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Abstract

The rational splines have been included in the IGES (International Graphics Exchange
Specification) standard for about ten years, but they have been subjects of interest since
1967 [1]. The current kind of rational splines of our days are the NURBS (Non-Uniform
Rational B-splines), which are generalizations of B-splines and the rational Bézier curves
and surfaces at the same time. The popular scientific articles and the manuals (e.g. [2])
as well frequently mention as an advantage that these spline curves are accurate for conic
sections. For this reason, in this article we propose the rational representation of conic
sections as an introduction to the NURBS.
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Introduction
The general equation of a conic section in the‘afﬁne plane:
az? +ba:y+cy2+dm+ey+f=0
The homogeneous equation in the projective plane is:
agoz’z® + 2a012°z" + 2aozmom2 +anzizs! + 2ai0z 2% + a22z2m2 =0, (1)

where the correspondence between the affine and the homogeneous projec-
tive coordinates is: '

. =ago d=2a0n e= 2ag,
z=—, y=—, Iif :1:0;50 a.ndf !
0 ;
T a=ay; b=2ai2 ¢c=ay.

Introducing the bilinear form

(x; ¥) = z'ai;y’
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with x = e;z*, y = ejyj and the symmetric coeficients a;i; = aj; from (1),
we can see that (e;;e;) = a;; gives a geometric relation between the conic
section (by its coefficients) and the coordinate base vectors

1 0 0
eg=1{0|, eg=|1|, ex= 1|0
0 0 1

Representation in Projective Coordinate System

Let the conic section be given by its two tangents 1%, 12 that have point P
in common. The points of contact are denoted by P2 and Py, and a third
point of the curve not collinear with any two points of the triangle Py P P,
is denoted by P in Fig. 1.

° Py 1 0 0
P =10, P=|1, PP=1|0].
! & 0 0 1
12
By

Fig. 1. Projective coordinate system fitted to the conics

Let us introduce the projective reference system by the base points
Py(eo), Pi(e1), P2(e2) and P(e), where e = eg + e; + e2. Then the conic
section has the equation
222 -2 =0 (2)
with the coordinates (2%, z',2%) of the running point. Both parametric
representations below satisfy the Eg. (2):
2 =1, 2! =1t 22 =12, (3)
22 =(1-1)? 2l =1(1-1), 22 =12 (4)
The Figs 2a and 2b show the correspondence between particular values of
the parameter and the given points in the case of (3) and (4), respectively.
Both parametrisations have their own benefits to be discussed.
The reference system used was a very special one. To get the paramet-
ric representation in general form we consider the points P, P, P» given
by their pointing vectors p; =ejp! and for the fourth point P(p) p =
Pi1+p2+ps3. Let the pointing vector of the running point be denoted by z,
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a.) b.)
Py(e0) P(1)
P, P(1) P, P(L)
Po(0) Fo(0)

Fig. 2. Parametrisations

this means z = p;z'. Of course the base transformation p; =e;p] serves
also the coordinate transformation.

— @) oy — i a.nd st
x =e;z’ =z =p;z' =ejplz,

i.e. ) o

! =pl2.
Here we used the Einstein summation convention for the same lower and
upper indices. In details we get the

0_ 0, 0 0,2

z" = po + pit + pat’,
1 1, 1 1,2

z' = py + pit + pat’, (5)
2 _ 2,2 2,2

z” = pp + pit + pat”.

2 = pg(1 - t) + pi(1 — )t + p3t’,
z' = po(1 - t)% + pi(L — t)t + p3t’, (6)
2 = po(1 — £)% + p}(1 — t)t + p3t’.

from (3) and (4), respectively. The representation (6) is the form we are
going to deal with.
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Return to the Cartesian Coordinates

The points Fy, Pi, P> are supposed to be given on the screen or in the
UCS (User Coordinate System) by their pointing vectors and Cartesian
coordinates.

Py(ro(zo = po/po , yo = P4 /o))
y Pi(ri(z1 = P%/P(l) , Y1 = P%/P?))

% P Py(ra(z2 = p2/p5 , y2 = p3/P3))

P P, M

Py

Fig. 3. Cartesian coordinate system

The fourth point P; (‘s’ comes from the word ‘shoulder’) not collinear with
any two points of Py, P1, P; is introduced into the role of P.

1

P s) = T—
s(rs) ho 4+ 2h1 + hy

(horo + 2hir1 + hory) (7)

with the ho, 2h1, hg as weights in Py, Pj, Py. By using the notation of Fig. 3
we can demonstrate the geometrical meaning of the weights, e. g. the ratio

PM _ hy MP, 2R

MB ke ™ BB T hotha

In Fig. 3 we have chosen hg = h; = hy = 1. The (ho, 2h1, h2) are pro-
portional coordinates of the point Ps;. It takes some explaining why the
weight of P; was denoted by 2h; (instead of h1). Anticipation must be
made that in the special NURBS, which with conics coincide, appear the
second degree Bernstein polynomials: (1 — t)?, 2¢(1 — t),t%; that is why we
have introduced the coefficient 2. The Cartesian coordinates of the point
P; as from (7) follows

Py(rs(zs = hozo + 2h1z1 + hozs __ hoyo + 2hiy1 + have
sitsi®s ho + 2h1 + ho T ho+2hy +hy

))-



CONIC SECTIONS 269

The pointing vectors of the base points by their homogeneous Cartesian
coordinates are

po(ho, hozo, hoyo),

P1(2h1, 2h121, 2hay1),

P2(h2, hoz2, haya),

Ps(ho + 2h1 + ha, hoxo + 2h1z1 + hoz2, hoyo + 2h1y1 + hoye),

which can be substituted into the equation system (6):

z'(t) = ho(1 — t)% + 2h1(1 — t)t + hot?,
2! (t) = hozo(1 - t)? + 2h1z1(1 — t)t + hozat?, (8)
22 (t) = hoyo(1 — £)% + 2hyy1 (1 — £)t + hoyat®.

Finally the r(t) vector-valued function describing the conic section is:

ho(1 - t)2
t) =
r(t) ho(1 —t)2 4 2hqt(1 — £) + h2t2r°+
2h1t(1 - t)
P it 2l -+ T )
h-ztz

+ ho(1 —¢)2 4+ 2h1t(1 —t) + h2t2r2

This simple and short method emphasizes the benefit of using homogeneous
coordinates.

The Correspondence between NURBS and Conic Sections

The NURBS can be introduced as the formal generalisation of B-splines:

k-1
I‘(t) = Z Ri,m(t)ria

=0

wherer;, ¢ =0,1,...,k—1 are the position vectors of the defining polygon
and R;,,(t) are the corresponding rational B-spline basic functions:

hiNi,m(t)

Ri m t = T,
m(t) SR RN (1)

(10)
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where
— k : the number of the control points
~ h; : weights at the points Py, P1,..., Pr_1, for all h;: 0 < h;
- m : polynomial degree
- N;im(t) : B-spline basic functions
[to,t1,...,tk+m] : the knot vector of the B-splines:

recalling that the recursive definition of the basic functions:

1 if ti <t< ti+1
N:o(t) = -
io(t) { 0 otherwise
t—t; t; -t
Nim(t) = ———Nim-1(O)+ =" Nipymo1(t) & St < tigma
titm — ti Litm+1 — i1
Let us take the following restrictions of parameters into considerations:
- k=3
= ho, h1, ho 20

— m = 2 second degree curve
[0,0,0,1,1,1] the knot vector of the B-splines

[

By substituting the above values into the formula (10) of the NURBS-
curve we can obtain a special rational curve in the form of the function (9).
The character of the curve depends on hg, ki, h2.

hy =0: Py P> segment
0 < hy < 1: ellipse
Py hy = 1: parabola

hy > 1: hyperbola
I

Fig. 4. Dependence of conics on hy with hg = hy =1

That means ‘the well-known’ conic sections can be regarded as special
NURBS, or in another point of view, the NURBS are accurate for the
conics. It is really a perception of a familiar geometrical concept (with-
out quotation mark), if the theory of rational parametric representation of
conic sections takes precedence of the NURBS-curve theory. The kine-
matic surfaces, especially the kinematic Bézier-patches are important in




CONIC SECTIONS 271

technical sciences. O. ROSCHEL has developed the theory of the kinematic
Bézier patches (see the articles [3] and [4]), where the conics appear as
paths of points. In this sense, the rational representation of conic sections
can serve as an introduction to the kinematic rational Bézier patches too.
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