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Abstract

In part [, a model for the jet-induced flow in cylindrical tanks based on flow visualization
and measurements has been delineated. In this part, the model is formally formulated and
solved. A Coupled Block Line Newton-Gauss—Seidel method is used to linearize and solve
the resulting equations. The method was found efficient and robust with possibility of
overrelaxation. It also provides for introducing higher order schemes in a simple manner.

Keywords: angularly averaged cylindrical symmetry, prescribed tangential velocity,
Newton-type linearization, coupling of variables, faster convergence, overrelaxation.

1. Introduction

In part I, we have conducted a visualization study to understand the nature
of the flow and carried out measurements of the tangential velocity on the
free surface. A mathematical model for predicting its distribution on the
free surface was deduced from the Navier-Stokes equations and verified by
comparison to experimental data. In this part we use these findings to
formulate a complete mathematical model to predict the flow field in the
whole tank. The model is solved numerically by linearizing the algebraic
equations using Newton's linearization.

No work on the same problem was encountered in the available litera-
ture. However, works on problems with cylindrical geometry were useful in
the development of the numerical procedure and the testing of the computer
program. The investigation of laminar flow in cylindrical containers driven
by rotating end or side walls is famous. It is an idealization used in at-
tempts to understand the forces that cause and maintain such atmospheric
phenomena as tornadoes and dust whirls. TEXTER et al. [13] and HsIEN [10]
made early attempts to obtain a numerical solution for this problem with
application to a conceptual nuclear design. They solved stream function-
vorticity—circulation set of equations using iterative methods. Heavy un-
derrelaxation was necessary even for small Reynolds numbers. The author
faced similar problems when attempted to use iterative methods to save
on computer storage [14]. Improved methods revealed the fine details of
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flow at high Reynolds numbers [1, 8, 11]. He treated the free surface as
a free shear boundary. Mechanical mixing of chemical vessels is another
application where useful experience may be found. HARVEY and GREAVES
[3] solved turbulent flow in agitated vessel using the k& — ¢ model. They
remarked that turbulence in the agitated vessel tends to be homogeneous
away from .the impeller. Reports on jet mixing are less common. LANE and
RICE [6] investigated jet mixing experimentally employing inclined side en-
try jet. Their interest was in the correlation of mixing times. They reported
some characteristics of the submerged bounded jet [7] and gave correlation
for the entrainment rate of the jet. They concluded that the flow is totally
turbulent at a jet Revnolds number larger than 2000. Their finding may be
useful in formulating the boundary condition of the jet in our case if full
three dimensional calculations are desirable. A review of jet mixing before
1986 is found in [3]. A third important application from which we may draw
some experience is the vortex combustor. The geometry is usually cylindri-
cal. Local three-dimensional flow exists near the air injection ports but the
flow is treated as axisymmetric [9]. Several other useful works in different
fields are available. See for example references [12, 17, 18].

2. The Mathematical Model

The distribution of the tangential velocity on the free surface which has been
confirmed by experiment is used as a boundary condition for the axisym-
metric Navier-Stokes equations in cylindrical coordinates. The w — v — T is

given by:
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2.1. Boundary Conditions

Egs (1 — 3) are made unique to the studied case by imposing the boundary
conditions:

2.2. Free Surface

At the free surface, the tangential velocity distribution derived in part I is

used
Voot (1 - e_()‘/2)33’>

Vy = VD . . 4)

A = 8 and formula for calculating Vg9 was given in part I. This boundary
condition is an important part of the proposed model since it accounts for
the effect of the jet on average basis. The free surface is assumed to be flat
since the ratio of centrifugal forces to gravitational forces (Froud’s number)
is much smaller than one [4].

2.8. Walls

At walls we used wall functions to bridge the steep gradients of velocity near
the wall (see [13] for details).

2.4. Azis of Symmetry

At the axis of symmetry the stream function and the circulation are zero.
The vorticity is calculated from:

Uy — 1 ¥ — ¢
) =5
w X5z Ay .
—) =8 5 5 . (3)
r/a Xy — X33

Subscript 1 stands for the axis and 2 and 3 for adjacent points.

3. Numerical Solution

Egs (1 — 3) were integrated by the control volume method (Fig. 1) the
resulting discrete equation having been written as:

Appp = Apvr + Avwvw + Aven + Asps + Su, (5a)

with ¢ standing for ¥, © or I respectively.
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First, Fg. (5a) was solved by conventional alternating line sweeps.
Then, a more robust and efficient method based on Newton’s linearization
is formulated [14, 15, 16].
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4. The Couple Block Line Newton—Gauss—Seidel Scheme
(CBLNGS)

Eqs (1 - 3) are written in the form:
R v.w.T)=0. R v.w.T)=0 and Rf'(v.oT)=0. (6)

where n denotes the iteration number. Expansion of the residuals over an
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iteration step vields:

N dR,. ., OR, . OR. ___.
lejl - R:} 4+ 5 ;L AL;!NT‘I + 5 v Awn—.l T EITL'AF”‘} =0, (7)
v 54

here Ay:"F! = ¢! _ 47 and similar expression for « and I'. Higher-order

terms have been neglected. Eq. (6) is a set of linear algebraic equations for
the corrections. When the unknowns are strongly coupled in one direction,
they have to be relaxed simultaneously. By extending the linearization to
the neighboring points along a line and solve for the unknowns lying on that
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Fig. 6. Lines of constant vorticity (51 x 51)

line simultaneously we obtain the Coupled Block Line Newton—-Gauss—Seidel
(CBLNGS) scheme.

5. Solution Procedure

EBq. (6) can be written in the general Newton form :
JA® = R, (8)

where J is the Jacobian, A® is the correction vector and R is the resid-
ual vector. The corrections obtained by solving Eq. (7) are applied to the

unknowns as follows :

PPl = W% 4 ey Avy, (9)




JET-INDUCED FLOW IN CYLINDRICAL TANKS IL

z 08
0.7
0.61—
0.51
0.4~
0.3
0.2

0.1

0O 01 020304 0505607 0.8

;
Fig. 7. Lines of constant circulation (51 x 51)

0.250

0167

0.083

I
0 0.267 0.533 0.800

Fqg. 8. Distribution of tangential velocity at various heights

n+l _ n

u.,p = u,‘p + 3wA;;'p N
n+1 n o
Fp = Pp + CFAP]) .

63

(10)

(11)

where n is the iteration number and ¢ is a relaxation parameter. When z < 1

the corrections are damped or underrelaxed. For ¢ >

&

have overrelaxation.

we
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6. Introducing Higher Order Difference Schemes

At convergence, the residuals diminish. The accuracy of the numerical
solution, therefore, depends on the accuracy of the discretization of the
right hand side of Fq. (7). The form of the Jacobian matrix may affect
the convergence rate but not the accuracy of the final solution. In addition,
the discretization of the residuals does not have to be stable. For exam-
ple, one may use central differences for the evaluation of the residuals and
FOU scheme for the Jacobian. The latter must be diagonally dominant
for convergence.
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Fig. 11. Solution scheme

7. Results

Fig. 2 shows the dependence of overrelaxation of N A/ on the number of grid
points. This interesting behavior is similar to that found by the author for
the Burgers’ equations [16]. Figs § - 4 display the rate of convergence for
the method on 31 x 31 and 31 x 51 grids, respectively. The output file from
the program allows the plotting of quantities of interest. Figs § - 7 show
contours of constant stream lines. constant vorticity and constant circula-
tion. Plots of the velocity distribution are given in Figs 8 - 10. Fuig. 11 gives
a scheme for the solution of the problem. The part concerning the prediction
of the onset of the particle movement is not dealt with here (see [13]).
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8. Conclusions

In operation and design, simple easy-to-implement methods are desirable.
Complex analysis is only needed when safety is an important factor or deep
understanding of the phenomena is needed. In addition. for many engineer-
ing applications economy is still an overriding factor. The accomplished
results comply with these desirable characteristics. A summary of results is

1.

o

The performance of a jet-driven cylindrical mixer can be approximated

by modelling the three-dimensional turbulent flow by a cylindrically

symmetric, l.e. angularly averaged flow assuming flat surface, constant
eddy viscosity and logarithmic velocity profile in the boundary layvers
near the side and bottom walls.

A model for the flow in the whole tank was formulated using the

distribution of the tangential velocity on the free surface to account

for the effect of the jet. The Navier-Stokes equations in the ¥ —w — T

form were solved using an alternating line procedure. Solution on

31 x 31, 41 x 41, and 51 x 31 grid points showed consistent flow fields

characterized by a single secondary vortex drawing settled particles

toward the center of the bottom. The convergence slows down as
the number of grid points is increased and underrelaxation becomes
necessary for higher Reynolds number.

A method based on Newton linearization of the discretized equations

and the coupling of the variables was formulated and implemented

(CBLNGS) and found to be faster and less expensive per iteration

than the conventional method. The distinctive features of the imple-

mentation are:
1. The simple way of incorporation in the existing conventional
method.

II. The use of block line sweeps.

III. The idea of discretization of the residual equation by schemes
of higher orders of accuracy. These schemes do not have to be
stable.

IV. The use of overrelaxation.
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