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Abstract 

The mathematical models of heat and moisture transfer have been presented and analysed. 
The coupling of fields is described by including the Dufour and Soret effects. For high-rate 
processes, a modification. of models is proposed with relaxation effects taken into account. 
The possible applications in mechanics of composites are discussed. 
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1. Introduction 

Heat and mass transfer have great importance in many natural and tech­
nological processes. In porous or absorptive materials the mass transfer 
may considerably change the properties of the whole material. Here in this 
report we concentrate upon heat and moisture transfer, bearing in mind 
composite materials. It goes without special proof that composite materials 
are nowadays widely used in many areas starting from large-scale products 
for home usage to high-technology structures for aircraft, cars, etc. On 
the one hand, the composite structures may be exposed to rapid tempera­
ture changes in a large scale. On the other hand, however, composites are 
characterised by a property to absorb moisture. Both of these effects have 
direct impact on the properties of composites, on internal stresses, and as 
a result, may cause failure due to the loss of stiffness or fracture. 

In this report, the mathematical models of heat and moisture trans­
fer are analysed. Actually, there exist several ways to model a physical 
problem, say the heat and moisture transfer. First, one could approach 
the problem from the practical side, learning how both heat and moisture 
cause degradation, delamination and how the properties of the material 
change with the changes of external fields [1 -7]. Second, one could start 

lBased on the Research Report Mech 108/94, Institute of Cybernetics elaborated while 
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from studying the physical mechanism that in this case means the study of 
heat conduction and moisture diffusion with needed attention to entropy 
requirements and basic rules of continuum mechanics [1, 2, 8 - 10]. In ad­
dition, the third way is to establish mathematical models ad hoc by using 
analogies and studying a special class of equations [11, 12]. 

Here we start from the second viewpoint, establishing the clear physi­
cal mechanism. Then we use the third approach and actually use analogies 
to propose modified mathematical models. The first viewpoint, the prac­
tical side will only be briefly illuminated, leaving proper analysis for the 
future. 

In Section 2, the Fick's Law and its analogy to the Fourier Law are 
discussed. That means actually establishing the sound basis for heat and 
moisture transfer. Section 3, describes the coupling between heat and mois­
ture transfer. The Dufour and Soret effects are described and the cor­
responding relations given. Section 4 deals with basic new ideas of this 
report. For high-rate dynamics, i.e. for large external field gradients, the 
relaxation effects should be taken into account. While different fields, i.e. 
temperature and moisture fields have been separately discussed earlier, 
e.g. [13, 14], then here the attention is paid to coupling. The new model 
contains several new physical constants, the essence of which is briefly dis­
cussed. The model follows the principle of equipresence. The next section, 
Section 5 is devoted to the brief analysis of these effects in composites from 
the practical side. 

2. The Fick's Law and its Analogy to the Fourier Law 

In continuum mechanics, the independent variables must first of all satisfy 
the conservation laws of mass, momentum and energy. A conservation law 
may be written in a general form 

(2.1) 

A simplest constitutive law for a variable C is 

(2.2) 

Here JC and (J'c stand for the flux and source term, respectively, corre­
sponding to C, el, and cP are the coefficients; the upper dot denotes the 
material time derivative and \1 the space derivative. 

The Eqs (2.1), (2.2) could be applied for various independent variables 
like the specific volume v, the velocity v, etc. Here we apply these equations 
for moisture and temperature. 
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(i) Moisture and the Fick's Law 

Let C = m that is the moisture concentration at a certain point of a solid. 
Then J = f is the moisture flux, el = 1, IJ = 0 and a = Dm is the moisture 
diffusion coefficient. With these notations, Eqs (2.1), (2.2) read 

"V·f+m=O, (2.3) 

f= -Dm"Vm. (2.4) 

Substituting (2.4) into (2.3) we obtain 

(2.5) 

Eq. (2.4) is called Fick's First Law and Eq. (2.5) Fick's Second Law [9]. 

(ii) Temperature and the Fourier Law 

Let C = T that is the temperature at a certain point of a solid. The 
other notations are then: J = q is the heat flux, PI = pCp, where cp is 
the specific heat with respect to the volume and P is the density; as above, 
IJ is neglected and a = k is the coefficient of heat conduction. Eq. (2.1) 
emphasises then the conservation of energy 

(2.6) 

while Eq. (2.2) is the celebrated Fourier's Law 

q = -k"VT. (2.7) 

Substituting (2.7) into (2.6), the heat conduction equation yields 

• 2 
T = DT"V T. (2.8) 

Here DT = kj pCp. 

The similarity between the final results (2.5) and (2.8) is obvious, 
as well as between the (first) Fick's Law and the Fourier Law. It means 
actually that theoretical, numerical, and experimental problems of ~oisture 
and temperature diffusion can be treated in a similar way. 

An interesting question arises about the simultaneous transport of 
moisture and temperature: are the effects caused by these phenomena cou­
pled or not? The answer is given in the following section. 
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3. Coupling between Heat and Moisture Transport 

There is an experimental evidence that temperature field affects the mois­
ture transport, and, vice versa, moisture concentration affects the temper­
ature field [1, 2]. First, the heat flux, caused by moisture concentration 
gradient 

q= -aTV'm (3.1) 

is associated with Dufour effect, while the corresponding flux is called the 
Dufour flux [2]. Second, the moisture diffusion due to temperature gradient 

f (3.2) 

is associated with Soret effect with the corresponding flux being the Soret 
flux (2]. 

Here aT, a~ are the coupling diffusion coefficients: diffusion-thermo 
and thermal-diffusion coefficients, respectively [1, 2, 9]. 

Suppose we add the Dufour and Soret fiuxes to our basic equations 
in the previous section. The coupled fiuxes can then be written in the 
following form 

Ji = -aijV'Cj (3.3) 

and the coupled final equations (provided ai/s are constant) 

(3.4) 

where the summation convention over the repeated indices is used, i,j = 
1,2. The notation is obvious: 

It should be noted that Eq. (3.4) is the system of coupled hygro-thermal 
equations following the principle of equipresence. In addition, the On­
sager's relation for aij can be added 
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There are also restrictions on the coefficients due to the entropy condition 
[2]. The generalisation of the coefficients, like the dependence of thermal­
diffusion coefficient on temperature [3] or on moisture concentration and 
on stress [4], makes the Eq. (3.4) more complicated but does not change 
its order. 

Certainly, Eqs (3.3), (3.4) may theoretically be extended up to any 
number of fields. 

4. High-Rate Dynamics: the Modification of Equations 

The paradox of the heat conduction equation 

. 2 
T = DT'V T (2.8) 

is well-known. Because of its parabolic character, Eq. (2.8) predicts the 
infinite speed of heat propagation which contradicts the physical princi­
ples. Already Maxwell has pointed out how to solve this paradox but 
contemporary understanding is based on ideas of Vernotte and Cattaneo 
who introduced relaxation time for the heat flux into the basic Eq. (2.7). 
We refer here to [15] as to an excellent recent review on this topic. Some 
of our earlier papers also concern this problem [16 - 18]. 

The basic (more or less formal) solution to this paradox is the follow­
ing. Instead of Eq. (2.7) we use 

q+TTq= -k'VT, (4.1) 

where TT is the relaxation time. Introducing (4.1) into (2.6), we obtain 

. - 2 
T+TTT=DT'V T, (4.2) 

which is a hyperbolic equation, describing wave motion with a finite speed 

(4.3) 

There are still debates about the value of the relaxation time [9, 15, 19, 20] 
and the mechanism of heat propagation. We leave this analysis here aside 
and concentrate more on the formal mathematical models. 

The striking analogy between the basic models of moisture and heat 
transport (Eqs (2.5), (2.8)) leads logically to formal generalisations. 
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First, we are tempted to generalise the constitutive law (2.2) 

C c·c c J +T J = -a 'VC, (4.4) 

where T
C is a certain relaxation time. It means that the flux is considered 

to be inertial and the process of equilibrium from one state to another 
involves a characteristic relaxation time. The Deborah number 

T
C 

De=-, (4.5) 
tch 

where tch is a certain external characteristic time, should be finite, not too 
small, not too large [21]. We understand the 'accuracy' of such a statement 
but given the problems around estimation of TT [15] and the wide range of 
tch' the value of De could be easily around l. 

Let us use this idea, at least formally, to generalise Eq. (2.4), i.e. 
moisture diffusion. Then, instead of Eq. (2.4) we have 

( 4.6) 

and instead of Eq. (2.5) 
. .. D ,,2 

m+Tmm= mY m. (4.7) 

What is the physical meaning of this equation? Certainly, the paradox 
of the infinite speed of the removed moisture transport is described by a 
hyperbolic equation. The idea of using such an equation for mass transfer 
including moisture transport in porous bodies belongs to LUIKOv [9]. How­
ever, the physical mechanism behind it is still not clear, as well as the real 
values of Tm. The heat transfer and the corresponding relaxation time TT 

are related to transfer mechanism by phonons and electrons and are essen­
tially dependent on the molecular structure of media. It is also shown that 
for high-frequency processes including propagation of shock waves thermal 
relaxation may have important role [15, 18]. For moisture transfer, as far 
as it is known to the authors, such estimations are absent. Nevertheless, it 
seems to be worth while to elaborate a theoretical basis for further research, 
that could be used in applications (see Section 5). 

We propose now a formal generalisation of basic equations including 
the Dufour and Soret effects. First we introduce the relaxation time into 
the constitutive law. Then for i fluxes we have 

JiS + Tijjj = -aij'VCj . (4.8) 

Substituting (4.8) into the conservation law, we obtain 
. .. 2 . 

Ci + TijCj = Dij'V C j + O"i + TijO"j . (4.9) 

In our case i, j = 1, 2 with Cl = m, C2 = T. The corresponding equations 
in these terms are the following. 
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(i) Constitutive laws 

Q12] [\lm] , 
Q22 \IT 

( 4.10) 

(4.11) 

(ii) Governing equations 

[ ~]+['Tll T 'T21 ~~~] [~~] , 
(4.12) 

( 4.13) 

These are the formal results and some comments are in order. It is obvious 
that'Tll = 'Tm and'T22 = 'TT. Other two relaxation times 'T12 = 'TJ: and'T21 = 
'TT characterise coupling effects. When 'Tm and 'TT have more or less clear 
physical background [9, 15], then the physical explanation of 'TJ: and 'TT is 
not clear yet. LUIKOV [9] has stressed the importance of the heat transfer 
process being inseparably linked with mass (i.e. moisture) transfer. This 
statement is certainly not sufficient, and the explanation seems to be related 
to the microstructure of the medium, where nonlocality and after-effects 
should be taken into account. All this needs further studies. From the 
formal viewpoint, the character of governing equations has been changed 
dramatically from parabolic to hyperbolic. Again, from the viewpoint of 
continuum mechanics, the model is complete, following strictly the principle 
of equipresence. 

Every modification leads to an inevitable question - is it needed at 
all? Apart from getting rid of the paradox of infinite speeds, the real values 
of the coefficients may turn to be small and may not affect the final results. 
In the next Section, some ideas based on the behaviour of composites are 
briefly presented and discussed in order to justify modifications introduced 
above. 

5. Heat and Moisture Transport in Composite Materials 

The study of heat (temperature) and moisture transport in composite ma­
terials has gained more and more interest. First, the composites are widely 
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used materials in high-technology including automotive engineering, air­
craft structures, etc. Second, strength and stiffness are greatly influenced 
by heat and moisture parameters. The temperature changes may cause 
nonuniform thermal expansions and changes in material (physical) proper­
ties, and the same goes to the absorption of moisture by composites. As a 
result of external field, the internal stresses may grow and the stiffness and 
strength of a structure may be lowered. 

Having established the importance of these physical phenomena for 
composite, we may still limit the analysis to using the simplest possible 
mathematical models and separate the influence of heat and moisture field 
(see Section 2). However, there are cases when the coupling effects cannot 
be neglected [1, 10]. For example, SIH et al. [10] analysed the influence of 
coupled heat and moisture fields on stresses in a composite plate, a surface 
of which undergoes a sudden change in temperature. The stresses due 
to heat-moisture coupling effect differ from the stresses calculated on the 
basis of uncoupled theory as much as 20 to 80% dependent on the gradient 
of the boundary condition. TAMBOUR [1] has also shown that the changes 
of the temperature distribution in a moist slab are essentially different for 
various moisture distributions. The differences depend very much on the 
gradients (the bigger the gradient, the more essential the influence is) and 
also on time. When time approaches to infinity, the equilibrium is the same 
either determined by the coupled or uncoupled theory. LEE and PEPPAS [4] 
have demonstrated stress accumulation due to moisture transport in epoxy 
composites used in graphite fibres. Evidence on coupling effects is given 
al~o in [1, 2]. 

A very important question is how to estimate the values of the pa­
rameters needed to specify the mathematical models. Some estimations 
are given by TAMBOUR [1]. Based on the rather heuristic statement, that 
the Soret and Dufour coupling coefficients 'are usually much smaller than 
the regular transport coefficients', we may establish 

(5.1) 

hrna ;' D 
---~ rn, 

Csrn 
(5.2) 

where Csrn is the specific heat of the moist solid and hrn IS the moisture 
specific enthalpy determined by 

T 

hrn = J crndT. 
o 

(5.3) 
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Here Cm denotes the specific heat of moisture. In addition 

2 D2 T Csm m 

am = h k ' m sm 
(5.4) 

where ksm is the thermal conductivity of a moist solid. 
Just now we are not able to report much about the estimations on 

relaxations times. For heat transfer, the estimations are scattered (see [15]), 
more or less known for non-conductors but for metals the estimations vary. 
For moisture transport, the estimations are given by LUIKOV [9]. Due 
to the large variety of composite materials, new experimental evidence is 
needed, concerning the basic TT and Tm as far as the coupling T~ and TT 

estimations. One of the possible ways to get some experimental evidence 
is to use electromagnetic analogies [20]. 

We would like to point out one important area beside stress and frac­
ture analysis of composites, where the theory presented above could be 
used. This is the synthesis (or 'tailoring') of the composites with prescribed 
thermomechanical properties [22 - 24). Given the load, the designer would 
like to design variables so that the structure deforms in a specified way. The 
general approach, envisaged in [24, 25] needs certain minimisation proce­
dures to be used while some of thermomechanical properties are exactly 
given as targets, some, however, given in a certain range. It is clear that 
the mathematical model proposed in Section 4 is too complicated to be 
used for tailoring a certain composite. However, a simplified variant with 
Tm and TT in action, could be effectively used when tailoring a composite 
under external field with large gradients. This is a problem for our further 
studies. 

Endnote 

This report is written as a result of an informal co-operation between Bu­
dapest TU, Oulu University and Institute of Cybernetics, Estonian Acad. 
Sci. The experience in thermoelasticity (BTU), mechanics of composite 
materials (OU) and in wave dynamics (IC) is so channelled into one di­
rection. In 1993, one of the authors (A. SZEKERES) has spent a month 
in IC and three months in OU. The results of this co-operation deal with 
modified thermoelasticity and internal variables [26, 27] as well as tailoring 
of composites [28]. A. Szekeres would like to appreciate the possibility to 
work with colleagues also in 1994. 
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