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Abstract 

The aim of this paper is to give an elementary treatment of a classical item which plays 
central role in the applied geometry. The actual need for a more or less new presentation 
of such a well-known subject is explained by the fact that the use of computers easily 
allows us to work with any given affine transformation in a suitably (canonically) chosen 
coordinate-system. The choice of that new orthonormal coordinate-system is based on 
the diagonalization process of the Gram matrix belonging to the linear part of the trans­
formation, and on the change of the origin for an eventual fixpoint of the given affine 
transformation. Nevertheless, the entire classification of the considered transformations 
could be given here by elementary algebraic tools. 

To simplify our discussion we omit too technical denotations and details, and restrict 
ourselves to plane geometry. For other aspects we refer e.g. to [4] in this volume. 

Keywords: affine transformation, linear algebra, Gram matrix. 

Introduction 

It would be hardly possible to make a complete list of all the authors who 
have contributed to the topic since the last century, we only mention here 
some of the corresponding works published in Hungary [1],[2],[3]. 

In order to give an affine transformation 

A : E2 -+ A( E2) ~ E2 

of the Euclidean plane E2 it is enough to give the image of a non-degene­
rated triangle POPIP2 by three corresponding points 

Po = A(Po) , P{ = A(P1) , P~ = A(P2) 

Then for any P E E2 one should have the equality 
__ ---t ---t 

p6p' = x p6p{ + yp6p~ , 
--------------------
lSupported by Hungarian Nat. Found. for Sci. Research (OTKA) No. T 7351 (1993) 
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where p1 = A(P) and x, y ER are the unique coefficients in the decompo­
sition 

- ---+ ---+ PoP = x POPl + y POP2 . 

/~ 

Fig. 1. 
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p' 

Especially, if the affine transformation is given with respect to a fixed 
orthonormal coordinate-system {O, el, e2} we have the following equations 

or in matrix form 

I 
X = all x + a12Y + xo, 

I 
y = a21 x + a22Y + YO, 

a12 ) (x) + (Xo)' , 
a22 Y YO 

where PI(XliY') is the image of the point P(x;y). 
It can be noticed that the given affine transformation A is still 

uniquely. characterized by the fact that the coordinates of the point P with 
respect to the non-degenerated triangle 

are exactly the same as the coordinates of the point pI with respect to the 
triangle 

We should notice here, however, that the points 0 ' , EL E2 are allowed to 
be collinear, as well. (This is the case when det A = ana22 - a12a21 = 0.) 

So, the above defined transformation is still called an affine transfor­
mation in this paper if it is degenerated (i.e. if it maps the plane E2 onto 
a straight line or onto a single point.) 
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Canonical Orthonormal Base 

In this chapter we are looking for the smallest possible value of the angle 
iJ (-¥ < iJ :$ ¥) by which the originally given orthonormal base (el' e2)" 
should be turned to get a new (canonically adapted) orthonormal base 

81 = cosiJe1 + sin iJe2, 

82 = - sin iJe1 + cos iJe2 

having the following properties: 
The vectors 8} and 82 - images of 81 and 82 by the given transforma-

, I" tion - are orthogonal and 1811 ~ 821 holds. 

and 

Let us introduce first some usual notations: 

A = (all 
a21 

-e~ = a'EX. -I a'E' e2 = 2 

with a1 = le~1 = J a~l + a~l , 

with a2 = le~1 = Ja~2 + a~2' 

See Fig. 2 

o· 

Fig., 2. 

p' 

For our purpose mentioned above we have to diagonalize the symmet­
ric Gram matrix given by 
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where T denotes transposition. 
From the characteristic equation 

we have the following eigen-values 

and 

where 
(0 ~ <p ~ 1l") • 

The corresponding eigen-vectors are given by the column matrices 

SI = (cos19,sin19f and S2 = (-sin19,cos19)T 

(-~ < 19 <~) . 
2 - 2 

In the special case when (e~, e~) = 0 (i.e. cos <p = 0) 

and 

hold, and the corresponding eigen-vectors are given by 

1l" 
and 19 = '2 if al < a2 . 

In the other case when (e~, e~) :j:. 0 (i.e. cos <p :j:. 0) the corresponding 
eigen-directions are given by 

_Q 2ala2 cos <p 
tg'v = 2 2 

a 1 - a2 + IDI 
a~ - at + IDI 

2ala2 cos <p 

and 
tg (19 +~) = 2al a2 cos<p = a~ - at - IDI. 

2 ai - a~ - IDI 2ala2 cos <p 

It is easy to see that sgn (tg 19) = sgn (cos<p). Especially, in the case of a 
degenerated transformation 

a2 
tg 19 = - if <p = 0 , 

al . 
al 

and tg 19 = -- if <p = 1l" 
a2 
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hold. In the final special case when a1 = a2 -:f: 0 (cos <p -:f: 0) we have 

11" 
and {} = -- if 

4 

65 

So in any case we could introduce the eigen-vectors 81 and 82 of the Gram 
matrix G corresponding to the eigen-values Al and A2 (AI ~ A2 ~ 0). It is 
easy to see the validity of the following relations: 

(51, G(Sl)) = (A(Sl)' A(sI)) = Al , 

(S2, G(S2)) = (A(S2),A(S2)) = A2, 

and (51, G(S2)) = (A(Sl)' A(S2)) = 0 , 

where G and A denote the linear transformations whose matrices in the 
given orthonormal base (el, e2) are G and A, respectively. 

Consequently, the linear part of the given affine transformation can 
be canonically expressed by the following equations: 

I • 
51 = /L1 cos aS1 + /L1 sm aS2 

d 
I • 

an 52 = -c/L2 sm aS1 + c/L2 cos aS2, 

where 

c = sgn (a11a22 - a12a21) and the angle a: (-11" < a S 11") is explicitly given 
by the relations 

(SI, S~) = /L1 cos a: and 

Fig. 3. 

\ 

\ 

See Fig.:1 

\. 
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It is well-known that the transformation preserves or reverses the orienta­
tion of the plane E2 according to the cases e: = 1 or e: = -1, respectively. 
In the case of a degenerated transformation when alla22 = a12a21 the vec­
tor s~ vanishes, or both s~ and si vanish. 

We should mention here also the fact that in the special case when 
),1 = ),2 (i.e. J..Ll = J..L2) the choice of a canonical orthonormal base (51,52) 

is arbitrary. Our choice has been fixed here by {} = 0 (i.e. the originally 
given base (el, e2) is left unchanged.) It is easy to see that the angle a 
is independent of our choice of the canonical orthonormal base since the 
relation Al = A2 implies 

a 1 = a2 and cos cp = 0 . 

Until this point we could therefore uniquely determine the geometric pa.­
rameters {}, a, J..Ll, J..L2 (together with e:) of the linear part of the transforma­
tion A by the help of the entries all·, a12, a21, a22 of the matrix A. (See 
Fig. 3). 

Ordinary Affine Transformations 

After having investigated the linear part of the given affine transformation 
A, we are looking now for a point F E E2 such that 

A(F) = F' = F 

is valid. So we are looking for the solutions (~, 7]) of the following system 
of linear equations: 

---' , , 
~Sl + 7]52 = 00 + ~Sl + 7]52. 

It is easy to see that we have a unique solution for the fixpoint F if and 
only if the vectors Vl = si - 51 and V2 = s~ - 52 are linearly independent. 
(See Figs. 4 and 5). 

Consequently it is reasonable to distinguish the ordinary linear trans­
formations, where the vectors Vl and V2 are linearly independent from the 
special ones where the vectors Vl and V2 are linearly dependent. In the 
same way the affine transformation A is called ordinary if there is exactly 
one fixpoint F, and special if there is no fixpoint or the number of fixpoints , 
is infinite. (In this latter case the vector 00 should be in the subspace 
spanned by the linearly dependent vectors Vl and V2.) 
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It is evident that an ordinary affine transformation can always be 
considered simply as a linear transformation. In its canonical coordinate 
system {F, SI, S2} the matrix S of the transformation is given by 

S = (J.L 1 c~s a 
J.Ll sm a 

with the following condition: 

-eJ.L2 sin a) 
eJ.L2 cos a 

(or in other terms det (S - Id) =F 0.) 

It should be noticed that the fact whether det CA - Id) vanishes or not 
does not depend on the choice of the base. 

In order to classify the ordinary affine transformations we have only 
a few cases to distinguish: 

1. Degenerated transformations 
1.1. J.Ll = J.L2 = 0 =* A(E2) is the single point F. 
1.2. J.Ll > J.L2 = 0 and J.Ll cos a =F 1 =* ACE2) is a straight line passing 

through the point F. 
2. Non-degenerated transformations 

2.1. J.L = J.Ll = J.L2 > 0, e = 1 and 1 + J.L2 =F 2J.Lcosa. 
We have in this class all the orientation preserving similarities. It 
is easy to see that the isometries are included except the identity 
since 1 + J.L2 = 2J.L cos a holds only for J.L = 1 and a = O. 

2.2. J.L = J.Ll = J.L2 > 0, e = -1 and 1 - J.L2 =F O. 
We have in this class all the orientation reversing similarities 
except the isometries since J.L =F 1. 

2.3. J.Ll > J.L2 > 0 and 1 + eJ.LIJ.L2 =F (J.Ll + eJ.L2) cos a. 
We have in this class the general ordinary affine transformations. 
The orientation is preserved for e = 1 and changed for e = -1. 

It is evident that any ordinary affine transformation can be uniquely de­
scribed in its canonical coordinate system by three geometric parameters, 
namely by the axial dilatations J.Ll, eJ.L2 and by the angle a of a rotation 
around the fixpoint F. 

Special Affine Transformations 

Our aim in this last chapter is to give a classification of the special affine 
transformations. First we consider only the linear part of any given special 
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Fig. 4. 

---+' affine transformation (i.e. the vector 00 is supposed to be zero). Then this 
linear transformation is given in its canonical base by the following matrix: 

where 

1 + E:J..LlJ..L2 = (J..Ll + E:J..L2) cos a holds. 

For the classification we will distinguish the following possibilities: 
(J..Ll 2: J..L2 2: 0, E: = ±1 and -1 ~ cosa ~ 1) 

1. J..Ll + E:J..L2 = 0 ===> J..Ll = J..L2 = 1, E: = -1 and 

the angle a is arbitrary. 

2. I cos a I = 1 :::} (J..Ll - 1)(E:/L2 - 1) = 0 or 

(J..Ll + E:J..L2 > 0) (J..Ll + 1)(E:J..L2 + 1) = 0 holds. 

3. cosa = 0 ===>J..Ll J..L2 = 1 and E: = -1 hold. 

4. 

(J..Ll + E:J..L2 > 0) 

o < I cos al < 1 ===> 
(J..Ll + E:J..L2 > 0) 

1 + E:J..LlJ..L2 > 0 and 

(J..Ll - 1)(E:J..L2 - 1) < 0 or 

1 + E:J..LlJ..L2 < 0 and 

(J..Ll + 1)(E:J..L2 + 1) > 0 hold. 

In the above classification of the special linear transformations the identity, 
which is characterized by J..Ll = J..L2 = 1, E: = 1 and cos a = 1, can be found in 
class 2. Evidently, the set of fixpoints for the identity is the whole plane E2. 
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In any other cases the (linearly dependent) vectors VI = s~ - SI and 
V2 = s~ - S2 uniquely define a direction called the direction of the affin­
ity. Using the coordinate system {D, SI, S2} the fixpoints of the considered 
linear transformation are found as solutions of the equation (see Fig. 4 or 
Fig. 5): 

0' 

o 

Fig. 5. 

So the set of the fixpoints F(~; 1]) is a straight line called the axts of the 
affinity. The equation of the axis is then simply given by 

~ = 0 if V2 = 0 (and VI =f. 0) or 

1] = -k~ if V2 =f. 0 and VI = kV2 (k E R) . 

/ Axis Direction 
I 

/ 

/.~1-~~------~1 

Fig. 6. 

Let us give now a more detailed geometric discussion of the above classifica­
tion. In each case the equations of the considered linear transformation will 
be given in a suitably chosen orthonormal coordinate system {D, UI, U2}. 

1. We have in this class the (orthogonal) reflexions to an axis 
The equations of the transformation are 

, 
x =z, 
y' = cy (with c = €JLIJL2 = -1), 
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.,Ai:::--'--.­
S, 

Fig. 7. 

Axis 

a: . a: 
Ul = cos "251 + sm "252 , 

. a: a: 
U2 = - sm "251 + cos "252 . 

2.1 cos a: = 1 and f.L1 = 1. 
The equations of the transformation are 

, 
x =x, 

y' = cy (with - 1 < c = Cf.Llf.L2 < 1) 

in the base Ul = 51 and U2 = 52. 

Notice that for c = 0 we also have a degenerated transformation 
(orthogonal projection onto the axis). 

2.2 cos a: = 1 and f.Ll ~ f.L2 = 1, c = l. 
The equations of the transformation are 

, 
x = x, 

y' = cy (with 1 ::; c = cf.Llf.L2) 

in the base Ul = 52 and U2 = -51. 

Notice that for c = 1 we have here also the identity. 
2.3 cos a: = -1 and JLl > f.L2 = 1, c = -l. 

The equations of the transformation are 

, 
x =x, 

yl = cy (withc = cf.Llf.L2 < -1). 

in the base Ul = 52 and U2 = -51. 
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i 
U 2 q 

o U, P 

Fig. 8. 

So it has been shown that any special linear transformation of classes l. 
and 2. is in fact an orthogonal axial affinity given by the linear equations 

, 
x = x, 

y' = cy (with c E R) 

with respect to the suitably chosen orthonormal coordinate system 
{O, UI, U2}. 

Let us consider now a special affine transformation whose linear part , 
is an orthonormal axial affinity. Then the translation vector 00 can be 
written in the base (UI, U2) as follows: 

--' 00 = PUI + QU2 • 

It is easy to see that the endpoint Q of the vector 

oQ = 1 ~ C U2 (c ::j:. 1) (see Fig. 8) 

should be taken for the origin of the coordinate system {Q, Ul, U2} and so 
the given affine transformation can easily be characterized by the folloWing 
equations: 

, 
x = x +p, , 
y = cy, 

where c = Cf.LI f.L2 is called the ration of the affinity, and P gives the transla­
tion along the axis. (Obviously for c = 1 we only have a translation given 

by the vector 00'.) 
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Turning back to the classification of special linear transformations 
we give the geometric meaning of the case 3 where cos 0: = 0 holds with 
f..Ll + cf..L2 > O. This is an oblique reflection having the axis of equation 

or 

if 7r 0:= 2' 

if 0: = -~ 
2 

Posing the first vector Ul of the right-handed orthonormal base 
(Ul, U2) on the axis of the affinity we have the following equations (with 
respect to the system {O, U 1, U2} ): 

where 

, c-1 
x = x + ----:;: y, 

tg 'I' 

y' = cy (with c = cf..Llf..L2 = -1) , 

tg 1/J = 2 
if 

7r 

0:="2' JLl - JL2 

tg 1/J = 2 
if 

7r 
or 0:= -"2' 

JL2 - f..Ll 

(1/J denotes the angle of the direction and the axis). 

(see Fig. 9) 
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The description of the considered linear transformation becomes sim­
pler if the oblique base 

is introduced. ('ljJ =I 0). 
~I 

Then also the more general affine transformation with 00 = pill + 
qil2 can be given by the following simple equations with respect to the new 
coordinate system {Q, ill, U2} 

Xl = X +p, 
yl = cy (with c = 5/-Ll/.L2 = -1), 

where the origin Q is the endpoint of the vector 

~ q 
OQ = --U2 

1-c 
see Fig. 10 

Fig. 10. 

As a final step let us investigate the affine transformations whose linear 
part belongs to the class 4. given above. 

4.0 First we give the degenerated case when 

f:/-L2 = 0 , 
1 

cos a: = - < 1 . 
/-Ll 

This is evidently an oblique projection onto the axis. 
---;.1 

If the translation vector 00 is decomposed in the oblique base 
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1r (-- < 0: < 0 
2 

1r 
or 0 < 0: < 2) 

by 00' = PUl + qU2, then in the system { Q, Ul, U2}, 

where oQ = -q-u2 we have the following simple equations of the 
1-c 

transformation: 

, 
x = x +p, 
y' = cy (with c = e/L1/L2 = 0). 

Axis 

Q u, 
q 

o s, 

Fig. 11. 

4.1 In the non-degenerated case when /L1 > 1 > /L2 > 0 hold we will 
distinguish the orientation preserving (e = 1) and the orientation 
reversing (£ = -1) transformations. 
In both cases simple formulas can be found for the direction of the 

affinity (its angle with the eigen-vector SI is denoted by (3) and for the 
axis of the affinity (its angle with the eigen-vector SI is denoted by ;) (see 
Fig. 6). 

For this purpose we take again the vectors 

VI = (/-Ll cos 0: - 1)81 + /L1 sin O:S2 and 

V2 = (-£/L2sino:)sl + (£/L cos 0: -1)S2 ,where 

where 1 + £/L1/L2 
cos 0: = . 

/L1 + £/L2 

Then after a short trigonometrical calculation we have 

2f3 Al (1 - A2) tg = ----'----'-
A2(A1 - 1) 

2 Al - 1 
tg;= -1 ' ' 

- 1\2 
where and and 2 

A2 = /L2 . 
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Let us suppose now that 

Thus the angle 'l/J = (3 - 1 should not be zero here. (The case tg (3 = -tg 1 
has been considered in 3. and the case tg (3 = tg I' i.e. 'l/J = 0 will be 
considered in class 4.2.) 

So the present class 4.1 is characterized by the conditions J.Ll > 1 > 
J.L2 > 0 and J.Ll J.L2 #- 1. Let us introduce as before the right-handed oblique 
base (UI, U2) such that the unit vectors Ul and U2 give the axis and the 
direction of the affinity, respectively. The linear transformation having the 
equations 

I 
X = x, 

y' = cy (with c = E:J.LIJ.L2 ER), 

with respect to the system {O, UI, U2} is called oblique axial affinity. 
Notice that our class 4.1 does not contain the cases when 

c =-1 
c =0 
c =1 

(oblique reflection for an axis) 
( 0 blique projection onto an axis) 
(identity) 

(These cases have been considered in classes 3., 4.0 and 2., respectively.) 
~I 

If for the given special affine transformation A the translation vector 00 
is decomposed by 

~I 

00 = PUI + qU2, 

then in the coordinate system {Q, UI, U2}, with oQ = ~-U2' the trans-
1·- c 

formation A is given by the following equations: 

I 
X = X +p, 
y' = cy (with c = €J.LIJ.L2 ER, c#-O, Icl #- 1) 

It should be noticed that until this point we could find for each special 
affine transformation A a suitably chosen orthonormal coordinate system 
{ Q, UI, U2} such that the equations of the transformation are given by 

x' = x + (c - 1 )ctg 'l/J y + p and 
I 

y = cy, 
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Pig. 12. 

vlhere the geometrical meaning of the 3 arbitrary real parameters c, p and 
'lj; has been cleared in the above treatment. 

4.2 The remaining class is characterized by 

f.Ll f.L2 = 1, f.Llf. f.L2 and c: = 1 . 

The linear part of such an affine transformation is called elation char­
acterized by the fact that the axis of the affinity lies just in the direc­

tion of the affinity. 
2 

Since cos a: = --- > 0 we have the cases 
f.Ll + f.L2 

. f.Ll - f.L2 
sm a: = > 0 or 

f.Ll + f.L2 

p.,2 - p.,l 
sma: = < 0 . 

I-Ll + p.,2 

It is easy to see that 

tg f3 = tg , = iLl if sin a: > 0 and 

tgf3=tg'=-f.Ll if sina:<O. 

Then with respect to the orthonormal coordinate system {O, UI, ud, where 

Ul = cos f3sl + sin f3 S2 , 

U2 = - sin f3Sl + cos f3 52 (f3 =, and 

the elation has the following equations: 

1f31 < ~) 
2 

Xl = X + (J.Ll - J.L2)Y (if sin a: < 0), 
I 

Y = y, 

or x l =X+(J.L2-J.Ll)Y (if sin a: >0), 
I 

Y = y. 
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Let now __ , 
00 =PUl +qu2 

be the unique decomposition of the translation vector belonging to the given 
affine transformation. Then the origin Q of the new coordinate system 
should be chosen as follows: -- P OQ= U2 (if sin 0: > 0) 

/-Ll - /-L2 -- P (if or OQ= U2 sin 0: < 0) 
/-L2 - f.ll 

Q 

Fig. 18. 

So the equations of the considered affine transformation with respect to 
the coordinate system {Q, ill, il2} are given by 

or 

Xl = X + (/-Ll - /-L2) y (if sin 0: < 0), 

y' = y + q, 

x' = x + (/L2 - /-Ld y (if sin 0: > 0), 

y' = y +q. 

This case has completed the classification of the affine transformations of 
the Euclidean plane. 

As for the practical approach to our considerations we give the fol-
lowing final remark: 

If the input data of any affine transformation are given by the real 

parameters 
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with respect to a standard coordinate system {O, el, e2}, our straightfor­
ward calculations make it possible to gain the most advantageous position 
for a new right-handed orthonormal coordinate system. Since we need 3 
output data for this purpose, in order to characterize geometrically the 
given affine transformation there are only at most 3 more output parame­
ters left. It is quite clear that if there is a relation among the input data, 
(this is the case for example when we have to characterize a special affine 
transformation) then the number of independent output parameters will 
decrease, as well. In fact, the relation 

det (A - Id) = 0 

implies the relation 1 + cJLlJL2 = (JLl + CJL2) cos 0: among the output data 
JLl, JL2 and 0:, or equivalently the relation 

among the output data AI, A2 and f3 (see Fig. 14)· 

(sinl1; cos 11 ) 

Fig. 14. 

It should be evident that once the input data of an affine transformation 
are given a computer can always select quickly the suitable new coordinate 
system and the corresponding geometric parameters which appear in the 
reduced equations of the transformation. 
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