratio is also considered a main parame-
ter since it determines the potential energy and influences 
the first collapse strength which in turn affects H2 yield. 
From the perspective of the input energy during expan-
sion, surface tension (controlled, e.g., via surfactants [32]) 
and static pressure are worth investigating since they work 
against bubble expansion. In addition, the accommodation 
coefficient describes the evaporation and condensation of 
water vapor. The last parameter, the water temperature, 
determines the vapor pressure and impacts H2 yield by 
affecting the H2O content in the bubble.

4 Definition of the energy intensity and chemical yield
Fig. 1 shows a typical time series curve of a freely oscillat-
ing bubble to demonstrate the computation of the energy 
intensity. In the top panel, the time evolutions of the bub-
ble radius and internal temperature are plotted. The equi-
librium radius is 1.7 μm and the static pressure and water 
temperature are 1 bar and 25 °C, respectively. Initially, 
the bubble radius (blue curve) rapidly compresses from its 
initial size due to liquid inertia, and the internal tempera-
ture (red curve) reaches as high as 8000 K at the end of the 
first collapse. Then the bubble loses most of its energy via 
acoustic emission and experiences a decaying oscillation 
approaching to its equilibrium radius. In the lower panel, 
the evolution of the chemical species in moles is shown on 
a logarithmic scale. The bubble is initially filled with argon 
and water vapor. During the compression phase, water vapor 
concentration decreases as it dissociates to hydrogen and 
other chemical species or condenses to liquid water. This 
is indicated by the increase in the concentrations of vari-
ous chemical species at the end of the first collapse. Note 
that the hydrogen yield remains unchanged after the first 
collapse. Observe also the orders of magnitude differences 
between the yields of hydrogen and other chemical species.

The potential energy WP is the energy required to 
expand the bubble from RE to Rmax expressed as:

W W W WP G A L� � � ,  (8)

where, Wg is the work done by the expanding gas. Assuming 
isothermal (slow) expansion it is written as:
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in which Nt,0 and T∞ are the total number of moles in 
the bubble and the ambient temperature, respectively. 
The quantities WA and WL are the energies required to 
enlarge the bubble against surface tension and the sur-
rounding liquid. They read as:

W R RA E� � � � �� �� �4 2 2
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Here, Rmax and P∞, are the largest radius to which the 
bubble expands and the ambient static pressure, respec-
tively. Finally, in our analysis, the energy intensity (in 
terms of MJ/kg) is computed as follows:

E W n MP H H= / ,
2 2

 (12)

where MH2
 and nH2

 are the molar mass of hydrogen and the 
generated hydrogen in moles, respectively. The produced 
hydrogen is obtained by reading its value at the end of 
the simulation, where the equilibrium conditions reached 
(zero bubble wall velocity), see again the bottom panel of 
Fig. 1. This efficiency assessment approach makes it possi-
ble to estimate the minimum achievable theoretical energy 
intensity since it directly connects the minimum energy 
requirement to expand the bubble (potential energy) and 
the mass of produced hydrogen (chemical yield).

5 Optimization of energy efficiency
This section demonstrates the dependence of the energy 
intensity of hydrogen production on the six parameters. 
Due to the significant impact of the bubble radius and 
expansion ratio discussed earlier on the energy inten-
sity of hydrogen production, a high-resolution map in the 
equilibrium radius and expansion ratio parameter plane is 
thus created at standard ambient conditions to optimize 
the energy intensity. This computation serves as a base-
line compared to the literature data. Seeking lower opti-
mal energy intensity values, the influence of ambient 
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properties, accommodation coefficient, and surface ten-
sion are then investigated using extensively the gradient 
descent algorithm due to the high-dimensional parame-
ter space. This provides only the optimal conditions as a 
function of the studied control parameter.

5.1 Energy intensity at standard conditions
The influence of the equilibrium radius and expansion ratio 
on the energy efficiency is shown in Fig. 2 at a static ambient 
pressure of 1 bar and at a water temperature of 25 °C. The 
accommodation coefficient and the surface tension are set 

to 0.35 and 0.072, respectively. These are their upper lim-
its, see Table 1. Investigating the chemical yield and energy 
intensity at a few parameter combinations might lead to 
false optimal operating conditions [25]; thus, the provided 
high-resolution contour plot provides an accurate scan of 
the optimal energy intensity. As shown in Fig. 2, the opti-
mal energy intensity (red dot) is obtained at RE = 1.7 μm 
and at R0/RE = 7.2 and turned out to be 38413 MJ/kg. This is 
213 times higher than the energy requirement of hydrogen 
production via water electrolysis (180 MJ/kg).

Fig. 1 A typical example of the dynamics of a freely oscillating microbubble. Top panel: bubble radius (blue) and internal temperature (red) as a 
function of time. Bottom panel: temporal evolution of the chemical species in moles.
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The results imply that the production of hydrogen via 
microbubbles has inferior energy intensity compared to water 
electrolysis. This is an important finding as sono-hydrogen 
literature is relatively large [9, 12–16], but energy intensity 
values are rarely provided or given in units like μmol/kWh 
that is hard to compare directly with the usual unit of MJ/kg. 
Although the values presented in this section are related to 
freely oscillating bubbles, they made it very clear that hydro-
gen production by microbubbles at standard conditions can-
not be a viable alternative to water electrolysis.

5.2 Influence of the ambient properties
To reduce the energy requirement of sono-hydrogen 
obtained at standard conditions, the effect of the ambi-
ent conditions is also investigated. The accommodation 
coefficient and the surface tension are still set to 0.35 
and 0.072. Performing an optimization in a four-dimen-
sional parameter space, the optimum parameter combi-
nation is P∞ = 198 bar, T∞ = 87 °C, RE = 0.49 μm and 
R0/RE = 4. The energy intensity is significantly reduced 
to 11192 MJ/kg which is "only" 63-fold higher than the 
energy efficiency of water electrolysis (180 MJ/kg). This 
suggests that by manipulating the radial dynamics, the 
energy intensity can significantly be improved. Before 
continuing with the extension of the parameter space and 
further optimizing the energy intensity, let us investigate 
the effect of the ambient properties in more details.

Fig. 3 provides three high-resolution contour plots 
at different ambient pressure-temperature combina-
tions. From panels top to bottom, the ambient pressure 
is P∞ = 20 bar, P∞ = 198 bar and P∞ = 300 bar, respec-
tively. At each pressure value, an optimization procedure 

is performed to acquire the optimal ambient temperature 
values: T∞ = 60 °C, T∞ = 87 °C and T∞ = 96 °C. The color 
code is the same as the one in Fig. 1. Similarly, the red dot 
depicts the optimum parameter combination in the equi-
librium radius-expansion ratio parameter space.

Fig. 2 Energy intensity of hydrogen production (in terms of MJ/kg) at 
1 bar and 25 °C as a function of the bubble radius and expansion ratio. 

The dot represents the optimum parameter combination.

Fig. 3 Bi-parametric maps at different ambient properties. Top to down: 
20 bar and 60 °C; 198 bar and 87 °C (optimal); and 300 bar and 96 °C.
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Fig. 3 provides an insight into the energy intensity in a 
four-dimensional parameter space. Together with Fig. 2, it 
is clear that around the optimum point (red dot), there is a 
relatively large domain where the energy intensity does not 
increase significantly (dark blue regions). This means that 
the equilibrium bubble size and the expansion ratio do not 
need to be highly accurate. Thus, during an experiment, a 
relatively wide range of equilibrium radius is suitable.

To obtain an overview of the evolution of the optimal 
parameter setup as a function of the ambient pressure, a 
series of optimization problems are conducted at differ-
ent pressure level values. The results are summarized in 
Fig. 4. The first panel shows the energy intensity curve. 
Its global minimum is in accordance with the optimum 

ambient pressure value P∞ = 198 bar. The second panel 
depicts the corresponding optimum ambient temperatures. 
It increases monotonically with the ambient pressure. The 
third and fourth panels represent the optimal equilibrium 
bubble size and expansion ratio, respectively.

In general, it can be stated that the best-case scenario 
needs very small bubbles usually below micron size. This 
can be explained by the fact that the smaller the amount of 
non-reactive argon, the larger the amount of trapped water 
vapor that can be dissociated. Finally, although the expan-
sion ratio varies in a complex manner, its value fluctuates in 
a relatively narrow range (approximately between 4 and 4.3).

5.3 The influence of the accommodation factor
During the previous computations, the accommodation 
coefficient was set to 0.35 based on the publication of 
Yasui [33]. Although this value is widely employed in the 
literature, it is well-known that the measured values are 
usually highly inconsistent and can vary between orders of 
magnitude [34]. In order to take into account such an uncer-
tainty, the accommodation coefficient is treated as a free 
parameter, which is varied between 0.0 and 0.35 in steps 
of 0.05. Zero value means no water vapor condensation. 
This can be feasible for very fast bubble collapses where 
the water vapor has no time to diffuse to the bubble inter-
face and condense. Fig. 5 presents a series of optimizations 
as a function of the accommodation coefficient . In a single 
simulation, the equilibrium size, expansion ratio, ambient 
pressure and temperature were the optimized parameters.

The top panel of Fig. 5 depicts the monotonic decrease 
of the energy intensity with decreasing accommodation 
coefficient. The energy intensity is reduced significantly to 
4076.2 MJ/kg which is 23-fold higher compared to that of 
water electrolysis. This optimal case means no water conden-
sation during the collapse. As mentioned before, such a sce-
nario is valid only for a relatively fast collapse, and can serve 
as a good theoretical estimation for the achievable energy 
intensity limitations. Although the energy intensity value of 
4076.2 MJ/kg is still highly uncompetitive, it represents a 
significant improvement and suggests that different physical 
conditions significantly influence the energy intensity.

The second, third, fourth and fifth panels of Fig. 5 
represent the optimum of the ambient pressure, ambi-
ent temperature, expansion ratio and equilibrium size, 
respectively. With decreasing α, the ambient pressure and 
temperature, and the expansion ratio have a decreasing 
tendency. In contrast, the bubble size increases signifi-
cantly up to several microns.

Fig. 4 Optimal energy intensity values and parameter combinations as a 
function of the ambient pressure
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5.4 The effect of surface tension
Suppressing the effects of surface tension and evapora-
tion/condensation at the bubble wall (σ = 0 and α = 0), the 
absolute optimal energy efficiency is marginally reduced 
to 4072.3 MJ/kg compared to 4076.2 MJ/kg obtained at 
σ = 0.072 N/m and α = 0. The surface tension, therefore, has 
a marginal impact on the energy intensity of sono-hydrogen.

6 Discussion and summary
The main aim of the present study was to investigate the the-
oretical energy efficiency of hydrogen production via a freely 
oscillating bubble initially containing water vapor and argon. 
The input work is computed as the potential energy of the 
initially expanded bubble. The chemical yield is obtained via 
numerical simulations of the chemical history of the bubble. 
The control parameters were the equilibrium size of the bub-
ble, initial expansion ratio, ambient pressure, ambient tem-
perature, accommodation coefficient, and surface tension. 
At the best parameter combination, the energy intensity of 
hydrogen production was 4072.3 MJ/kg. In comparison, the 
energy requirement of the water electrolysis is 180 MJ/kg.

Although the energy intensity of sono-hydrogen is 
approximately 23 times higher than the water electroly-
sis technology, it is still several orders of magnitude better 
than the available data in the literature [18], keep in mind 
the indicated 1.19 × 1019 MJ/kg value in the introduction. 
Moreover, when the bubble is sonicated, one might get a 
smaller energy demand since the excitation parameters (i.e., 
the frequency, acoustic amplitude, and phase shift) can sig-
nificantly manipulate the bubble dynamics and chemical 
yields. Therefore, the present theoretical work showed that 
sono-hydrogen can still be a viable option; however, inten-
sive optimization on the operating strategy is necessary.

From an experimental point of view, the optimal ambient 
pressure P∞ = 16.2 bar and temperature T∞ = 37.4 °C (at zero 
accommodation coefficient) does not represent a technique 
difficulty. The optimal bubble size RE = 5 μm is also within 
the typical range of bubble size distribution in a typical 
reactor [35]. The corresponding expansion ratio R0/RE = 3.6 
is moderate, during sonoluminescence experiments, the 
expansion ratio can reach even more than a hundred [10].
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